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Preface 



The Fourth Congress of the International Society for Analysis, its Applications 
and Computation (ISAAC) was held at York University from August 11, 2003 to 
August 16, 2003. It was supported by the Academic Initiative Fund of the Faculty 
of Arts, NSERC grants from some members of the Department of Mathematics 
and Statistics and the Office of the Vice-President Academic of York University. 
In spite of two SARS outbreaks in Toronto in 2003, the ISAAC Congress was held 
as scheduled and was well attended by mathematicians from all over the world. 
There were nine plenary lectures and seventeen special sessions representing most 
major themes in analysis. Among these were two plenary lectures and a special 
session on pseudo-differential operators organized by Ryuichi Ashino of Osaka 
Kyoiku University, Paolo Boggiatto of Universite di Torino and M. W. Wong of 
York University. 

In the summer of 2003, M. W. Wong had the idea of putting together the 
lectures on pseudo-differential operators in a volume to be published in a series 
that advocates operator theory and its applications. In early August of 2003, 
when Israel Gohberg of Tel Aviv University was consulted about the possibility 
of publishing a volume entitled “Advances in Pseudo-Differential Operators” in 
his series “Operator Theory: Advances and Applications” , he replied immediately 
endorsing the proposal enthusiastically. 

In this volume there are thirteen articles representing recent advances in 
pseudo-differential operators. Chapters 1 and 2 originate, respectively, from the 
plenary lectures of Luigi Rodino and B.-W. Schulze. In Chapters 3-5, pseudo- 
differential operators in the context of partial differential equations are studied. 
It is well-known that pseudo-differential operators arise in quantum mechanics, 
and £LS such, they are known as Weyl transforms. Weyl transforms are represented 
by Chapters 6 and 7. In recent years, pseudo-differential operators are used in 
signal analysis as filters or localization operators. Localization operators, which 
are also known as Wick operators in quantization, form the subject matter of 
Chapters 1, 6, 8 and 9. Modulation spaces, which form a critical mass in Chapters 
8-10, are defined in terms of the short-time Fourier transform and are used in 
the analysis of pseudo-differential operators and their variants. Also important are 
the connections of pseudo-differential operators with wavelets, and these are dealt 
with in the last three chapters. 
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Microlocal Analysis and Applications 

E. Cordero, F. Nicola and L. Rodino 

Abstract. We first give a short survey on the methods of Microlocal Analy- 
sis. In particular we recall some basic facts concerning the theory of pseudo- 
differential operators. We then present two applications. We first discuss lower 
bounds for operators with multiple characteristics. Then we give a new for- 
mula for the composition of Wick operators. 

Mathematics Subject Classification (2000). Primary 35S05; Secondary 47G30. 

Keywords. Pseudo-differential operators, Wick operators, Weyl calculus, lower 
bounds, Wigner distributions, short-time Fourier transforms. 



1. Introduction 

The aim of this paper is to introduce non-experts to methods and results of Mi- 
crolocal Analysis. Rather than trying to give a complete historical survey, we 
shall limit ourselves in Section 2 to a presentation of some general ideas and a 
few classical references. Sections 3 and 4 are then devoted to lower bounds for 
pseudo-differential operators and compositions of Wick operators, respectively. 
These topics are representative of the new applications of the microlocal tech- 
niques. The problem on lower bounds is quite a classical problem that has recently 
received new momentum. In Section 3, after recalling a recent result of Nicola and 
Rodino [40] and related results on lower bounds for pseudo-differential operators 
with multiple characteristics, we give a proof of an estimate for symbols with 
limited regularity using arguments in [40] and Tataru [49]. In Section 4, we deal 
with Wick pseudo-differential operators (time- frequency localization operators). 
We prove here a new formula for composition, which can be regarded as a sym- 
metric version of the formula in Cordero and Rodino [14]. We observe that there 
exists a deep connection between lower bounds and Wick operators. In fact, non- 
negative symbols produce non-negative Wick operators, and this fact can be used 
to recapture lower bounds. See, for example, Boggiatto, Buzano and Rodino [5] 
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and the above mentioned paper [49] . More precisely, using the fact that the differ- 
ence between the Weyl quantization and the Wick quantization is an operator of 
order 1 lower, we get lower bounds whenever this error is negligible. 

Let us emphasize, in conclusion, that Microlocal Analysis has now grown up 
into an independent part of Mathematical Analysis and there are applications all 
around Mathematics and Physics. By limiting to the above mentioned topics, we 
cannot claim to cover all new trends. But, following our personal taste, we hope 
to give a flavour of current activities in the field. 



2. Pseudo-Diflferential Operators 

As our starting point of Microlocal Analysis we may consider Fourier’s classical 
treatise (1822). We shall refer in the following to the Fourier transform, defined as 

(J^u)(^) = u(^) = J e~'^^^u{x)dx. (1) 

We are using here standard notation for x G ^ G namely x^ = 
dx = dxi . . .dxn^ etc. The Fourier transform u{^) is well defined in L^{W^) if 
u G L^(]R’^), the integral being taken in the Lebesgue sense. According to the 
Theory of Distributions of Schwartz [46], we may extend to the distribution 
spaces S'{W^) and S\X), X 

Classical applications of the Fourier techniques concern the heat and wave 
equations and other linear equations with constant coefficients. Starting from 1950- 
60, in the framework of distributions and Sobolev spaces, some technical tools were 
introduced, based on the Fourier transform and mainly addressed to the study of 
variable-coefficient, linear and nonlinear partial differential equations. Somewhat 
improperly, we may say that such techniques, in their whole, constitute the modern 
Microlocal Analysis. Let us list: pseudo-differential operators (1965) as proposed 
by Hormander [26], Kohn and Nirenberg [33], wave front sets and Fourier integral 
operators (1971), see Hormander [28], paradifferential operators (1981), see Bony 
[8], etc. 

In view of the applications of the next two sections, let us in the following 
address attention to pseudo-differential operators. They are, in a broad sense, 
linear operators P defined by expressions of the type 

Pu{x) = (27t)-” j d^- (2) 

The function p(x,^), with a; G (or x G A C M’^) and ^ G satisfying suitable 
estimates, is called the symbol of P. The operator P is also denoted by p{x,D). 
A linear partial differential operator 

P= ^c,(x)D‘^ 

\a\<m 



( 3 ) 
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can be regarded as a pseudo-differential operator with symbol 

p{x,0= XI (4) 

\a\<m 

In (3), (4) we are using the notation with a = (ai , . . . , an), 

D^. = -idxj, la| = q;i H + an, In particular, if p{x,^) = 1 

then P = p{x, D) is the identity operator. 

In the presentation of [26], [33] the symbol p{x^ was assumed to be a smooth 
function, admitting for ^ > oo the asymptotic expansion 

oo 

j=o 

where pm-j{x, is positively homogeneous, with respect to of order m — j. The 
symbols satisfying (5) are called “classical” symbols, and the relative pseudodif- 
ferential operators “classical pseudo-diflFerential operators”. Note that in (5) we 
allow m to be any real number. Investigation was then extended by Hormander 
[27] to symbols of type p,S, 0 < S, p < 1, i.e. 

\d^dIp{x,o\ < C^p{l + lei)— (6) 

Take note that the symbols in (5) satisfy (6) with 5 = 0, p = 1; we use the notation 
for the class of the symbols in this case. 

As proved later (1972) by Calderon and Vaillancourt [11], if 0 < < p < 1, 

< 1, then for every s G M 

p(x, D) : ^ jjs-m continuously, (7) 

where are the standard Sobolev spaces, whose norm is defined for u G C^{W^) 

by 

iHi« = + (») 

Subsequently, several other generalizations and variants of symbol classes ap- 
peared, see Beals and Fefferman [3], Beals [2], Hormander [30]. In the next Section 
3 we shall refer to OPS"^(X) as the space of pseudo-differential operators with 
symbols satisfying (5) in any K CC A, where X is an open subset of W^. In 
Section 4 we shall instead use the classes G'^ of Shubin [47], defined globally in 
X by imposing for 0 < p < 1: 

\d^dIp{x,o\ < + kl + 1^1)— (9) 

A basic step in the pseudo-differential calculus is the study of the composition of 
two operators of the form (2), say P and Q with symbols p and g, respectively. 
When p and q do not depend on the variables x, then the symbol of the composition 
is exactly the product p(0^(^)- This is not true in general when p and q depend 
on X. Nevertheless, under suitable assumptions onp(x,^) and q{x^^)^ in particular 
if (5) or (9) is satisfied, the symbol of the composition PQ can be written as 

p{x,C>q{x,i) + r{x,C), 



( 10 ) 
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where the remainder r(x,^) has ‘dower order” with respect to the product of the 
symbols. More precisely, we have for r(x,^) the asymptotic expansion 

The role of (10), (11) is fundamental in the theory of pseudo-differential operators, 
since they permit to turn algebraic properties of the symbols into differential prop- 
erties of the equations. A basic application is the construction of parametrices for 
elliptic operators, that is, operators with principal symbols Pm{^, 0 / ^ C 
In short: if P = p{x,D) is elliptic then we can define = l/pm{x,^). In 

view of (10) the symbol of p(rr, D)q-m{x, D) is given by 

p{x,^)q-m{x,^) -f- r{x,^) = 1 + lower order terms. 

At this moment, taking advantage of (11), we may easily construct by recurrence 
q-m-i, ^-m-2r“ and consider q ~ such that p{x,D)q{x,D) = 

q{x, D)p{x, D) = identity, modulo operators with rapidly decreasing symbols. The 
pseudo-differential operator Q = q{x,D) is said to be a parametrix of P. As 
a corollary, we recapture results on the interior regularity of the solutions of the 
elliptic partial differential equations, in the framework of distributions and Sobolev 
spaces. 

We can now give motivation to the reader for the adjective “microlocal” . 
Roughly, local analysis means analysis in a small neighborhood V of a fixed point 
xq. Given a function, or a distribution u, our concern is then limited to the re- 
striction of u to V] consequently, given a partial differential or pseudo-differential 
operator acting on u, with symbol p(a:,^), we are allowed to cut off p{x,^) with 
respect to x near xq. Microlocal Analysis means that we apply the same argu- 
ments to u{^) and p(x,^), in a neighborhood F of a point ^o- Since we want to 
perform localization in xq and the same time, we have to take into account 
the Heisenberg principle: essentially, V and F cannot be simultaneously small. The 
standard choice, that works in the distributional and Sobolev settings, is to take 
then as F a small conic neighborhood of This agrees with the homogeneity with 
respect to ^ required in the definition of the classical pseudo-differential operators. 

The microlocal point of view turns out to be very useful in the study of 
non-elliptic equations. Namely, given P G OPS"^(X), we define the characteristic 
manifold 

S = {(x, ^)eT*X\0: Pm{x, 0 = 0}. (12) 

We say that P is micro-elliptic at a point (xq^^o)? ^ 0? if (^o,^o) 0 S. When 

studying the singularities of the solutions of the equation Pu = f E C^{X), the 
micro-elliptic points have no influence, since cutting-off in a neighborhood V xT 
we may apply the preceding construction of parametrices and conclude micro- 
regularity. So what actually matters is the microlocal study of P in a neighborhood 
of S. To interpret these ideas, we need of course a precise language, which is given 
by wave- front sets, Fourier integral operators, etc. As references in this connection, 
let us limit ourselves to the monumental work of Hormander [31], although there 
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exist at present other excellent books addressed to non-experts, giving a quick 
introduction to the calculus. 

To prepare for the applications in the next sections, we finally discuss the 
problem of the quantization, namely the way to associate an operator with a 
symbol p(ar, ^), First observe that we may re-write (2) as 

Pu{x) = J dyd^. (13) 

It is now natural to consider also the quantization 

Pu{x) = J e'-^'^~y'>^p{y,^)u{y)dyd^. (14) 

If p is the polynomial in (4), then 

Pu{x) = Y, D^(Ca(x)u), 

|o!|<m 

which is sometimes convenient to use as representation of a differential operator. 
A compromise between (13) and (14) is given by the Weyl quantization 

Op“'(p)u(a;) = (27r)“"y (15) 

By this correspondence, the L^-adjoint of the operator Op^(p) is given by Op^(p), 
from which it is clear that when p is a real function one obtains a formally self- 
adjoint operator. 

An operator P of the form (13) or (14) can be written as a Weyl operator by 
using a new symbol, and there are precise formulas connecting such a Weyl symbol 
to the former p{x,^). In particular, for a classical pseudo-differential operator, 
the Weyl symbol is again of the form (5) with the same principal part. Weyl 
quantization will be used in Section 3. We refer to Section 4 for details on the 
so-called Wick quantization. Note that, when dealing with Wick operators, it is 
also standard to use a different normalization of the Fourier transform, namely 
f f {t) dt, where we now write t and lj for variables and dual variables. 

3. Operators with Multiple Characteristics and Lower Bounds 

In this section, before treating symbols with limited smoothness, we recall from 
[43] , [40] , some recent results about lower bounds for pseudo-differential operators 
with multiple characteristics. 

Precisely, let A C be an open subset of and P = P* e OPS"^(X) be 
a pseudo-differential operator with classical Weyl symbol p ^ ^j>oPm-j^ where 
Pm-j are homogeneous functions of degree m — j with respect to the variables 
We are interested in estimates of the type 

{Ha) (Pw,«)l 2(K") > VwGC~(/f), 

for arbitrary K CC X, where \\u\\s is the Sobolev norm (8). 
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We suppose that E is a smooth manifold and that P belongs to Sjostrand- 
Boutet de Monvel’s classes OPN"^’^(X, E), i.e., for j < k/2, pm-j{x,^) vanishes to 
the order k — 2 j on E, k being an even integer. Moreover, the principal symbol pm 
of P is assumed non negative and transversally elliptic with respect to E, namely 
it vanishes exactly to order k. Consider now ATE, the normal bundle to E, and 
p G E; given any v G iV^E, we take any vector field S on T*X with S(p) = v. 
Then we define the smooth map p^^^ by 

p^^\p,v) = (k -27)! : iVS ^ R. 

k—2j times 

It is well-known (see for example Boutet de Monvel-Grigis-Helffer [10] , Mascarello- 
Rodino [36]) that many properties of the operator P, as hypoellipticity, spectral 
lower bound, etc., are strictly related to this map. 

Results on lower bounds in general are obtained under the requirement that 
the restriction of the symplectic form to E have constant rank. Also the results 
proved in [43], as well as our subsequent results, depend on the symplectic nature 
of E. More precisely, in [43] the manifold E is assumed (regular) involutive as a 
submanifold of T*X\0 (i.e., for any p G E, TpE^ C TpE, being the symplectic 
orthogonal of TpE, and the canonical 1-form not vanish on TpE) 

or symplectic (i.e., TpE n TpE^ = {0} for every p G E). The case when E is 
non- involutive and non-symplectic will be considered in [39]. 

Theorem 3.1. [43] Let P = P* G OPN"^’^(A, E) be transversally elliptic and 
suppose E is involutive. Moreover, suppose that 

p^^\p,v) > 0, Vp G E, G ATpE, (16) 

p^^\p, v) = 0 = 0, (17) 

p^^^(p, 0) = 0 => (PjO) invertible. (18) 

Then {Ha) holds with a = k/2 1. 

For operators in the class OPN’^’^(X, E) with E involutive, condition (16) 
is also necessary to have a gain greater than k/2 derivatives (see [42]), whereas 
once k > 2, (17) and (18) are not necessary in general. On the other hand one sees 
easily that, under (16) alone, when k > 2 estimate (Per) with a = k/2 1 is, in 

general, false. 

Suppose now that E is a symplectic sub-manifold of T*X \ 0. Let p G E 
and let ( : T*R^ TpT,^^ {2u = codim E) be any linear symplectomorphism. 
Setting p^(y, 77) = P^^HpXiVj'n)) for {y,v) ^ T*M^, we then consider the Weyl 
quantization Pp^<^ = Op'^ {p(^){y, Dy) : <S(R^) ^ S{W), As shown in [42], the 
spectrum of Pp,<^, as an unbounded operator on L‘^{W), is independent of the 
parameterization and it turns out to be discrete and bounded from below. Thus 
the lowest eigenvalue A(p) := min Spec(Op^(p<^)) is a continuous function on E, 
independent of (. Similarly, the dimension of the corresponding (finite dimensional) 
eigenspace Pp^^ C <S(M^) is invariantly defined, as well. 
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Theorem 3.2. [43] Let P = P* e OPN"^’^(A, E), P transversally elliptic, and 
suppose E symplectic. Moreover, assume that: 

(i) for any ( : T*R^ — > T^E^ as above, one has 

{Ov^{pc){y.Dy)f,f) >0, V/ G Vp G E; 

(ii) if \{po) = 0, there exists a conic neighborhood F C E o/po such that 

dim = const, Vp G F. 

Then estimate {Ho) holds with a = -\-\j2. 

If we suppose, in addition, that 

(iii) the eigenspace consists of functions which are either all even for every 
p G F or all odd for every p G F, 

then estimate {Ho) holds with a = k/2 1. 

By standard localization techniques it is easy to see that hypothesis (z) is 
necessary to reach any gain a > k/2. In the subsequent paper [44], the authors 
relaxed hypothesis {ii), whereas in [38] it is shown that hypothesis {iii) cannot be 
omitted in order to obtain (1.2). In fact, when k > 2 there are operators which 
satisfy (z) and (zz) but do not verify any of the estimates {Ho) with a > k/2 + 1/2. 

We observe that in the double characteristic case treated by Hormander [28] , 
the eigenspace has dimension 1, hence conditions (zz) and (zzz) are automati- 
cally satisfied, (see [42]). 

Let us now come to the work [40]. Suppose E is (regular) involutive, and 
consider the smooth maps 

Ij{p,v) = \ E_^Pm-i{p) : iVS ^ R, (19) 

j times 

with E{p) = V. Under such assumption, these maps have an invariant meaning for 
0 < j < A: — 2, see for example [35], [36]. 

The main result of [40], which can be regarded as a possible continuation 
and variation of [43], deals with operators that are not necessarily in the classes 
OPN"^’^(X, E) above. More precisely, we have the following lower bound. 

Theorem 3.3. Let P = P* G OPS"^(X) be a classical pseudo- differential operator 
with Pm vanishing exactly to even order k > 2 on T, smooth regular involutive 
manifold. Let J G {0,1, . . . ,k/2 — 1}. Let us suppose 

Pm >0 on T*X \ 0, (20) 

and that for every p gT, there exists a neighborhood F C NT, of (p, 0) such that 

j 

^ij{p,v)>o v(p,w)er. 

Then {Ho) holds with a = k/{k — J — 1). 



( 21 ) 
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Notice that for J = 0 conditions (20) and (21) reduce to 

V(cc,OeT*X\0, 

\pm-i{x,0>0 V(x,0€S, ^ ’ 

which, when E is involutive, are also necessary for any lower bound with a gain a 
greater than one derivative. This follows at once from Melin’s results (see [37, 42]). 
In general we have 1 < <j < 2 and the maximum gain of derivatives cr = 2 is 
obtained for J = k/2 — 1. Moreover, a decreases and tends to 1 as A; ^ H-oo, for 
fixed J. 

Finally we observe that (21) is certainly satisfied if Pm-i vanishes to the 
order J + 1 on S, in fact in this case Ij = 0, for j = 0, . . . , J. 

The Case of Symbols with Limited Smoothness 

Let us now pass to studying lower bounds for pseudo-differential operators with 
non-regular symbols. Several papers are devoted to this argument. We recall, in 
particular, the paper of Bony [8] for a proof of the Sharp- Carding inequality for 
paradifferential operators (see also Herau [25] for an improved version), and the 
works by Herau [23, 24, 25], where Melin-type inequalities are proved, with applica- 
tions to the interior regularity problem. Here we are mostly interested in the recent 
contribution of Tataru [49], where a version of the Fefferman-Phong inequality for 
operators with low-regular symbols is presented. 

Precisely, as in [49] denote by the space of symbols p{x^^) satisfying 

|a“afp(x,C)| < Ccp{l + 0 < |a| < A; + 1, |/3| > 0. (23) 

If X is an open subset of we indicate by the space of symbols 

satisfying estimates (23) locally for x in compact subsets of X. Moreover we denote 
by Op^(p) the operator with Weyl symbol p(a:,^). 

Theorem 3.4. [49] Letp{x,^) E be a real scalar nonnegative symbol, and 

p = Op^(p). Then there exits a constant C > 0 such that 

(Pu,u) > -C\\u\\l Vug5(M^). 

The following result is an extension of a particular case of Theorem 3.3 to 
low-regular symbols. In the proof we do not need to suppose that E is regular 
involutive. 

Theorem 3.5. Let P = be a pseudo- differential operator with a classical Weyl 
symbol p E C^~^^^S‘^{X), for an even integer k > 2. Let p 2 vanish exactly to order 
k on the -manifold E. Then conditions (22) (with m = 2) are equivalent to 
estimate with a = k/{k — 1) (and m = 2). 

We recall from [40] the following elementary result that will be used in the 
proof of Theorem 3.5. For convenience of the reader we recall its easy proof. 
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Lemma 3.6. Letp{() = X1|q:|=/c cl homogeneous real polynomial in E}, with 

p{C) > c|C|^ for ( ^ 0, c > 0, and q{() a homogeneous real polynomial of degree 
s G — 1}. Then there exists a constant C > 0 such that for every t > 0 

we have 

min{p(C) + fq(C)} > 

If the coefficients of p and q vary in a hounded subset of R but the constant c is 
uniform, so is C. 

Proof of Lemma 3.6. We have 

p(0+^9(c)>cici''-c7iiicr 

= |Cr(c|C|'=-* - Cif); 

so p{() + tq{() > 0 when |C| > (Cit/c)'^ . Hence, since p{0) = q{0) = 0, 
min{p(0 + ig(C)} = min ^ MO+MC)} 

ICI<(Cit/c)^ 

> —Cit{Cit/c)'^ 

= 

This concludes the proof. □ 

Proof of Theorem 3.5. The proof of the necessity of conditions (22) is exactly the 
classical one, see [37, 42]. Let us prove that they are sufficient. 

Since we have to prove a local estimate, we can suppose that p is compactly 
supported in the a;- variables, hence in the global class For such a symbol 

it suffices to prove that for every ~p = (^,0 ^T*X\0 (the cotangent bundle with 
the zero-section removed), with |^| = 1, there exist a conic neighborhood V of p 
and a constant C > 0 such that 

p{x,0 > -C(l + |^|2)(2-)/2, v(x,0 e F. (24) 

Indeed, granted (24), we obtain at once (by homogeneity and compactness) 

p{x, 0 > -C{1 + |C|2)(2-)/2, (a,, e 

whence, since cr < 2, an application of Theorem 3.4 to the operator with Weyl 
symbol p{x,^) -h C(1 -h > 0 gives the wanted estimate. 

Let us prove (24) first for p 0 E. Then there exist a constant c and a conic 
neighborhood V of p such that p 2 {x,^) > for {x,^) G V. Since \p{x,^) — 
P 2 {x,^)\ < C|^| for 1^1 > 1, it is clear that (24) is satisfied in V. 

Consider then p G E. There exists a conic neighborhood U of p, with coordi- 
nates {u, v) such that u (respectively v) are homogeneous C^-functions of degree 0 
(respectively 1) and E fl == {it = 0, i’ 7^ 0}. For simplicity, we keep the notation 
p{u,v), p 2 {u,v), etc., for the symbol, principal symbol, etc., expressed in the new 
coordinates (it, v). We emphasize that they have regularity in the it, v variables. 
Set Fe (|it| < e, |i’/|i’| - Vp/\vp\\ < e, |i^| > 1}. 
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By Taylor’s formula we can write 

P2{u,v)= ^ aa{v)u°‘ +r{u,v), 

\a\=:k 

Pl{u,v) =Pi{Q,v) + ^ Cc{u,v)u°‘, 

\a\=l 

where r{u,v) and CoXu^v) are homogeneous functions with respect to v of degree 
2 and 1 respectively, and \r{u,v)\ < Ce|it|^|vp in Fg, with Cg — > 0 as e 0“^. Since 
by the transversal ellipticity assumption we have 



aa{v)u^ > in Fg, 

|a:|=/e 



for a suitable constant Ci > 0, if e is small enough we obtain 
P 2 {U,V) + pi{u,v) > ^ Ca{u,v)u°‘ 



|a|=l 



> -C2\V 



Cl, Ifc 

-;r « + 

2 \v 

2-fc/(fc-l) 



- F 

,,i ^ 



Cg(u,v) 



|a| = l 



where we applied Lemma 3.6 with t = \v\ ^ and s = 1. Since obviously \p{u,v) — 
P 2 {u,v) —pi{u,v)\ < C3, we obtain (24) and this concludes the proof. □ 



4. Positivity and Product of Wick Operators 

Let us begin with a short historical survey. The classical Wick correspondence has 
been introduced as a quantization rule in Physics [4] and since then variations have 
occurred in other fields of Mathematics under names such as Toeplitz operators, 
wave packets [15, 20]. Recently they have come again into focus in applied math- 
ematics and signal analysis as localization operators and as short-time Fourier 
transform multipliers [16, 19, 45, 52, 13]. The Wick correspondence is a mapping 

Ap (25) 

from a symbol p defined on the phase space to an operator Ap acting on a 
subspace of L^(R’^). The coherent states, i.e., translated and modulated Gaussian 
functions, occur implicitly in the classical definition of Ap [47, 5]. The very nice 
property of the quantization in (25) is the positivity property: If the symbol p is 
non-negative on then the operator Ap is also non-negative on L^(R’^). This 
condition is not fulfilled by the Weyl quantization, for which the Fefferman-Phong 
inequality, cf. Theorem 3.4 above, represents the best lower bound for generic 
operators with non-negative symbols. 
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The continuity of the mapping (25) has been studied by many mathemati- 
cians, both in the PDE and in signal analysis contexts, see, e.g., [5, 7, 34, 51, 
52, 19, 13]. In signal processing the analysis and the synthesis of a signal is done 
by considering suitable windows functions. These functions can be different from 
the Gaussian and, moreover, the window to analyze the signal can be different 
from the one to synthesize it, see [12]. In particular, all the pairs {(pi,(p 2 ), with 
ifi, i = 1,2, being non-zero window functions in the Schwartz space are 

admissible, although rougher windows can be used as well. This leads to the need 
of a more general formula for the operator in (25), that takes care of different win- 
dows functions: the generalized Wick operator with analysis window (fi 

and synthesis window (p 2 introduced in Definition 4.1 below. Therefore, the study 
of the linear mapping (25) can be replaced by the investigation of the multilinear 
map 

(p,(pi,‘P2) (26) 

which involves mutual dependence between symbol and windows: the choice of a 
rough symbol p must be balanced by taking two window functions (pi,(p 2 smooth 
enough and viceversa. For more details on the topic we refer to [6, 13, 50]. 

The next step concerns the study of the product of two Wick operators. It is 
well-known that, in general, the product of two Wick operators with symbols in 
certain classes does not yield a Wick operator with symbol in the same class [17]. 
To circumvent this fact, an approximate formula has been preferred to the exact 
one [34, 1]. Namely, the product of Wick operators has been written in terms of 
a sum of Wick operators, modulo a remainder term, expressed in the Weyl form. 
If we use suitable classes, in particular the Shubin classes see (30) below, the 
symbol of the remainder Weyl term has lower order than the Wick symbols, so 
one can get rid of it when using the formula. 

What happens if we consider products of generalized Wick operators ^ 

9 Here the main diiB&culty lies in handling four different un-known window 
functions (we assume they belong to the Schwartz class), instead of just using only 
the Gaussian. The answer to the previous question is contained in [14], where a 
general asymptotic expansion is given by using time- frequency analysis methods. 
We shall recall here this general formula and show how to derive a different ex- 
pression (cf. (32), (35)) in a very simple way. Precisely, instead of repeating a long 
proof, similar to the one of [14, Thm. 1.1], a simple trick turns out to be useful: 
we compute the adjoint of the generalized Wick operator and then, working with 
adjoint Weyl and Wick operators, the symmetric product formula can be easily 
derived from the previous one of [14, Thm. 1.1]. We next introduce the elements 
and the tools we need to define our operators and refer to [20, 22] for details. The 
protagonists of signal analysis are the operators of translation and modulation, 
defined by 

Txf{t) = fit - x) and M^f{t) = . 
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They are the building blocks of the time-frequency representation we mostly use in 
the sequel. Namely, given a “window function” g and a “signal” /, the short-time 
Fourier transform (STFT) Vgf is given by 

Vgf(x,(^) = if,Mu,T^g) = [ x,uj,t€W^, 

jRri 

whenever the integral or the inner product exist, e.g., for (/, g) G x 

or if,g) eS'{R^)xS{R^). 

Definition 4.1. The generalized Wick operator with symbol p and windows 

i'S defined to he 

A^^^^^f{t)= [ p{x,u)V^J{x,u)M^Tj,(f2{t)dxduj 

whenever this vector-valued integral makes sense. 

We address the reader to [32, Appendix] for the precise definition of the 
vector- valued integral. If cpi{t) = <p 2 {t) = , then Ap = [g the classical 

Wick operator [4, 34, 1]. 

To prove our results we heavily exploit the weak definition of the previous 
integral, that is 

{A^^’'^^f,g) = J p{x,u;)V^J(x,u}){M^T^ip2,g)dx(Lj 

= (p,%JV^,g) for/,5€5(M”). 

Here (•, •) denotes the duality R', B (with B a suitable space) that extends the inner 
product on Also the Weyl quantization can be defined by means of a time- 

frequency representation. In fact, one introduces the cross- Wigner distribution, 
given by 

W{f,g){x,w) = j f{x + ^)g{x - dt (27) 

(the quadratic expression W(/, /) is usually called the Wigner distribution of /), 
and the Weyl operator Op^(a) of Weyl symbol a is defined by 

{Op^ (a) f,g) = {cT,W{g,f)), f,g€ 5(R”). (28) 

Given a localization operator with symbol p G 5'(R^’^) and non-zero win- 
dow functions <^ 1,(^2 ^ <S(R^), a calculation in [6, 20, 47] reveals that = 

Op^ {p * W((^ 2 , Ti))^ so the (Weyl) symbol of [g given by 

a = p^W{(f2,<fi) • (29) 

In particular, (28) shows that the Weyl operator Op^((j) has a meaning as a 
mapping from <S(R’^) to <S'(R’^), for every a G 5'(R^’^). In this general setting, for 
example, the symbol o-(x,^) = 7 t^S(x,^) gives the operator Op^ (cr)f(x) = f{—x). 

In order to simplify this theory, we restrict our attention to symbols in the 
classical Shubin classes, related to the weight function 

(z) = (1 + with 0 = (x,w) € 
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More general weights are considered in [14]. Moreover, the product formula works 
with other classes of symbols as well [34, 1]. 

Let mGM, 0<p<l. Then the Shubin classes in short are defined 
by (9), and in the present notation consist of the functions a{z) G which 

satisfy the estimates ^ 

\d'^a{z)\ < V7 € Z2". (30) 

Under this assumption on the symbols, the product formula in [14, Thm. 1.1] 
is the following: 



Theorem 4.2. Consider four windows (pj G S{W^), j = 1, ... ,4, and Shubin sym- 
bols p G , q G G'^^, with mj e R, j = 1,2. Let N be a positive integer. If we 
define the window functions 



^ rv — 



(27ri)l‘^2| 



( 31 ) 



/3<a 



where a = (ai,a 2 ), fd = (A 5/^2) G Z![: x then we have the following composi- 
tion formula 






| a |=0 



(32) 



where Op^(r) is a Weyl operator with Weyl symbol r G ^ . 



In formula (32), all the derivatives are on the symbol q. If we want to consider 
derivatives of the symbol p, then we need a symmetric formula. For that, we shall 
use the formal adjoint formula for a localization operator 

Lemma 4.1. Let G p G <S(R^’^), then the adjoint operator of the 

generalized Wick operator is given by 

(33) 

where p is the complex conjugate of the symbol p. 



Proof. Let /, p G S{W^), since by assumption symbol and window functions live in 
the Schwartz class, the integral written below are all absolute convergent integrals 
and this allows to interchange the order of integration. If we introduce the time- 
frequency shift operators: 

n{z)f = M^T^f, 



W = (7l.---.72n) e 



an = d'^^ ••■972n 

f 1 ^2n 
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by the weak definition of we have 






{pVvif>'^V29)=[ Pi^)( [ f{t)Tr{z)(pidt]v^^g{z)dz 

JR‘2^ \JR'>^ / 

f fit) ( [ P{z)T^iz)‘PiV^29iz) dz] dt 

JR'^ \jR2n / 

if, (^j^^^Piz)V^^g{z)ir(z)ipidz'^) = {/, 



By a density argument one can consider every functions f,g E L‘^{W^) and (33) 
follows. □ 



Proposition 4.3. Under the assumptions of Theorem 4.2, we define the window 
functions 

= J2^\ ^ (34) 



then the symmetric composition formula is given by 

N-l 



^V^1,V?2^V53,¥?4 _ 

| a |=0 



i-_lt 

a\ 






(35) 



Formula (35) is referred to be the symmetric formula of (32), because it is 
quite similar to (32), but the localization symbols pd^q in (32) are replaced in (35) 
by {d^p)q. 



Proof We use the formal adjoint formula for a localization operator given 

by (33). We recall from Section 2 that the formal adjoint of a Weyl operator Op^(r) 
is given by Op^(r). Then, using formula (32) for the product we get 

the result. In fact, we have 






that is (35). 






^J^‘P4,(P3 j^(P2,(fiy 



E ^ 4 ?,-"+ 0 p »( r ) 



|a|=0 



N-l 



| q !|=0 






□ 



Let us finally point out that the positivity property of the classical Wick 
operators holds true in our context if the two window functions coincide. In fact, 
if (fi = (f 2 = (p and p > 0, we have 

{A‘^’‘^u,u} = {p,%^V^u) = {p, \V^u\^) > 0. 



(36) 
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The estimate (36) can be used to obtain lower bounds for Weyl operators. In short: 
starting from P with non-negative principal Weyl symbol pm^ we may represent 

P = A^;^ + Op“(r) 

for some lower order symbol r. Applying (36) to we deduce the Sharp>-Garding 
inequality, cf. [5], [34], [47]. We also observe that the Fefferman-Phong inequality 
can be re-obtained by using the FBI transform, which is related to the Wick 
quantization, see [49] for details. 

Finally, concerning (36), let us emphasize that > 0 does not imply in 
general p > 0. In fact, for Wick operators, as well as for Weyl operators, the 
problem of characterizing operators which are non-negative, or satisfy (Ha) of 
Section 3, is largely open, and challenging. 

Acknowledgments. We are very indebted to the referee for many detailed remarks. 
His invaluable comments led to a substantial improvement of the work, as regards 
the English, as regards presenting things in the proper order, and as regards pre- 
cision. 
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The Conormal Symbolic Structure 
of Corner Boundary Value Problems 
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Abstract. Ellipticity of operators on manifolds with conical singularities or 
parabolicity on space-time cylinders are known to be linked to parameter- 
dependent operators (conormal symbols) on a corresponding base manifold. 
We introduce the conormal symbolic structure for the case of corner mani- 
folds, where the base itself is a manifold with edges and boundary. The spe- 
cific nature of parameter-dependence requires a systematic approach in terms 
of meromorphic functions with values in edge-boundary value problems. We 
develop here a corresponding calculus, and we construct inverses of elliptic 
elements. 

Mathematics Subject Classification (2000). Primary 35J30, 35J55; Secondary 
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manifolds, parameter-dependent edge calculus, symbolic hierarchies. 



Introduction 

Boundary value problems for elliptic differential operators on a manifold with cor- 
ners (or parabolic operators on a spatial configuration of that kind) can be studied 
in terms of symbolic structures that contain parameter-dependent operators on 
base manifolds of corresponding local cones (or cylinders) . The analysis of such so 
called conormal symbols is the first essential step for establishing parametrices or 
regularity and asymptotics of solutions in weighted Sobolev spaces, as is done in 
Kontratyev’s work [10] for the case of conical singularities with a smooth base. 

The classical theory of parabolic boundary value problems in connection with 
parameter-dependent ellipticity is developed in Agranovich and Vishik [1]. New 
applications concern the construction of inverses of parabolic operators in infinite 
cylinders, cf. [11], the characterisation of resolvents of elliptic operators as mero- 
morphic inverses with a specific dependence on parameters, cf. [27], or Maniccia 
and Schulze [15], and the evaluation of Shapiro-Lopatinskij elliptic edge conditions 
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for elliptic operators on manifolds with edges, cf. [25], [29], or Nazaikinskij, Savin, 
Schulze, and Sternin [16]. 

Conormal symbols also play an important role in the recent development 
of the index theory on manifolds with geometric singularities, e.g., in analytic 
index formulas, cf. Schulze, Sternin, and Shatalov [32], or Fedosov, Schulze, and 
Tarkhanov [5], [6]. Another interesting aspect is the spectral flow of families of 
conormal symbols associated with edge singularities, cf. [17]. 

The main purpose of the present paper is to establish a new calculus of 
boundary value problems on a manifold W with edges with meromorphy in a 
complex parameter. 

Such parameter-dependent operators should be contained in a future algebra 
of boundary value problems on manifolds with higher corner singularities as a 
component of a corresponding symbolic hierarchy. 

Moreover, if the manifold W plays the role of a cross section of an infi- 
nite space-time cylinder our calculus (in a corresponding anisotropic form) can be 
related to iterated long-time asymptotics of solutions to parabolic equations, sim- 
ilarly as the author’s joint paper [12] for the simpler case of conical singularities 
and without boundary. 

Here we study isotropic parameter-dependent operators associated with the 
elliptic theory of boundary value problems on manifolds with corners and base 
W. The calculus as a whole contains interesting substructures, e.g., parameter- 
dependent operators that are flat in the cone and corner axial variables r,t e R, 
cf. [18], or smoothing operators with iterated asymptotic information for r and t 
tending to zero, cf. [3]. 

This paper is organised as follows. 

Chapter 1 starts from manifolds with corner points where the base spaces are 
manifolds with edges and boundary. Configurations of that kind can be described 
by corresponding ‘corner metrics’; the associated Laplacians are then corner de- 
generate. For such differential operators, we observe how corner conormal symbols 
appear as parameter-dependent edge degenerate differential operators. Moreover, 
we consider operators with the transmission property at the boundary for the case 
of manifolds with conical exits to infinity. Then we formulate the cone algebra on 
an infinite cone with discrete asymptotics at the tip of the cone. 

Chapter 2 develops the calculus of boundary value problems on a manifold 
with edges in parameter-dependent form. We introduce edge amplitude functions 
taking values in boundary value problems on the infinite model cone. Discrete 
asymptotic data are formulated in terms of the meromorphic structure of subor- 
dinate cone conormal symbols and of the mapping properties of Green symbols. 
The edge algebra itself will be formulated with continuous asymptotic types, based 
on vector- and operator-valued analytic functionals in the complex plane of the 
Mellin covariable belonging to the axial variable of the model cone. We investigate 
parameter-dependent ellipticity of edge boundary value problems and obtain in- 
vertibility of operators in weighted edge Sobolev spaces for large absolute values 
of the parameter (Theorem 2.16). 
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An essential technical tool is the kernel cut-off procedure which generates 
elements that are holomorphic in the parameter (Theorem 2.6), cf. also [24], [28], 
[26], and [13]. 

In Chapter 3 we investigate ‘corner conormal symbols’, i.e., families of edge 
boundary value problems meromorphically depending on a parameter. Kernel cut- 
off produces a rich space of such families (Theorem 3.3), and parameter-dependent 
ellipticity is preserved in this process. 

We finally show that the space of corner conormal symbols is closed under 
inversion of elliptic elements (Theorem 3.10). 



1. Parameter-Dependent Boundary Value Problems 

1.1. Differential Operators on Manifolds with Edges 

By a manifold W with edge V and boundary we understand a topological space 
such that W \ Y is a manifold with boundary, Y a manifold, and every 
y G y has a neighbourhood U in W that is modelled on a wedge x Q. with 

:= (R+ X X)/({0} X X) for a compact manifold X with boundary, and 
an open set 17 C g = dimT. In addition we require a specific behaviour of 
transition maps belonging to different ‘singular charts’ U — > X^ x 17. 

It will be convenient to first pass to the double W = 2W which is a manifold 
with edge Y (without boundary). The space W may be described by a stretched 
manifold W associated with W which is a manifold with boundary 9W, and 
9W is an X-bundle over Y ior X = 2X, the double of X. Then W itself follows 
by squeezing down the fibres {dW)y for every y G T to the single point y. This 
gives us the local structure of W near a point of T as X^ x 17, and transition 
maps are induced by the ones for a collar neighbourhood of dW in W, represented 
by diffeomorphisms x X x 17 — > R+ x X x 17 that restrict to corresponding 
transition maps of the X-bundle dW on the boundary. 

By construction, there is then a projection 

defined as the map that restricts to the bundle projection dW —^Y on the bound- 
ary and to the identity map on int W. Let us write 

Wsing := 9W, Wreg mt W. 

In the following, for convenience, we assume dW to be a trivial X-bundle 
on y, i.e., dW = X xY. The general case requires more comment on invariance 
properties of our operators below which is not the main intention of the present 
paper. 

For references below, we identify neighbourhoods U near Wsing with [0, 1) x 
X X G, where G is a coordinate neighbourhood on y, and we fix diffeomorphisms 

X:U-^R+xXxl7, /^:G^17 (1.1) 
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for an open set Q C such that for 0 < r < Now W 

can be regarded as the double of another stretched space W associated with our 
Wy with a projection 

7T := 7t|w W . 

To make the idea more transparent we consider an example, namely 
W := R+ X X X f], W := R-i- X X X 

This shows in what sense W is equal to 2W for X = 2X. Here tt : R+ x X x ft ^ 
X^ X n = IT is induced by n : M_|_ x X x Q X^ xQ. = W. The invariance of 
the latter construction under transition maps for a general stretched manifold W 
gives us correct global definitions also for W. Let us set 

Wsi„g:=7r-ir and W^eg := W \ W^ing. 

Then (under our assumption on 9W) we have Wsing = X x F, and Wreg is a 
manifold with boundary. 

Let us now pass to a corner = (M+ x lF)/({0} x W) with base W, and 
consider the associated stretched corner R+ x W. We also look at the doubles 
and R+ x W, respectively. Differential operators on R+ x W may be defined in 
terms of restrictions of corresponding operators on R_^ x W to R.f x W. Typical 
examples are Laplace-Beltrami operators to corner metrics of the form 

dt^ + t^g^{t), ( 1 . 2 ) 

where t G R+ is the corner axis variable and g^(t) a family of edge-metrics on W, 
smoothly dependent on t up to 0. By an edge metric we understand a Riemannian 
metric on Wreg that is close to Wsing in the splitting of the variables (r, x, y) G 
R_^ X X X of the form 

+ r^gx{r)+9Q.(r), (1.3) 

where gx{r) and go,{r) are families of Riemannian metrics on X and ft, respec- 
tively, smoothly dependent on r up to 0. In other words, (1.2) takes the form 

dt^ + t^{dr'^ + r^gx(t, r) + gn{t, r)) (1.4) 

with gx and g^ being smooth in t,r G R+ x R+ up to (0,0). 

Let Diff^(M) for a manifold M denote the space of all differential opera- 
tors on M (with smooth coefficients) of order /i; this is a Frechet space in a natural 
way (all manifolds in this paper are assumed to be paracompact and locally com- 
pact). Moreover, let Diffg^g^(W) be the space of all elements of Diff^(Wreg) that 
have close to Wsing in the splitting of variables (r, x,y) e R+ x X x ft the form 

F “!«(?■, J/)(-r^)^(rDj,)“ (1.5) 

j+|a|</Lt 

with coefficients e C'°°(l+xfi,Diff''"(-^+l“'^(X)). Also Diff^^ge W isaPrechet 

space in a canonical way. Then the Laplace-Beltrami operator associated with an 
edge metric on Wreg belongs to Diffg^ge(W). 
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Moreover, the Laplace-Beltrami operator associated with a corner metric 
( 1 . 2 ) has the form 

A = ( 1 . 6 ) 

k=0 

(for fjL = 2) with coefficients hk € C°°(IR+, Diff^Jg^(W)). For r near 0 it follows 
that 

A = t-^r~>^ Ckjc{t,r,y){-rt^)'^{-r~y{rDy)°‘ (1.7) 

k-\-jA-\oi\<n 

with coefficients Ckja € C°°(l+ x 1+ x Diff'^"(''+^'+l“l^(l)). 

The corner conormal symbol for the operator A in our terminology is the 
operator function 

ac{A){w) = ’^bkiO)w^ ( 1 . 8 ) 

k=0 

with a complex variable w varying in C or on a weight line 



Tf3:={weC:Rew = P} 



for some real (3. 

In other words, the Fuchs type derivative is replaced by the covariable 
w in the Mellin transform Mu{w) = t'^~^u{t)dt. We also employ the weighted 

Mellin transform {M^u){w) = M{t~^u){w + 7 ), 7 G M (such that M = Mq), with 
the inverse 



M-y ^9{t) = (27Ti) 






t ^g{w)dw. 



Setting 



opliifMt) = (27t) ^ 




-(i-7+ir) 



/(t, t' , w)u{t')dt'dr, 



w = I — 7 + zr, which has the meaning of a Mellin pseudo-differential opera- 
tor with amplitude function f{t,t',w) (to be specified below), we have 

M~^wM^ = More generally, for f{t,w) = it follows that 



A = t-^opl{f). 



Here 7 G M is arbitrary when A is applied to argument functions with compact 
support in t G M, otherwise, for extensions of the operator to weighted Sobolev 
spaces we have to specify the number 7 , cf. [30]. 

Let W be compact. Writing /(r) := ac{A){P -h ir) for any fixed /? G M we 
obtain a r-dependent family of operators in the edge algebra on the space W, acting 
in weighted edge Sobolev spaces W^’^(W), cf. [29], and Definition 1.1 below. 

Operators in the edge algebra are characterised by a principal symbolic hi- 
erarchy which is particularly simple for the subalgebra generated by Diffg^gg(W), 
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the edge-degenerate differential operators. We shall formulate symbols at once in 
parameter-dependent form with parameter r G R. 

First, we have the standard homogeneous principal symbol of order 

cr4f){x,lT) e X R) \ 0) 

which is independent of For points x G Wreg close to Wsing in the splitting of 
variables x = (r, x, y) G R+ x E x E C R’^, 0 C R^ open, n = dim X, q = dim Y, 
with covariables (^,^, 77 ) G we can write 

(^,p{f){r,x,y, Q,^,ri,T) = r~^a^{f){r,x,y,rg,^,rrj,rT) 

for a function 

homogeneous in (^, ^, 77 , f) ^ 0 of order /i and smooth in r up to r = 0. This is 
immediate from the definition. 

Furthermore, we have a so called homogeneous principal edge symbol 



^A(/)(2/,r7,r) 

which is an operator valued function on (T*T x R) \ 0, acting between weighted 
Sobolev spaces on the infinite (stretched) model cone of the local wedges that 
characterise W near Wsing- Representing /(r) locally in the form 

/(r) = r-'‘ Ckja{0,r,y){-r{/3 + iT))'^{-r-^y{rDy)°‘ 

fc+j + |o:|</x 

we have 

(^A{f){y,V,T) = Y Ckja{0,0,y){-irTy{-r-^y{rr])° 

fc+j+|a|</x 



Let us briefly recall the definition of the involved spaces. Given a manifold 
N, by R^) we denote the space of all classical parameter-dependent pseudo- 

differential operators of order (jl on TV, with parameter A G R^ Recall that local 
(left-) amplitude functions a(x, A) are classical symbols in the covariables (^, A) G 
R^+^ n = dim TV, while L"^(TV;R0 is identified with A{\) G 5(R^ T-^(TV)). 
Let TV be compact. Then it is known that for every s G R there exists an element 
R^{X) G L^i(TV;R^) that induces isomorphisms for all r G R. 

Let H^’^(TV^) for s ,7 G R, TV^ = R+ x TV, denote the completion of the space 
C^(TV^) with respect to the norm 




\\R%lmw){Mu){w)\\l2(^f^)dwY^^ , 



where (r) G (TV; R) is any choice of an order reducing family. 
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In this paper, by a cut-off function on the half-axis we understand any real- 
valued u) G that is equal to 1 in a neighbourhood of 0. We then define 

the space 

^ -\-{l-Uj)v:ue V G i^cone(^'')} 

for any cut-off function u. Here for the unit sphere N := S'^ in is 

defined as the subspace of all v G \{0}) such that {l—cj)v G 

otherwise, for general N we define -fircone ^>y a simple reduction to the previous 
case by a localisation on sets x U for coordinate neighbourhoods U on N, cf. 
[29]. 

Both and /C^’^(iV^) are Hilbert spaces with suitable scalar prod- 
ucts, where x N) with referring to the 

measure dtdx. 

If N is equal to the double X = 2X of a manifold X with boundary, consisting 
of two copies X± of X (and X identified with X^) we set Xq'^(X^) := {ffc G 
/C^’^(X^) : suppft C X^} which is a closed subspace of /C^’^(X^), and 

{uUx- : u G 

isomorphic to = /C^’'^(X^)//Cq’^(X^) and endowed with the correspond- 

ing Hilbert space structure. 

For references below we set 

S'^(X^) = {uju^{l-uj)v : u G v G 5(1+, C^(X))}. (1.9) 

Given a Hilbert space E together with a strongly continuous group of isomor- 
phisms Ks : E E, 6 e M+, such that k>sk> 5 ' = k,ss' for all S, 8' G M+, we say that 
E is equipped with the group action k, = More generally, if a Frechet 

spaoe E is written as a projective limit of Hilbert spaces (E^)j^f^ with continuous 
embeddings E^~^^ ^ E^ ^ ... ^ E^ for all j, and if is a group action on E^ 
that restricts to group actions on E^ for all j, we say that E is endowed with the 
group action k. 

We apply this terminology to E = /C®’^(iV^) for {Ksu){t,x) = 8^^ u{8t,x), 
8 G M+, n = dim AT, and later on to a variety of Frechet subspaces. 

Definition 1.1. 1. Let £* be a Hilbert space with group action k = 

Then W^(E^, E), s = R, denotes the completion of <S(R^, E) with respect to 

the norm 

l|w||w*(R«,£;) = {j ’ 

where u{rj) = Fu{rj) is the Fourier transform in and {rj) = (1 + 

2. U E = lim^.^^^ E^ is a Frechet space with group action, we denote by 

W^(E^,F^), s G E, the projective limit of the spaces W^(E^,F^-^), j G N. 

The space W^(E^,F^) in the case (ii) is Frechet with || • ||w^(E 9 ,£;j)? i G N, as 
a system of norms. 
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There is also an analogue of standard ‘comp’ and doc’ spaces in the present 
vector- valued case 

and 

for any open set C 

Applying Definition 1.1 to we obtain the spaces 

X R^) 

for every 5,7 G R. For N = X the space >V®’"^(W) is defined as the subspace of all 
u G i 7 f^^(Wreg) such that (jj^pu = x*v for some v G x R^) for every x of 

the kind (1.1) and any cut-off function u{r) vanishing for r >h and if G C^(G), 
cf. also Section 2.2 below. 

We set 

{uju -]-{l-uj)v:ue x R^), v G i/foc(Wreg)} 

for any cut-off function o;(r), with r referring to the local splitting of variables 
{r,x,y) near Wging- For simplicity, pull backs under charts are suppressed in the 
latter notation; also below we shall identify a neighbourhood of Wsing with R_|_ x 
X X R^. Now let us set 

Wo’^(W±) = {ue W"’^(W) : suppit C W±} 

with W±, where the two copies of W constitute the double W (with W being 
identified with W+), and 

= {filintWre, : ^ ^ W^’^(W)}. 

The conormal symbol (1.8) can be written in the form 



(Tc{A){w)=r ^o;(r) ^ Ckja{0,r,y){rw)^ {-r—Y (rDy)^ 

k+j-{-\a\<fi 






k=0 

Proposition 1.2. (1.8) represents a holomorphic family of continuous operators 

ac{A){w) : W"’'^(W) W"~^’^-^(W). (1.10) 



Corollary 1.3. The restriction of (1.10) to intWreg gives us a holomorphic family 
of continuous operators 

ac{A){w) : >V"’^(W) W"~^’'^“^(W). 



for all s,7 G R. 



(1.11) 
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The continuity of (1.10) for every fixed u; G C is a consequence of the fact 
that (1.10) near Wging can be regarded as a pseudo-differential operator with an 
operator- valued symbol of a specific kind. The general definition is as follows. 

Let E and E be Hilbert spaces with group actions k = {/^a}agm+ ^ = 

{^a}agm +5 respectively. Then 

S^{U xR^]E,E) ( 1 . 12 ) 

for /i G M, C W open, is defined as the set of all a(y, rj) G C^{U x C{E, E)) 
such that 

sup (1.13) 

for every KGZU,a G ^ G N^. The expressions (1.13) form a semi-norm system 
which makes (1.12) a Prechet space. 

Elements of (1.12) are called operator-valued symbols of order /i. 

We also have operator- valued symbols in the case when E or E are Prechet 
spaces, written as projective limits of Hilbert spaces, where the respective group 
actions extend to group actions in the former sense in all Hilbert spaces of the 
projective limits, cf. [29]. 

Let X jE, E) denote the space of classical symbols, that is, for a{y, rj) 
there exist homogeneous components a(^^_j^{y, rf) G C^{U x (R^ \ {0}), C{E, E)), 
j G N, i.e., 

for all 5 G R+, such that 

N 

j=o 

for all AT G N and any excision function x- Also S^^{U x R^;E, E) is a Prechet 
space in a natural way. 

If a relation holds both for classical or general symbols, we write ‘(d)’ as 
subscript. 

The spaces 5^^^(R^; E, .E) of ^-independent symbols are closed in x 

W;E,E). 

Theorem 1.4. Let U = Q x Q. for C R^ open, and let a{y,y',rj) G S^{Q x ft x 
R^]E,E). 

Then, setting Op{a)u{y) = ff e^^y~y'^'^a{y,y' ,r])u{y')dy' dy, dy = {27r)~^dy, 
the operator 

Op(a) : C^(n,E) C^{Q,E) 

extends to a continuous operator 

Op(a) : W^,^^(n,E) ^ <7(f2 J) 



for every s G R. 
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1.2. Boundary Value Problems with the Transmission Property 

Let X be a smooth manifold with boundary dX. In this section we discuss a few 
basic constructions on parameter-dependent pseudo-differential operators on X 
with the transmission property at the boundary. For simplicity, we assume X to 
be compact. The non-compact case will also be of interest in a variety of cases. 
We will tacitly use the corresponding generalisations, unless special precautions 
are necessary; those will be separately described. 

Let Vect( ) denote the set of all smooth complex vector bundles on the man- 
ifold in brackets. The manifolds in question are assumed to be equipped with 
Riemannian metrics and the vector bundles with Hermitian metrics. Operators 
will refer to Sobolev spaces (X, E) of distributional sections in vector bundles 
E e Vect(X). 

Parameter-dependent boundary value problems in our set-up will be families 
of continuous operators 

H^{X,E) H^-^{X,F) 

A{\) : 0 -> 0 (1.14) 

H^-i{dX, J_) J+) 

for E,F e Vect(X), J_, J+ € Vect(9X), /i G Z, given in the form 

-4(A) = o)+0(A), (1.15) 

with the following ingredients. 

We assume that 

A(A)eL^i(X;E,F;]R') (1.16) 

for vector bundles E,F e Vect(X) on the double X such that E\x = E,F\x = 
F. In other words, (1.16) is a family of classical parameter-dependent pseudo- 
differential operators on X {E,F in (1.16) means that the operators act between 
distributional sections of corresponding vector bundles). In addition we require the 
operators ^(A) to have the transmission property at the interface dX, cf. [19], or 
[29]. Let L^j(X; F;R^)tr denote the subspace of all elements of (1.16) with the 
transmission property. Moreover, 

e-^ :H^{X,E)->H^{X,E) 

is the operator of extension by zero from int X to the double X of X, s > — |, 
and 

r+ :H\X,E)^H\X,E) 

the operator of restriction, i.e., r+u := u\\ntx^ 

To explain ^(A) on the right hand side of (1.15) we first introduce some other 
notation. Choose any differential operator T G Dif[^{X;E,E) on X with smooth 
coefficients up to the boundary (acting between sections in E) which is of the 
form T — <S)idE in the splitting of variables (x\xn) in a collar neighbourhood 
^dX X [0, 1) of dX. 
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Moreover, let B for v = (E*, F; J_, J_^) denote the space of all 

operators 

Ce Pi C{H^{X,E)®H^\dX,J-), C°°{X,F)®C^{dX,J+)) 

^>-i 

such that the formal adjoint C* with respect to the respective L^-scalar products 
represents an operator 

C*G p C{H\X,F)®H^'{dX,J+), C°°{X,E)®C°°{dX,J-.)). 

s,s'gM 

The space v) is Prechet in a canonical way, and we set = 

<S(IR^, v; E^)). We then form the space of all operator 

families 

d 

C{\) - Co(A) + ^C, (A)diag(T^0) (1.17) 

for arbitrary Cj{\) € v; E^). 

Let us endow the spaces L^(E+,C^) 0 and 5(E+,C^) 0 for 
5(E+,C'^) := lim^. (xn ) (E+ , ) with the group action (f{xn) 0 c ^ 

{8^ (p{dxn)) 0 c, J G E+. Then we can form operator- valued symbols 

g{x\C,X) e X E^-^;L2(E+,C") 0C^-,<S(1+,C^) 0 C^+) 

with e,f,j- and in the meaning of fibre dimensions of the bundles E,F,J- 
and J+, respectively, Q. C E’^"^ open, such that the pointwise adjoints A) 

inthesenseof (^(x',^',A)iz,i;)^ 2 (k_^,c/)©c^+ = K ^)^)l 2 (e+,cP 0 C^- ^^^e 

the property 

g*{x',^',X) e X l2(K+,C/) ©C^+, 5(1+,C^) ©C^-). 

Note that then 

b{x', f , A) := go{x', A) + ^ gj{x', A) diag(^, 0) 

j—l OXfi 

for arbitrary Qj{x\^\ A) of the abovementioned structure, of order /i— j, represents 
a symbol 

h{x',^',\) G X E”-i+';77"(R+,C®)©0-,5(l+,C-^)©CJ+) (1.18) 

for all s > d — I . Also 

diag(l,(e',A)i)6(a:',^',A)diag(l,(r,A)-i) =: h{x\^',\) (1.19) 

is a classical operator- valued symbol, although with slightly modified group actions 
in the involved spaces, namely (p{xn) 0 c ^ 8^ip{8xn) 0 J G E+, instead of 
the previous ones. 
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Choose an open covering of the collar neighbourhood dX x [0, 1) of the bound- 
ary by charts Xk ’ x [0, 1) Q x M+, Q. C open, k = 1, . . . , A/', such 

that {C/{, . . . , is an open covering of dX by induced charts x'k • Let 

{(^ 1 , . . . , (Pn}, • • • 5 V^iv} be systems of functions (fk^ '^k ^ x [0, 1)) such 

that ^ = 1 in a neighbourhood of dX and = 1 on supp (fk- Set = Pk\dx, 

= 'ipkldx^ Then, using symbols hk{x', A) of the kind (1.19), we can pass to op- 
erator pull backs Hk{^) of pseudo-differential operators Op^, (hk){X) to Ul x (0, 1) 
(that also take into account the transition functions of involved bundles) and form 

N 

:= Xl‘^^^s(<^*,V^fc)Wfc(A)diag(V’fc,V’fc)- (1-20) 

k=l 

The operator ^(A) in (1.15) is assumed to be of the form 

g(A) = W(A)+C(A) (1.21) 

for arbitrary 'H{\) as in (1.20) and C{\) G v; R^). 

Definition 1.5. Let v; E^) for /i G Z, d G N, v = (^,F; J_, J+) de- 

note the space of all operator families of the form (1.15) for arbitrary A{\) G 
L^j(X;£^,F;E^)tr and ^(A) G v; E^), the subspace of all elements of the 

kind (1.21). Given any A G v; E^) we also write d = d^, called the type 

of A. Moreover, let 

B^(X;v;E^) = |J v; E^), 

den 

and, similarly, B'^{X;v]R^) = 

The operator families ^(A) G B^{X\v\ E^) have a parameter-dependent prin- 
cipal symbolic structure 

a (A) = (cr^{A),ad{A)) 

with the homogeneous principal interior and boundary symbols a^{A) and (Jq{A)j 
respectively. The interior symbol of .4(A) is the restriction of the parameter- 
dependent interior symbol of (1.16) to {T*X xE^)\0, where 0 stands for (^, A) = 0. 
The boundary symbol, expressed in a collar neighbourhood of dX in the variables 
(x',Xyi), contains an ingredient from r+A(A)e“^, namely 

cra(r+Ae+))(a;',C', A) := r+op^^(cr^(^)|^^^Q)(x',^', A)e+, 

regarded as a family of maps 

aa(r+Ae+)(x',^', A) : F^(E+) ^ 

for s > — ^, invariantly defined as an operator family parametrised by (T*(5X) x 
E^) \ 0, with 0 being interpreted as (^', A) = 0. 

Another ingredient is defined by the summand ^(A) in (1.21), more precisely 
by H{X) in (1.21), locally given by 

cTd{G){x', e', A) = diag(l, 1^', A| i )6(^) (x', A) diag(l, |^', A|-i ) 
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for A) ^ 0, cf. (1.18), (1.19), and 

^ ~ ^0,(/x) C 7 "J" ^ ^ 5 ^ 7 ( o j ’ ’ 

j=l OXn 

with A) as the homogeneous principal components of the classical 

operator- valued symbols Qj{x' ^ A) of order /i — j, j = 0, . . . , d. Then 

aa(vA)(x',^', A) := diag(cra(r+Ae+)(a:',^', A),0) + cra(0)(x', A) 

represents an invariantly defined family of operators 

^TaM)(:^'7e'7A) : 0-^0 (1.22) 

O- £3+ 

parametrised by {T*{dX) x R^) \ 0, with homogeneity 

aa(^)(:r',5^',a) = A'‘('^Q' aa(^(x',C', A) 

for all 8 G M+. 

Given a Prechet space F and an open set /7 C C we denote by A{U, F) the 
space of all holomorphic functions in U with values in F. By 

B^-‘='(X;v;C X R«) (1.23) 

we will denote the space of all operator families 

f{z,r^)eA{C,B>^'<^{X-v,W>)) 

such that 

for every /? G M, uniformly in c < /? < c' for every c < c' . For = 0 we simply 
write v; C). Moreover, we set 

S^(X; v; C X R^) = |J i;; C x R^). (1.24) 

den 

The space (1.23) Frechet in a natural way. 

Remark 1.6. As is well known, cf. [22], [23], or [9], the space C x R^) is 

rich in the sense that for every operator family p G i;; R^+^) there exists 

an f{z,p) G S^’^(X;t;;C x R*^) such that 

p{q, v) = f{iQ, v) mod B~°°’‘’‘{X\v, R^+«). 

The construction of / is based on a kernel cut-off construction, cf. Section 2.1 
below. 
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The spaces v;M^) as well as (1.23) have a straightforward generalisa- 

tion to the case of a non-compact manifold X with boundary. This will tacitly 
be used below. Instead of (1-14) we then talk about continuous maps between 
Sobolev spaces with subscript ‘comp’ or doc’. 

An interesting situation with a specific control of the non-compactness at 
infinity is the case of an infinite stretched cone X^ = x X 3 (r,x) for a 
compact manifold X with boundary. Let us formulate a few basic notions for 
this case. We first discuss operators far from r = 0; operators close to r = 0 will 
be studied in the following section. 

The typical situation is the half-space = {x = (x',Xn+i) G : 

^n+i > 0}? = {xi , . . . ,5n); in this case X is equal to = 5^ fl R'^^ the 

upper half of the unit sphere. A simple localisation on conical subsets T of R_^ , 

using invariance of our constructions under transition maps k :F that satisfy 
k{Xx) = Xk,{x) for \x\ > C for some C > 0 and A > 1, allows us to pass to 
operators on X^. In other words, we mainly look at 

In this case we define a global calculus of operators of the class 

(125) 

with a weight ^ € E at infinity. We do not need any parameter-dependent variant 
here. 

Similarly to B^'^{X\v), cf. Definition 1.5, the elements of (1.25) consist of 
2x2 block matrices of continuous operators 

A: ^ 0 

Rs-hS ^ (0J_ ) i ^(M^ , CU ) 

for s > d - Here if"’^(E!;:+^) := (x)-^F"(E^+^), i^"'’‘^(E^) (:r')“‘^i^"'(E^). 

For simplicity, we consider the case e = / = 1, == = 0. The constructions for 

the general case are straightforward and left to the reader. 

First, on E’^^^ we have the standard calculus of pseudo-differential operators 
with exit conditions. Let for /i, ^ G E denote the set of all a{x,^) G 

Co°(E2(^+i)) such that 

sup (x)-^+l^l(|)-^+l^'|D|D|a(x,0| < oo (1.26) 

for all a,/3G Observe that /S^’^(E2(’^+^)) for ^ > 0 and // > 0, respectively 

contains the subspaces 5'^j^(E|“^^) and 

‘with constant coefficients’ (‘(cl)’ means classical or non-classical 
in the respective variables, treated as covariables). Note that 5^j(E’^+^) is nuclear 
in the natural Frechet topology. Let us define 

^M;^(E2(n+i)) _ 5A^j(M|+i)(g)^5^^^(M-+i) 
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which is the set of all a{x,^) G that are classical both in f and x. 

Moreover, let be the subspace of all elements with the transmission 

property at = 0 . 

Let us set 

= {Opj(a) : a(x, |) € (1.27) 

Then r+Ae"*" for A G (with e“^ being the operator of extension 

by zero from to and r“^ the restriction from to induces 

continuous operators 

r+Ae+ : 

for all s > — ^; G M. 

Symbols a(x, that are classical in ^ of order ji and x of order q have a triple 
of principal components, consisting of 

a^{a){x,i) € \ {0} , , 

homogeneous of order /x in ^ ^ 0 , 

a,{a){x,i) e C^{R2+^ \ { 0 }, 

homogeneous of order ^ in x ^ 0 , and 

<T^.e(a)(i,|) e C^{{R2^^ \ {0}) X (E|+1 \ {0})), 

homogeneous in ^ 7 ^ 0 of order fi and x 7 ^ 0 of order g. For A = Op(a) we then set 

a^(r+Ae+) = cr^(a), <Je(r+^e+) = ae(a), = a^,e(a). 

There is also a variant of operator- valued symbols with exit conditions in M , 
acting between Hilbert spaces E and E with group action, cf. (1.12) and (1.13). 
Let be the set of all a(x',^') G , C{E ^ E)) such that 

sup <00 

for all a,^ G N’^. 

Also in the operator- valued case there is a natural notion of classical symbols 
in both variables x' and f', for more details, cf. [9, Chapter 3]. Let E, E) 

denote the corresponding subspace of S^'^{R?'^\E^E). Finally, we can generalise 
such symbol spaces to the case of Frechet spaces £*, E with group actions. 

Classical operator- valued symbols a{x',^') in (x',^') of order /x in and g in 
x' have also a triple of principal symbols, namely 

a 9 {a){x') e \ {0}, .B)), 

homogeneous of order /x in 7 ^ 0 in the sense 

ao{a){x' , Xi') = X^kx<Ja{a){x',i')K^^ 



(1.28) 
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(1.29) 



for all A e M+, 

a,>{a){x',a e \ {0},S^^{RpE,E)), 

homogeneous of order ^ in x' / 0 in the sense 

ae'{a){Sx’,i') = S^ae'{a){x',i') 
for all G E-t-, and a corresponding mixed term 

ae,e'ia){x',i') G \ {0}) x (R|, \ {0}),C{E,E)), 

homogeneous in ^ 0 of order ji as (1.28) and in x' / 0 of order q as (1.29). 

In particular, we can talk about so called Green symbols g{x ' of type 0 
in the half-space, defined by the conditions 

9{x',0,g*{x',0 G X L^R+),S{R+)) 

with being the pointwise adjoint with respect to the L^(E+)-scalar product. 
Moreover, Green symbols g{x ' of type d G N are defined by 



g{x',0 = '^gj{x',l') 



1=0 



dK+i 



with Green symbols ^j(x', ^') of type 0 and order (/i — j, ^), i = 0, . . . , d. 

all 



Let B °°(E!J:“*"^) denote the set of all operators 

c = ±c, 



j=Q ^^n+1 

where Cj are integral operators with kernels in 



<S(R"+^ X Rl+^) = 5(M2(”+i))| 



n-\-l * 



RT^^xR] 



+ 



An element -0 G C°°(E!|:“^ ) is called an admissible cut-off function, if it has the 
following properties: 

(i) There are constants R < R' such that 



ip = 1 for X e Lr ,0 = 0 for x ^ Lr/ 

for Lc := {x G E’^+^ : |5n+i| < c\x'\} U {x G E’^^^ : \xn-\-i\ < c}, c > 0. 

(ii) ip{Sx) = 0(x) for all d > 1, \x\ > c for a sufficiently large c > 0. 

Now S^’^’^(E!|:“^^) is defined as the set of all operators 

A := r+ Op^(a)e+ -1- 0o Op£,(^)0i -h C (1.30) 

for arbitrary a(x,^) G a Green symbol g{x' of type d, admis- 

sible cut-off functions 0o?'0i5 and a smoothing operator C G 

Let AT be a closed compact C°° manifold, n = dim N, and form a C°° man- 
ifold AT- ^ R X N 3 (r, x) with conical exits for r iboo (i.e., on we fix a 
Riemannian metric that has the form dr^ -hr^piv for \r\ > R for some R > 0 where 
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qn is a Riemannian metric on N). Moreover, let for 5,5 G M denote the 

subspace of all u G such that (1 — lj)u, (1 — uj)u^ G for 

u^(r, x) = u{—r, x) and any cut-off function uj{r) on the positive half-axis. On 
we then have a calculus of pseudo-differential operators q G M, the 

local symbols of which on subsets oiU^=^xU (for any coordinate neighbour- 
hood U on N) satisfy the symbolic estimates of the form (1.26) in coordinates 
X G (the corresponding charts x • T are assumed to be homogeneous 

in the sense x) = Ax for A > 1, |:r| > R for some R > 0). In this calculus the 
smoothing operators have kernels in S{N^ x N^) = <S(M x E, C^{N x N)). 

Taking classical local symbols in (x,^) we get the subspace L^j’^(A^x) of clas- 
sical operators with exit behaviour for \r\ oo. 

Given vector bundles E,F E Vect(ATw) we have similarly the spaces 

of operators A acting between corresponding spaces of distributional sections 



Applying this picture to N := 2X, the double of a compact manifold X 
with boundary, there is a subspace E, F)tr of operators which have 

the transmission property at (dX)^. Then, if r+ : if^’^((2X)x, E) E) 

(for E = E\x^) is the operator of restriction to int Ax, e“*“ : iy^’‘^(int Ax, ^ 
H^'^^{{2X)^, E) the extension by zero to the opposite side of int Ax in (2A)x, 
every A G L^i’^((2A)x; ^)tr gives rise to continuous operators 

r+ie+ : i^"’^(Ax,^) F"-^’^~^(Ax, F) 

for every s, 5 G E, 5 > — |. 

There is also a generalisation of Green and smoothing operators of the class 
to the case of a smooth manifold Ax with boundary and conical exits 
for \r\ oo, including the aspect of operators between sections of vector bundles 
and additional trace and potential operators, cf. also [9, Chapter 3]. This gives us 
spaces of boundary value problems 

S^’^;^(Ax;v) for t; = (F,F; J_, J+), (1.31) 



F, F G Vect(Ax), J± G Vect((9A)x)- The operators in (1.31) have the form 



/ r+ Ae+ 

V 0 



+ 



where ^ is a 2 x 2 block matrix of Green, trace and potential operators with exit 
behaviour for |r| ^ oo, and A G L^j’^((2A)x; F, F)tr- The operators A in (1.31) 
are continuous in the sense 



F"’^(Ax, F) F"-^’‘^-^(Ax, F) 



F"-i5^((aA)x, J-) F"-^-^’^-^((9A)x, J+) 



(1.32) 
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for all 5 > d — I . Let us set 

^ ^ ^ v)}; (1.33) 

in this notation is regarded as a subset of in a canonical way, and bundles 
on Xx ((5X)x) and their restrictions to X^ {(dX)^) are denoted by the same 
letters. 

Operators A G S^’^’^(Xx; t;) with A := r+Ie+ for A G L^’^((2X)x; F)tr 
in the upper left corner have a principal symbolic structure 

^j(^) = {cr^l;(A),ae{A),a^^e{A);a^{A),ae'{A),a^^e'{A)). 

Here a^{A) is the standard homogeneous principal symbol of A of order 
further <Te{A) is the homogeneous principal exit symbol of A of order g (by 
definition, this concerns homogeneity in the variable r for r zhoo) and cr^,e(*4) 
is the homogeneous principal part of (Te{A) of order fi in the Xx-covariables. 
Moreover, (Jo (A) is the standard homogeneous principal symbol of A of order //, 
further aef(A) is the homogeneous principal exit symbol of A of order g (which 
refers again to homogeneity of order g in the variable r for r — > ±oo), and cr^ e' (-4) 
is the homogeneous principal part of (A) of order fi in the 9Xx -covariables. 

An operator A G B^’^’^(Xx;v) is said to be elliptic, if all components of 
(j{A) are bijective on the respective sets of variables and covariables. 

Theorem 1.7. An operator A G is elliptic if and only if A defines a 

Fredholm operator (1.32) for any s G M, s > max(//,d) — 1. 

If A G B^’^’^(Xx; 1^) is elliptic, there is a parametrixV G 
for v~^ := (F, F; J+, J_) and h = max(d — /x, 0) such that 

I-VAe B-^’^^’°(Xx; Vi), I-AVe S-^’‘^-^(Xx; v^) 
for di = max(/x, d),dr = max(d — /x,0), and v\ = {E, E\ J_, J_), Vr = (F, F; J_|_, J+). 

Boundary value problems with the transmission property on a manifold with 
exits to infinity have been studied systematically by Schrohe [21] where one can 
find, in particular, the necessity of the ellipticity for the Fredholm property of 
(1.32). In the present paper we refer to the corresponding calculus of [9, Chapter 
3], 



1.3. The Cone Algebra 

We now turn to boundary value problems of the cletsses globally on = 
X X 3 {r,x). Close to r = 0 we impose the structure of the cone algebra. For 
r ^ oo the calculus corresponds to operators on a manifold with conical exit to 
infinity as formulated in the preceding section. 

Let ujo (r) , coi (r) , cj 2 (^) be cut-off functions on the half-axis, cji = 1 on supp coq , 
and o;o = 1 on supp CO 2 , and set 

A = C(^0*4.cone^l d" (1 ^o)*4exit(l ^ 2 ) B. 



(1.34) 
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Here ^xit ^ v), and vAcone is of the form 

k 

Aone = ’’“'"{oPm " W + +OPm~"(/j)]} (1-35) 

j=0 

for some k gN and weights 

1 ~ 2 

= 7 and 5j =j - Sj = ^- - for I < j < k. (1.36) 

Note that in (1.36) we could fix any other weights Sj,Sj such that j — j < 

Sj, Sj < 7 and Sj ^ Sj for j > 1. 

We assume 

h{r, z) G C°°(l+, v; C)). (1.37) 

In order to define fj and fj we first introduce so called discrete and continuous 
asymptotic types of Mellin symbols. 

Given a set ^ C C we define := {Xzi-\-{l — X)z2 : zi,Z2 G A, Rezi = Rez2, 
0 < A < 1}. Let V denote the system of all closed subsets P of C such that 
F n {c < Rez < c'} is compact for every c < c', and = F. A F-excision 
function is any x ^ C°°(C) such that x(^) = 0 for dist( 2 :, F) < Sq, (z) = 1 for 
dist( 2 ;, F) > Si for certain 0 < eo < 

For every F G V we form the space 

(1.38) 

of all f{z) e A{C \ V,B~°°’^{X]v)) such that for every V-excision function x(^)i 
we have 

xiz)Hz)U=0+ie e 

for every /3 G M, uniformly in c < /? < c' for every c < c'. The space (1.38) is 
Prechet in a canonical way. 

Consider, in particular, a compact set, and let A'{K,E) be the space of all 
analytic functionals, carried by AT, with values in a Prechet space E. Then, for 
AT G V we have 

f{z) := Ms,r^Mr){C,r-^) € B],°°’‘'iX;v,C) 

for every C G v4'(AT, t;)) and a cut-off function lo. Here 5 G E is any 

weight such that K C {z : Re z<^ — 5}. Moreover, 

B-^'\X-,vX) = {M^o;(C,r-^) + /o : C £ M{K,B~^^\X-v)), 

foeB-°°’\X;v,C)}. 

For F, F G V, F + F := (F U F)^, we have the relation 

C) = u; C) + BT°°’^{X; v; C) (1.39) 

as a non-direct sum of Prechet spaces. The sets F G V will be called continuous 
asymptotic types for Mellin symbols of the cone algebra. 
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A useful property of decompositions like (1.39) is that for every Vi G V and 
5 G R, 5 ^ there exist sets V, F G V such that 

Vi = v-\-v ^ndrsnv = r~^nv = 0. (1.40) 

In other words, Mellin symbols I with continuous asymptotic types can be decom- 
posed as sums / = / + /, where / G and / G are 

holomorphic in a neighbourhood of Ts and Fs ' , respectively. 

Now the Mellin symbols fj and fj in (1.35) are assumed as 

fj{z) e and fj{z) e (1.41) 

J Vj 

respectively, with sets Vj^Vj ^ V such that rn±i n Vj = Tn±i_s, nVj = $ for 
all j. 

It is interesting also to consider Mellin symbols, where the asymptotic infor- 
mation is supported by a discrete set {Pj}jez C C. 

A sequence of triples 

R = {{pj, rrij, Lj)}jez 

for Pj G C, rrij G N, is called a discrete asymptotic type for Mellin symbols if 

(i) ttcR := {Pj}jeN has a finite intersection with { 2 ; : c < Rez < c'} for every 
c < c', 

(ii) Lj C B~^'^{X;v) is a finite-dimensional subspace of operators of finite 
rank, for every j EN. 

We denote by v; C) the subspace of all f{z) G B~^^{X\v\ C) that 

are meromorphic with poles at the points pj of multiplicity rrij -h 1 and Laurent 
coefficients at (z — belonging to Lj for all 0 < A; < m^, j G N. 

It remains to explain the nature of operators C in the expression (1.34). To 
this end we first recall the notion of continuous and discrete asymptotics in the 
spaces /C^’^(A^). 

First, if 0 = ('i?, 0], —00 < < 0, is a weight interval, we set 

which is a Prechet space in a canonical way. Let 0 be finite, consider any V eV, 
F C {z : Re z < — 7}, and set K :=V n{z : — 7 — 'i?<Rez< — 7} 

which is a compact set. Then 

£k{X^) {o;(r)(C,r-^) : C G A'{K,C^{X))} 

is a Prechet subspace of /C°^’^(X^), and we define 

/C^^(X^) K%^{X^) + £k{X^) (1.42) 

in the Prechet topology of the non-direct sum. Subscript ‘P’ has the meaning of a so 
called continuous asymptotic type associated with V and weight data g = (7, 0). 
We interpret P as the quotient space A'{K, C^{X))/ where equivalence ( ^ 
means that belongs to /C@ ’^(A^). Let us set 
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TTcP := K n{z : — — 7 -f < Re 2:}. ( 1 - 43 ) 

For 0 = (—00,0] we choose a sequence < 0 for all j and 

'dj —00 for j — > 00. Then, if Pj is the continuous asymptotic type, associated 
with V and weight data Qj = (7, (^j, 0 j), there are continuous embeddings 

IC^pIM^)^IC^pJ{X^) ( 1 . 44 ) 

for all j. We then set /Cp^(X^) = lim^.^^^ ICpJ{X^), where P is represented by the 
sequence of Pj, j G N, and is regarded as a continuous asymptotic type associated 
with V and g = (7, (—00, 0 ]). This construction is independent of the specific choice 
of the sequence Let As{X,g) denote the set of all continuous asymptotic 

types P, belonging to any V eV and g = (7,©). Similarly to ( 1 . 43 ) we write 

TTcP = V, 

if P belongs to V E V. 

Let us write 

Pi C P2 for TTcPl C 7 TcP 2 . ( 1 * 45 ) 

A sequence 

P — {(Pj? Lj)}o<j<iv, 

with Pj e C, rrij e N, N = N{P) < 00, is called a discrete asymptotic type for 
weighted distributions on X^ near r = 0, associated with weight data g = (7, 0), 
0 = (1^,0], if 

(i) TTcP = {Pj}o<j<N C {z : ^ - 7 + 'i?<Rez< ^ - 7}, N{P) < 00 for 
finite 0 , TTcP n {2 : c < Re 2( < c'} finite for every c < d , 

(ii) rrij G N and Lj C C^{X,E) (for a given E G Vect(A)) is a finite- 
dimensional subspace, for every j G N. 

Let As(X,^*) denote the set of all discrete asymptotic types in that sense. 
For P G As{X,g*), g = (7,©), 0 finite, the space 

N rrij 

£p{X^) :={Lo{r) EE Cjk{x)r log'^r :CjkG Lj 

j=0 k=0 

for 0 < k < rrij, 0 < j < N} 

(for any fixed cut-off function uj) is finite-dimensional, and we have £p{X^) C 
;^oo,7(xa) and £p{X^) H = { 0 }. We then set 

/C^^(X^) := K%^{X^) + Sp{X^) ( 1 . 46 ) 

in the Frechet topology of the direct sum. 

For 0 = (—00,0] we choose a sequence {'^j}jen as above, and form Pj := 
{(p,m,L) € P ; Rep > - 7 + G As{X,g*) for Qj = (7,©^), ©j = 

Then we have continuous embeddings ( 1 . 44 ) for all j, and we set again 

jeN 
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Moreover, let us set 

= {uju + (l-u)v : u e v G 5(1+,C^(X)}. (1.47) 

Remark 1.8. The spaces )Cy,^{X^) and S].{X^) for P G As(X, or P G As(X, g^) 
are Frechet spaces with group action k, = ? {i^ 5 u){r^ x) = u{5r^ x) (cf. 

the notation of Section 1.1). 

An operator 

E) 

C : 0 — > 0 

which is continuous for s > — | , s' G M, is called a Green operator of type 0 in the 
cone algebra on X^, if C and its formal adjoint C* induce continuous operators 

/C^’^(A^,P) S]r^{X^,F) 

C: 0 0 (1.48) 

and 

Sg7~^((dX'^,E) 

C* : © ^ © , (1.49) 

/C*^-7+M-^((ax)^J+) SQ7-Hidxr,j^) 

respectively, for all S > -i,s' e M, with asymptotic types 

{P, P') e As(X, (7 - M, ©)) X As(5X, (7 - /X - i 0)) (1.50) 

and 

(Q, <30 € As(X, (- 7 , 0)) X As(dX, (-7 - ^, ©)), (1.51) 

depending on C (not on s,s'). The formal adjoint is defined in terms of the re- 
spective /C®’^(A^, •) 0 /C ^’“2 ((SA)^, -)-scalar products (where dots stand for the 
corresponding bundles). 

An operator of the form 

d 

C = Co + ^Cjdi&g{D\0) 

1=1 

for Green operators Cj of type 0, 0 < j < d, and as in (1.17), is called a Green 
operator of type d. 

Definition 1.9. Let C^’^{X^,g;v) for = (7,7 — /i,©), © = (“(^ + ^ = 

(P, F; J_, J+), denote the space of all operators of the form (1.34), such that 
Aexit ^ t;), moreover, .Acone given by (1.34), (1.37), (1.41), and a Green 
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operator C of type d. For 0 = (— oo,0] we set C^^^{X,g;v) = 
for 9k ■■= (7> 7 - {-{k + 1), 0]). 

Theorem 1.10. Every A G ,g\v) induces continuous operators 

© ^ © (1.52) 

/c^- i >T- 5 ( , j_ ) 5 5 ( , j+ ) 

as well as 

, ® ^ 

for every sGR, s>d— and every pair of asymptotic types (1.50) with some 
resulting (1.51). 

This theorem may be found in [9, Section 2.1.7], cf. also [29, Theorem 2.3.55] 
for the case without boundary. 

Operators A G C^’^{X^^g;v) have a principal symbolic hierarchy 
a{A) = {(7^{A),ad{A),ac{A),aE{A)), 

where cr^{A) and cr^(-A) are the homogeneous interior and boundary symbols of A, 
regarded as an element of v). Moreover, a^A) is the principal conormal 

symbol, defined as 

cTc{A){z) = h(0, z) + fo{z), (1.54) 

cf. (1.35) (without loss of generality, we assume /o = 0, otherwise we have to 
replace the summand fo{z) in (1.54) by fo{z) + fo{z)). By definition, 

H^{X,E) H^-^^{X,F) 

g^{A) : 0 ^ 0 (1.55) 

H^-^{dX, J_) (ax, J+) 

is an element of By^{X\ v; C) for some V G V, F Pi Fr^_^ = 0. 

Finally, o-e{A) is the tuple of exit symbolic components 

(^e{A) = {cTe{A),a^^e{A),ae'{A),ad^e'{A)) 

for r — ^ oo, cf. the notation of the preceding section. 

An operator A G C^^^{X^,g;v) is called elliptic (with respect to the weight 
7 G R), if all components of cf{A) are bijective; for (1.54) this means that (1.55) 
is a family of isomorphisms for all z G Fr^_^ and any s G R, s > max(/x, d) — ^ 
(this condition is independent of the choice of s). 

Theorem 1.11. An operator A G ,g\v) is elliptic if and only if (1.52) is 

a Fredholm operator for some s > max(/i, d) — |. 
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Ellipticity entails the Fredholm property of (1.52) for every s > m£Lx(//, d) — ^, 
and the operator A has a paramatrix V G for h = max(d — 

M.O), g~^ = (7-/x,7,0), v-i = (F,E;J+,J^), i.e., 

I-VAe {X^,g,-, We), I -Are C^^{X^,g,; w,) 

for d\ = max(//,d), = (7,7;©), v\ = (E,E;J-,J-), and d^ = max(d - 0), 

= (7-^,7-/^,©); = (F,F; J+, J+). 

The proof of the Fredholm property of (1.52) follows from a parametrix 
construction, combining a local parametrix near the tip of the cone from [20] with 
a parametrix far from the tip up to infinity, using the second part of Theorem 
1.7. The necessity of the ellipticity for the Fredholm property can be obtained by 
writing ^ = ^0 + ^int + Aoo modulo a Green operator, where Ao is localised 
near the tip of the cone, ^int far from the tip as well as far from 00, and ^00 
localised near 00. Now different variants of ‘Gohberg’s lemma’ allows us to treat 
the principal symbolic components separately, cf. analogously [26, Section 2.2.1] 
for ^0, [19? Section 3. 1.1.1] for ^int, and [21] for ^oo- 

2. The Edge Algebra with Parameters 

2.1. Edge- Amplitude Functions 

Edge-amplitude functions a{y,rj) as they will be defined in this section are par- 
ticular operator-valued symbols in the sense of (1.12), with E and E being of the 
form 

E) 0 J_) 0 C^- 

and 

F) 0 J^_) 0 C^+ , 

respectively, cf. the notation of Section 1.3. The group actions in both spaces are 

Ks : u{r, x) 0 u'{r, x') 0 c -0 5^ {u{6r, x) 0 u\5r, x') 0 c), (2.1) 

S G R+. The 2 X 2 upper left corners of the operator functions a{y, rj) take values 
in the cone algebra on and there is a specific dependence on the parameter rj. 
These amplitude functions will constitute a space 

7^^’^([/xE^^^;^^;), (2.2) 

d G N, with weight data flf = (7, 7 — ©), for a finite weight interval 0 = (— (A: + 

1), 0], and tuples w = {E, F; J_, J+; /_, /+), with vector bundles E,F e Vect(X), 
G Vect(5X). The numbers l± are the fibre dimensions of bundles L± G Vect(T) 
in the global calculus below. 

Moreover, we will single out a subspace of so called Green edge-symbols 

xM.'^,g-w). (2.3) 

Then the elements a{y,rj) of (2.2) will have the form 

a(y, ri) = diag(6(y, ??), 0) + g(y, t?) 



(2.4) 
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for arbitrary g{y,r}) G 'Rq^{U x and b{y,rj) G x v := 

{E, F; J_, J+) (the latter space corresponds to (2.2) for the case I- = = 0). 

Let us now turn to more details. The structure of 6(y, rj) is as follows. Choose 
arbitrary cut-off functions a{r),a{r) and u{r),uj{r),Lj{r), where we assume lj = 1 
on suppo;, and a; = 1 on suppo). Let us set O 0 rf{r) := uj{r[rj\) for some strictly 
positive function [rj] G C^(M^) such that [77] = \rj\ for \rj\ > c for some constant 
c > 0. 

(i) We choose an arbitrary element 

p(r, y, e, fj) e X U, (2.5) 

and form the family of operators op^(p)(y, 77) for 

p(r, Q, rj) := p{r, rg, rrj). (2.6) 

(ii) Let h{r,y,z,fj) G C°°(M+ x x Rp) be an element such 

that 

0PriP){y,v) = opUh){y,v) mod 
for 

h{r, y, z, 77) := h{r, y, z, rt]). (2.7) 

(iii) We set 

m{y,ri) =0Jr,r->^ if ja){y) + {fja){y)}v‘"<^r, ( 2 . 8 ) 

j-\-\a\<k 

with weights 6j,Sj as in (1.36) and functions 



G C°°{U,By;°/{X-v-C)), ha e C°°{U,Br^j\x-v-C)) 

for certain Vja^Vja ^ V, satisfying the conditions 
for all j, a. 

(iv) The operator function 6(7/, 77 ) in (2.4) has the form 

Hy,v) = <^'r-i^{uJr,opl^^{h){y,r))w,, 

+ (1 -w^)op^(p)(y,77)(l -w,)}d + m(t/,77) 

for p, h and tti as in (i), (ii) and (iii), respectively. 

Let us set, for abbreviation. 



^ 0,7 _ /c°’'>'(X^, E) © X^’'^-h(dX)^, J-) © C*- , 
5 ^-^* ;= 5^“'^(X^,F) ©5^7''"^((5X)'^, J+) ©C'+ 



(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 
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for asymptotic types P G As(X, (7, 0)), P' G As{X, (7 — 0)), V = (P, P'), and 

:= J_) © c'- 

for asymptotic types Q G As(X, (—7 0 /x, 0)), Q' G As((9A)^, (-7 0 /i - 0)), 

Q = (Q,Q'). 

A Green symbol g{y,rj) of type d = 0 in the sense of (2.3) is defined as a 
function 

g{y,r]) = diag(l, {r])^ , {ri)'^)go{y,v) diag{l, 



with an operator- valued symbol 

go{y,v) e 5^;(C/ X (2.12) 

cf. notation (2.16) below, such that their pointwise formal adjoint gQ{y,rj) in the 
sense {gou,v)EO,o = {u, gQv)jro,o for all u G C^{X^ ^E) 0 C^((5X)^, J_) 0 C^~, 
V G C^{X^,F) 0 C^{{dX)^^ J-f ) 0 C^+ represents an element 

g*o(y,v) e S^^iU X R«;F0’-^+75e^)(,o,«o). (2.13) 

The asymptotic types 

V = {P, P') e As(X, (7 - y, 0)) X As(5X, (7 - ^ - i, 0)), (2.14) 

Q = iQ,Q') € As(X, (-7,0)) x As(9X, (-7 - i,0)) (2.15) 

depend on go. Subscripts \kP,kPY in the relations (2.12) and (2.13) mean that 
the spaces of symbols refer to the group actions 

K,§ : u{r,x) 0 u'{r,x') 0 c ^ S~^ u{Xr,x) 0 S^u'{Xr,x) 0 c, (2.16) 



S G M-I-, in contrast to (2.1). In this way we avoid distinguishing matrices of 
Douglis-Nirenberg orders for symbols and their adjoints. Clearly, the Green sym- 
bols g{y,g) themselves are operator- valued symbols with respect to the group 
actions (2.1), cf. Remark 2.3 below. 

Now a Green symbol g{y,rj) in (2.3) of type d G N is defined as a linear 
combination 

d 

g{y,g) = ho{y,v) + '^hj{y,ri)dmg{T\0,0) (2.17) 

J = 1 

with being as in (1.17) and hj G 7Zq^{U x E^, w) of type zero, j = 0, . . . , d. 
Let 

Ptf+Giu^^‘’,g;w) (2.18) 

be the subspace of all elements of (2.2) of the form 

a{y, g) = m(y, g) + g{y, g) (2.19) 

for arbitrary m{y^ g) as in (iii) above, and a Green symbol g{y,g) of type d. 
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Remark 2.1. The space is equal to the subspace of all a{y, rj) G 

X R^,g\w) such that p{r,y,Q,fj) G x [/, v; 

For the aspect of holomorphic dependence of symbols in (2.18) on a further 
parameter it is interesting to single out Frechet subspaces that are parametrised 
by the type d G N and asymptotic types involved in (2.8) as well as V and Q in 
the Green summands g{y^rj). For this consideration it is not essential to fix the 
carrier sets Vja, Vja particularly small. It suffices to choose tuples 

{Vo,Vi,V,Q)=:R (2.20) 

where Vq^Vi G V, Vq fl Fn±i = 0, and to assume that the sets Vja, Vja in (2.8) 
satisfy the condition 

C Vi 

for all 0 < j -\-\a\ < k (together with the relations (2.10)). 

Lemma 2.2. For every Vi G V there exist asymptotic types Vi , Qi of the kind 
(2.14), (2.15) such that for every sequence 

hj^eC°°{U,By^’'^iX-,v,C)) (2.21) 

0 < j \a\ < k, and decompositions 

hja ~ fjoL "F fjot 

into Mellin symbols (2.9) for an arbitrary choice of Vja,Vja C Vi, the operator 
m{y,r]) given by (2.8) is uniquely determined by (2.21), modulo a Green symbol 
gi{y,vi) with asymptotic types V\ and Qi. 

Let Asm^g{^^9) denote the set of all tuples (2.20) for arbitrary Vq^Vi as 
mentioned before, and V ^ V\,Q ^ Qi (the latter inclusions correspond to the 
inclusions of carrier sets, cf. the relation (1.45)). 

Moreover, let 

^^\9-,w)r (2-22) 

for R € Asm+g{X, g) be the spaee of all m{y, 77) + g{y, rj) G ^ 

of type d, with arbitrary Mellin symbols fja^fja linked to certain hj^ as in (2.21), 
/o G and Green symbols g{y,rj) with asymptotic types 

V, Q. The space (2.22) is Frechet in a natural way. It is clear that 

TZ>^^%{UxR\g;w)= |J TZ'^^%{U xW;g;w)R. 

R£Asm+g{X,9) 

Remark 2.3. Let us set 

£7*,7 :=)C^^^(X^,E)®IC^-i’^-i{{dX)^,J-)®C‘-, (2.23) 

:=X:^^(X^,£)©X:pT^’^“^((aX)^,J_)©C'-, (2.24) 

5-7-7* ;=5T'-M(X^^f')0 57-7*-i((5X)'', J+)©C'+ (2.25) 
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for 

F) := {UJU + (1 - : u € F),v £ <S(1+, C°°(X, F))}, 

cf. also the formula (1.9). Every a{y, rf) G ^m+g(^ x IR’) 9! «>) represents operator- 
valued symbols 

a{y,T]) G X (2.26) 

and 

a{y, y) € 5^;(C/ x W>; (2.27) 

of order y with respect to (the first two components of) (2.1), s > d — The 
relation (2.27) is valid for every pair V of asymptotic types with some resulting Q 
depending on a and V. 

Note that in the second components of (2.23), (2.24) instead of s — ^ we can 
insert any other s' G E. 

Theorem 2.4. The space x can equivalently he described as the 

space of all operator functions (2.4) where g{y^rj) is a Green symbol as before, and 

Ky,v) = (h){y,y)w (2.28) 

+ (1 - w) op^(p)( 2 /, y){l - u)}a + m(y, y). 

This result is a corollary of a corresponding theorem [9, Section 4.6.4] that 
the ry-dependent cut-off functions in (2.4) may be replaced by //-independent ones, 
modulo a Green symbol with trivial asymptotic types; concerning the boundary less 
case, see [7]. 

Let and be as in Remark 2.3, and set 

:= 0/Cg7''“^’"'“''"^((aX)'', J+) 0C^+, 

P = (P, P'), Q = {Q,Q'), cf. the formulas (2.14), (2.15). 

Theorem 2.5. Every a{y,rj) G 'JZ^'^{U x R^;g’,w) represents operator-valued sym- 
bols 

rj) G S^{U X (2.29) 

and 

a{y, ri) G 5^(P x E^; (2.30) 

of order p with respect to (2.1), for every s > d — (2.30) is valid for every 

pair V of asymptotic types with some resulting Q depending on a and V {not on 
s). We also get operator-valued symbols with respect to (2.16) with a scheme of 
Douglis-Nirenberg orders as in Remark 2.3. 




Conormal Symbols of Corner Boundary Problems 



47 



It is now essential for the applications below that the space (2.2) has a vari- 
ant with a complex parameter u; G C as an additional covariable, such that the 
elements o(y, ry, w) are holomorphic in w. 

Let 

xW xC,g-,w) (2.31) 

denote the corresponding space. Ingredients of (2.31) have been investigated in 
[18] and [3], namely 

ar~^"{u (/i)(y, y. w)w + (1 - w) op^{p){y, rj, w){l - u))}a, (2.32) 

the holomorphic analogue of the first summand on the right hand side of (2.28), 
and the holomorphic analogues 

g{y,T],w) and m{y,r],w) (2.33) 

of g{y,rj) in (2.4) and m{y,rj) in (2.11), respectively. In order to make the ingredi- 
ents of the operator- valued symbols of the class (2.31) more transparent we now 
discuss the kernel cut-off constructions. 

Kernel cut-off only concerns covariables. Therefore, to simplify considera- 
tions, we assume for a while that symbols have constant coefficients. 

Let us first consider Green and smoothing Mellin symbols in the covariables 
(ry, r) G These are operator- valued symbols 

a{rj,T)eS^^{R‘^+^;E,E) (2.34) 

with E and E running over specific scales of Hilbert spaces. The constructions 
may be performed for any fixed Hilbert spaces £*, E] then they are valid also for 
the projective limits involved in the definition of Green symbols. 

In the following we admit symbols to be classical or non-classical. Let a(ry, r) G 
5(^^i)(R^+i;^,^),and set 

k{a){r],g):= ( e^^'^a{rj,r)dr. (2.35) 

Jr 

Then, for every 'ip{g) G C^{M) the function 

h{ip){a){r],T) := [ e~‘^^ilj{Q)k{a){’n, Q)dg (2.36) 

JR 

has a holomorphic extension h{'i/j){a){rj,() into the complex plane of the variable 
( = T + iS. 

Theorem 2.6. Let a{r],r) G E, E) and 'ip{g) G C^(R). 

1. We have 

hma){rj, C) G A{C^, C-(R^ C{E, E)), 

and 

hma){y,r + i6) e 

for every 5 € IR, uniformly in c < S < c' for arbitrary c < c'. 



(2.37) 
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2. The map h{^l)){a){r -\- i5) given by (2.37) defines a continuous operator 

C^{R) ^ 

for every (5 G M, uniformly continuous in c< 5 <c' for arbitrary c < c' . 

3. If 'll; (g) is equal to 1 in a neigbourhood of g = 0, we have 

mod E). (2.38) 

The map 

h{rP) : ; E , E) 

will be called a kernel cut-off operator; the notation is motivated by the relation 
between (2.35) and the distributional kernel k{a){r],t — T) of the (ry-dependent) 
pseudo-differential operator Op^(a)(ry). 

Remark 2.7. Under the assumptions of Theorem 2.6 for every /3, 5 G M there are 
coefficients Ck{/3,S) (depending on 7p) such that 

oo 

h{ip){a){r], T + i/3) ~ ^ Ck{0, S)D'^H{tp){a){r], t + iS) 

k=0 

in the sense of an asymptotic sum in E). If -0(0) = 1, it follows that 

co(/?, (5) = 1 for every /?, 5 G M. 

A particularly simple proof of Theorem 2.6 may be found in [13]. 

In our applications, the complex variable plays the role of a Mellin covariable 
with imaginary part r. Therefore, we now slightly change the notation and pass 
from ( = r + iS to w = S ir. Instead of Theorem 2.6 we could consider an 
antiholomorphic variant as well by talking about r — iS rather than r -h the 
change to w then gives us an analogue of Theorem 2.6 with interchanged real and 
imaginary parts. 

Definition 2.8. Let x x C]E,E) denote the space of all a{y,rj,w) G 

A{C^,C^{U X m,C{E,E)) such that 

a{y, V, S + ir)E x E) 

for every 5 G M, uniformly in c < 5 < c' for every c< c'. 

The space x C; E, E) is Prechet in a natural way. In the following we 

write 

xW xTe-,E,E) (2.39) 

for symbols of the form a{y, //, <5 + ir) that belong with respect to {y, 77 , r) to the 
space x ;£;,£). 

Corollary 2.9. Setting 

H{ip){a){y, r],/3 + ir) := h{ip){d){y, r},r - i/3) 




Conormal Symbols of Corner Boundary Problems 



49 



for a{y,r),r) := -0 G where /i(0) refers to the cut-off opera- 

tor with respect to covariable r, the assertions of Theorem 2.6 {combined with a 
translation in direction of Re w) can be interpreted in the following way: 

1 . 

HW : 5(d) xW xTs;E,E)-^ x x C; E, E) (2.40) 

is a continuous operator. 

2. The map 'll; — ^ H{ip)a for fixed a{y, rj, w) G x x Fs; E, E) defines a 

continuous operator 

C^(R) ^ X R^ X C;E,E). 

3. For every a{y,rj,w) G xR^xFs; E, E) there is an h{y,rj,w) G 

R^ X C;E,E) such that 

a{y,r),w) = h{y,r],w)\^^^g € S~°°(U x x Ts;E,E). 

Remark 2.10. a{y,r],w) G xWxC;E,E) axid a{y,r],w)\^^^^^ G x 

]R^ X r^; E, E) for some 5 G E implies a{y, y, w) G x E^ x C; E, E). 

We now apply the kernel cut-off operator H{i/j) with respect to the covariable 
r = Im w , w E Ts , to symbols of the space 

xR'^ xTs,9-,w)r (2.41) 

for R = (Vo? ^ 1 ?^? Q) ^ Asm+g(^?^); the meaning of Fs in (2.41) is analo- 
gous to (2.39). 

There is a specialisation of Definition 2.8 for the symbol space (2.41) which 
yields a corresponding space of holomorphic symbols in ii; G C: 

TZ%%{U X E" X C,g-,w)R. (2.42) 

This is studied in detail in De Donno and Schulze [3] . The definition of the subclass 
R^"^{U X R^ X C,gf;t(;)(p, Q is straightforward, and we can set 

R-M+ci^ X E’ X C,g;w)R := {H{ilj)a + g : a{y,r],w) G 

'R-M+ci^ X E« X Ts,g-,w)R, g{y,y,w) G 'Rf^‘’’{U x E® x C,g;w)-p^Q) 

for any 'll; G C^(R) which is equal to 1 in a neigbourhood of 0. 

More generally, we have a map 

ff(V’) : X E« X r 5 ,g;m)fi ^ Utf+ai^ x E« x C.gMn (2-43) 

for every 'll; G (R) , that may be obtained in analogy of the preceding assertions 
on the abstract context. 

Theorem 2.11. For 'ip G C^(R) and every element a{y,'rj,w) of (2.41) we have 
h{y,r),w) := H{ip)a{y,ri,w) G Rfu+ai^ x E« x C,g;w)R, 
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where 



a{y,ri,w) = xW x rs,g,w)-p^Q 

when xj; = 1 in a neighbourhood ofO. 

Note that, although the map (2.43) is formally analogous to (2.40), it may 
appear surprising that operator-valued symbols which contain the r-variable in 
the form a;^,^^(r) = uj{r[r], J + ir]), for a cut-off function a;, cf. the expression (2.8), 
can be transformed into holomorphic ones, modulo smoothing symbols, cf. also 

[ 3 ]. 

To complete the structure of (2.31) it remains to explain (2.32). Starting 
from arbitrary elements 

p{r,y,Q,fj,w) e X x T^)), 

h{r,y,z,fi,w) e C~(l+ x U,B>^'^{X-,v,C x x T^)) 
for any fixed J G M and setting 

pir, y, e,V,S + iT) ■■= p(r, y, rg, r{S + ir)), (2.44) 

h{r,y,z,'n,S + iT) := h{r,y, z,rt],r{6 + ir)), (2.45) 

it suffices to apply a kernel cut-off operator (2.43) with respect to the variable r, 
in order to generate the required holomorphic dependence in w. The new element 
here, compared with the analogous procedure of Remark 1.6, is the extra degener- 
acy in the variable r G M+. Details are elaborated in [18], see also [8]. Concerning 
the present situation, to generate the space (2.31), it suffices to insert 

{H{'tp)h){r,y,z,r],w) and {H{ip)p){r,y, g,rj,w) 

in (2.32) in plax;e of h and p there, for arbitrary families (2.44) and (2.45), respec- 
tively. 

This definition is correct; the choice of the cut-off function -0 only affects 
(2.32) modulo a remainder of the kind (2.33). 

2.2. The Edge Algebra 

Let VF be a compact manifold with edge Y and boundary and W its stretched 
manifold. Concerning notation, in particular, for the double 2W = W, we refer to 
Section 1.1. In the present section we study parameter-dependent edge-boundary 
value problems. These will be families v4(A) of operators, with parameter A G 
constituting a vector space 

J^^>‘'(W,g;m;R'), (2.46) 

with // G Z as order and d G N as type, and weight data gf = (7, 7 — /x, 0), 7 G M, 
with a (finite or infinite) weight interval 0, and a tuple w = {E, F; J_, J+; L_, L+) 
of vector bundles E,F e Vect(W), J± G Vect(W'), L± G Vect(T). Here W' 
is the stretched manifold associated with the boundary W' of W (in the sense 
W' = d{W \ T) U y). Also W' is a manifold with edge T, now without boundary; 
the base of the model cone near Y is dX, 
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In local considerations vector bundles E G Vect(W) will be restricted to Wreg 
or to neighbourhoods of Wging- To simplify notation we will denote them again by 
E. Moreover, if 

X : [0, 1) X X X C/" ^ 1+ X X X n (2.47) 

is a ‘singular chart’, we assume x fo be of the form 

X{r,x,y) = ixo{r),x,x"{y)) 

for a diffeomorphism xo • [0, 1) ^ M+, xo(^) = for 0 < r < e for some e > 0, and 
a chart x" ' ^ on Y. The pull back of E under x~^ will also be denoted 

by E; also for the restriction of .E to for any fixed y G O we use the same 
letter. Similar notation will be applied for bundles over W'. Clearly, in pull backs 
of operators on R-|_ xXxfIto(0,l)xXx [/", we take into account transition maps 
from the bundles, using corresponding invariance properties of our constructions. 
Choose an open covering of a neighbourhood V of Wging in W by charts 

Xk : [0, 1) X X X 1+ X X X n, (2.48) 

k = 1, . . . , X, Q. C open, such that {U {', . . . , U']^} is an open covering of Y 
by induced charts Xk • ^k be systems of 

functions (fk^'^k € (^^([0, 1) x X x Uj^) such that '^(pk = 1 in a. neighbourhood 
of Wsing, and -0^ = 1 on snpp (pk- 

Set = ¥’fc|[ 0 ,i)x( 0 x)xc/''> = M[0,i)x(dx)xur = ^kW, and = 

'0fc|y- Then, using edge-amplitude functions 

ak{y,r],\) G x Wfc), 

Wk = {E^F\ J_, Z_|_), we can pass to operator pull backs v4^(A) of pseudo- 

differential operators Opy{ak){X) to [0, 1) x X x Uj^ with respect to (2.46) (which 
also take into account the transition functions of the involved bundles) and form 

N 

*'^dge(A) ‘ = E diag(¥5fe, ifk, iPk)Ak(y) diag(V’fc, V’fe, i>k)- (2-49) 

k=l 

By definition, the local amplitude functions ak contain certain fixed cut- 
off factors a{r) and d(r), cf. the formula (2.11). For the global construction we 
assume them to be independent of k. Without loss of generality, let = 1 on 
supp a. Moreover, choose another cut-off function a such that cr = 1 on supp a. 
The space (2.46) is then defined as the set of all operator families of the form 

^(A) = v4edge(A) -I- diag((l - cr)Breg(A)(l - d), 0) -f C(A) (2.50) 

where v4edge(A) has the form (2.49), further Sreg(A) is an arbitrary element of 
S^’^(Wreg;'i;;R^) for v = {E^F\ J_, J+), and C(A) belongs to 

j;-00,d(W^^;^;I^^). (2.51) 

The latter space of smoothing operators is defined as follows: 

First recall that in Section 1.1 we introduced the spaces >V^’">'(W). For every 
E G Vect(W) there is a straightforward generalisation to spaces W^’"^(W, £^) of 
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corresponding distributional sections. In ^ we fix a Hermitian metric and on W a 
Riemannian metric, where W is treated as a compact manifold with boundary. 
We then have a natural scalar product in the space L‘^{W,E). 

Let denote any strictly positive function in C°°(Wreg) that is equal to 
in a small neighbourhood of Wsing- The multiplication by h~^ induces a bijection 

h~^ : L^{W,E) 

which gives us a scalar product also in jK). This gives rise to non-dege- 

nerate sesquilinear pairings 

for all 5, 7 G M. 

Also for arbitrary 5, 7 G M the space E) is a Hilbert space. To define 

a scalar product, we consider the double 2W of W which is a closed compact 
manifold. Let 2E denote any vector bundle on 2W such that 2^|^ = E. We then 
have the standard Sobolev space ff®(2W, 2E) of sections of smoothness 5 G M. 

Let a G C^{W) be any function that is equal to 1 on [0, x A x y and 
vanishes outside [0, x X x Y. Let us identify (1 — a)u for u G E) 

with an element of if^(2W, 2E) (vanishing on 2W \ Wreg). Then a scalar product 
in is 

N 

k=l 

+ ((1 — a)u, (1 — <^)v)u,( 2 'W, 2 E)- 

Analogously to the constructions of Section 1.1 we have the spaces 
Wo"’^(W±,^) = {ue W"’^(W,^) : suppfi C W±} 

and 

E) = : U e E)} (2.52) 

for E\^ = E^ with a natural identification 

W"’^(W,£;) = W"’^(W,E)/Wo"’^(W_,E); (2.53) 

this gives us a Hilbert space structure also in W^’^(W, E"). 

Let us now pass to subspaces with asymptotics. First, on x we can 
form the spaces 

for every P G As(A,gf), g = (7, 0). Then Wp^(W, E) is defined as the subspace 
of all u G Ej^^(Wreg, E) such that u^pu = for some v G Wp^{X^ x E) for 
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every x of the kind (1.1). Then, by the same scheme as (2.52), (2.53) we can form 
Frechet spaces 

Wp'^(W,E) (2.54) 

with asymptotics of type P e As{X,g), where we use the fact that every P can 
be obtained from some P = {{pj^rrij^Lj)} by restricting the spaces Lj from X to 
X, 

Analogous constructions apply to W', vector bundles J 6 Vect(W') and as- 
ymptotic types P' G As{dX,g') for weight data g' = (7',©), i.e., we have the 
spaces 

W"’'^'(W',J) and Wp’/(W',J), (2.55) 

respectively, 5,7' G M. 

For every 7, ^ G M we have non-degenerate sesquilinear pairings 
VP^,7-^(W', J) X “^~^(W', J) C, 

s G M, induced by the W^’“^(W', J)-scalar product. We will apply this to ^ In 
the following E', F, J_ , are bundles as before, and we assume L_ , L+ G Vect(F). 
Given an operator 



W^’'^(W, E) F) 

0 0 

^ : W^“i’'^“^(W', J_) J+) (2.56) 

0 0 

that is continuous for every s > — | we define its formal adjoint A* in the sense 

{Au, n) 2 D 0 = (w, .4*n)2j,o 

for 2H° = W°’°(W,F) © W°’-5(W', J+) © H°{Y,L+), 2B?. = W°’°(W,£;) © 
W°-5(W', J_) © H°{Y,L-), for all u G C^(int Wreg,£^) © © 

C°°(Y,L^), V e C'^(intWreg,F)®C'^(W'^g, J+)©C°°(y,i+). An operator (2.50) 
is said to belong forg = (7,7 — /u,0), w = {E,F;J-,J+;L-,L^), 

if there are asymptotic types (P, P') G As(X, (7 — p, 0)) x As{dX, (7 — p — 0)) 

and (Q, Q') G As(A, (—7, 0)) x As(dX, (—7 — 0)) such that A and A* induce 

continuous operators 



W"’T'(W,P) 


W~’T'-^(W, P) 




0 


© 




W"'’^-^(W',J_)- 




(2.57) 


0 


© 




H^"{Y,L_) 


C^{Y,L+) 
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and 

>v^ -7+M(W, F) Wg E) 

0 0 

: W*'>-^+^-5(W', J+) J_), (2.58) 

® © 

{Y,L+) C°°{Y,L-) 

respectively, for all s > -i, s',s" e R. Moreover, y~°°’'^{W,g;w) denotes the 
space of all operators 

d 

C = Co + J2^i diag(TJ , 0, 0) (2.59) 

i=i 

for arbitrary Cj G and differential operators of order j on 

W, = T-^ lw for differential operators on W with smooth coefficients up to 
dW = Wsing which are in the splitting of variables (r, y) near Wging of the form 
(8) id^ for all j. Elements of w) are said to be of type d. 

Let y~'^’^{W,g;w)'p^Q denote the set of all C e y~^’^{W,g;w) such that 
the summands Cj in (2.59) satisfy the continuity properties (2.57) and (2.58) for 
fixed pairs of asymptotic types V,Q,j = 0 , . . . , d. This space is Prechet in a natural 
way, and we set 

y-°°^^{W,g;wMh,Q = S{R\y-^’‘^{W,g;w)-p,Q). (2.60) 

Moreover, let y~°°’^{W,g; w; M}) be the union of all spaces (2.60) over P, Q, and 
set 

y-°°{W,g-,w,R^)= \Jy-°°’^{W,g;w,R‘). 

deN 

Thus the class of parameter-dependent operators (2.46) is completely defined. 
Parameter-dependent operators will also be employed in the variant 

y^{W,g;w,rsxR^) (2.61) 

which is defined as the space of all operator families A{w,X), parametrised by 
{w, X) eTs such that A{S + zr. A) belongs to J/^^(W, g; w] M^~|x^). 

Given a pair of vector bundles (B := {E, J) for E G Vect(W), J G Vect(W'), 
we set 

W"’'^(W,^) W"’'^(W,E;) 0 W"-i’^-i(W', J), (2.62) 

W^’^(W, (S) := Wp’'^(W, E) © yypT^’'*^^(W, J) (2.63) 

for asymptotic types V = (P, P') e As(X, (7, 0)) x ks{dX, (7-5, 0)). 

In the following theorem we set 5 = (7, 7 — /i, 0), 0 = {—(k + 1),0], k G 
N U {00}, and m = (P, P; J_, J+; P_, 4), = (P, J_), = (P, J+). 
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Theorem 2.12. Every A € y^{W,g;w;W) induces families of continuous opera- 
tors 

.4(A) : © ^ © (2.64) 

and 

€-) e+) 

A(A) : 0 ^ 0 (2.65) 

(y, L_ ) II^-^ (V, L+ ) 

for s > d — d = d^ {the type of A) and every pair V of asymptotic types y with 
some resulting pair Q, depending on A and V {not on s). 

The proof of this result can be obtained by considering the summands of 
(2.50) separately. C{\) is clear by definition, and the second summand is essentially 
a variant of (1.14). The first term on the right of (2.50) is a finite sum of local 
operators with amplitude functions as in Theorem 2.5. It is now sufficient to apply 
the Theorem 1.4 to our specific situation, taking into account the definition of the 
edge Sobolev spaces and their subspaces with asymptotics. 

Parameter-dependent edge boundary value problems A G y^(W,gf; ty; R^) 
have a parameter-dependent principal symbolic structure 

a(.4) = (<T^(.4),<Ta(.4),(TA(.4)). (2.66) 

To give a definition we write A = {Aij)i^j=i^ 2 ,z and observe that 

4ii e L^,(intW,eg;i;,F;IR'), (2.67) 

■A! := (Ai)ij=i,2 G n; ®') (2.68) 

for V = {EyF\ J_, J_^). We then set cr>^p{A) := (t^{A\i) which is the standard ho- 
mogeneous principal symbol of order p with parameter A G moreover cra(^) := 
(Ja(v4') is the principal boundary symbol of A' with parameter A G R^ cf. Section 
1.2, in particular, the generalisation of (1.22) to the non-compact manifold Wreg 
with boundary W'^g (and with the corresponding vector bundles). 

Because of the edge-degeneracy in the splitting of variables (r, x,i/) G R+ x 
AT X y we can write 

a^{A){r,x,y, Q,^,’n,X) = r~^a^{A){r,x,y,rQ,^,rr],rX) 

where 

^i,iA){r,x,y,g,^,rj,X), {Q,^,fj,X) ^ 0, 

is smooth in r up to 0. Analogously for (r, x', y) € E+ x dX xY we have 
(Ta{A){r, x', y, q, ff , rj, X) = r~>^ae{A){r, x', y, rg, rrj, rX) 

with 

aa{A){r,x',y,Q,C,fj,^), + 0 

being smooth in r up to 0. 
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Finally, a/\{A){y,rj, X) denotes the parameter-dependent homogeneous prin- 
cipal edge symbol which is an operator family that can be expressed in terms of 
the local amplitude functions 

a{y,7],X) e x x 

cf. the notation in the formula (2.2). Here C/ C E^ is open and corresponds to a 
chart on the edge Y. Applying (2.4) in the variant with (?y, A) in place of r] we set 

(^A{A){y,ri,X) := a/,{a){y,ri,X) 

for o-A(a)(y,T7, A) := diag(aA(5)(y, 77, A), 0) + (TA{g){y,rj, X)- Here a^ig) is the ho- 
mogeneous principal part of ^ as a classical operator- valued symbols, while 

(^A{b){y,vA) ■= r~f^W{r\r]A\)oj>]J^{ho){y,ri,X)^{r\ri,X\) 

+ (1 - w(r|r7, A|)) op^{po)(y, y, A)(l - Cj{r\y, A|)) 

+ (TA(m)(?/,r7,A) 

with <TA(m) being the homogeneous principal part of m as a classical operator- 
valued symbol, and 

ho(r,y,z,y,X) :=h{0,y,z,ry,rX), po{r,g,y,X) := p{0,rQ,ry,rX), 
cf. the A-dependent analogue of (2.6) and (2.7). 

Theorem 2.13. A E for 

9 = (7-^^,7- + = (^,F; J, J+;L,L+) 

and B E ^^(W, h; m; E^) for 

h = (7,7- 



implies 

AB E 3^^+^(W, goh;vow;R^) 

for g o h = (7,7 - (/i -h i/),0), vow = (£*, F; J_, J+; L_,L+), and d^s = 
max(i/ -\- dj^^ds), and we have 



a{AB) = a{A)cr(B) 

with componentwise composition {cf the formula (2.66)). 

Theorem 2.13 is a parameter-dependent analogue of a corresponding compo- 
sition result on edge boundary values problems, cf. [9, Section 4.5.2]. The proof in 
the parameter-dependent case does not contain additional difficulties. 
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2.3. EUipticity of Edge-Boundary Value Problems 

This section studies parameter-dependent ellipticity of edge-degenerate boundary 
value problems on a (compact) manifold W with edge V and boundary. As usual 
we formulate results on the associated stretched manifold W. 

Let w = (£',F; J_, J+;L_,L+), g = ( 7,7 - 0 = {-{k + 1),0], k € 

N U { 00 }. 

Definition 2.14. An element A{\) G T^(W, g; w; W) is called parameter-dependent 
elliptic of order jjt^ if 

1 . 

cr^{A) : ( 2 . 69 ) 

for TTWreg - (T*Wreg X M^) \ 0 — > Wreg is an isomorphism and, near Wging in 
the splitting of variables (r, x,y) £ R+ x X xY, 

a^{A){r,x,y, g,C,fj,X) 

are isomorphisms between the respective fibres of E and F over all (r,x,y), 
including r = 0, for all (g, fj, A) ^ 0 . 

2 . 



^d{A) : 



0 



• TTy 



W'r 



(2.70) 



for TTW'reg • 



X 



reg • \* ’ ' reg \ '^''reg 

max(//, d) — d = and near W'j , in the splitting of variables (r, x^,y) £ 



\ 0 — ^ W'eg is an isomorphism for any s > 

^ sing’ 



M+ X (dX) X y, 

ao{A){r, x\y, gA\fj,X) 

are isomorphisms between the respective fibres of E') 0 J_ and 

F') 0 over all (r, x', y), including r = 0 , for all {g, fj, A) ^ 0 . 



3. 



cta(v 4) : 7Ty 









TTy 



(2.71) 



for TTy : {T*Y x R^) \ 0 — ^ V is an isomorphism for any s > max(/i, d) — 
d = d^. 

Conditions (ii) and (iii) are independent of the choice of s. Note that in (ii) 
the spaces may equivalently be replaced by 5(R+,F) 0 J_ and <S(R+,F) 0 J_|_, 
and in (iii) by S^{X^^ (^_) 0 L_ and S'^~^{X^, (B+) 0 respectively. Here, for 
instance, for (E_ = {E,J-), 

S^{X^, €_) := S^{X^, E) 0 ((aX), J_), 

cf. also the formula (2.25). 

In the sequel we also talk about ellipticity rather than parameter-dependent 
ellipticity of order /x. 
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Theorem 2.15. Let A G y^{W,g'^w;W) be elliptic. Then A has a parametrix 
V e for = ( 7 -^, 7 , 6 ), w"! = J+, J_;L+,L_) 

of type d'p = max(d^ — /i, 0 ) where 

I-VA = Cie y-°°{W,g^-,wi;R^), 

forgi = ( 7 , 7 ,©), «>i = (£;,£; 

I - = Cr G 

and Qj. = (7 — /i, 7 — /i, 0); Wr = (F, F; J_|_, J+; L+, L+) and we have dc^ = 
max(//, d^), de^ = max(d^ - 0 ). 

Theorem 2.16. Let A G 3^^(W,y; m; M^) 6 e elliptic. Then A induces a family of 
Fredholm operators (2.64), s > max(/x, of index zero. There exists a 

constant c > 0 such that (2.64) is invertible for all |A| > c. 

Theorem 2.17. [14] For every /i G Z, 7 G M, F G Vect(W), there exists an elliptic 
operator 

R>^ ey^^{W,g; (£,£;); E') 
of type 0 , 5 = ( 7, 7 — p, (— 00 , 0 ]), such that 

is a family of isomorphisms for all s > max.{p, 0) — | and all A G E*, and we have 

ey-f^i'W,g; {E,Ey,M}), 

g~^ = (7 — MjT, (— oo, 0 ]), also of being type 0 . 

Remark 2.18. Theorems 2.15 and 2.16 generalise analogous results for a manifold 
W' with edge Y and without boundary, cf. [2] and [4]. Also Theorem 2.17 has 
a corresponding analogue for the boundaryless case. Moreover, in a refined ver- 
sion, order reducing results also hold for boundary value problems without the 
transmission property, see [31]. 



3. Corner Conormal Symbols 

3.1. Meromorphic Families 

We now introduce families A{w^X) of elements in y^^^{W,g;w]M!') holomorphi- 
cally depending on a parameter w eC. 

The definition of the corresponding space 

xE') (3.1) 

will be given along the lines of the expression (2.50). The space (3.1) is defined as 
the set of all operator families 

A{w, A) = Aedge{w, X) + diag((l - <r)6reg{w', A)(l - 5-), o) + C{w, A), (3.2) 
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where the summands are defined as follows: We begin with the smoothing part 
C{w, A) e (W,^; lo; C X R^). The latter space is defined to be the set of all 

C{w, A) € Al(C, g; w, (3.3) 

for any d eN and asymptotics V and Q as in (2.60), such that 

C{d + ir,X) € 

for every J G R, uniformly in c < S < for arbitrary c < c'. The space 
w;CxR^) is then defined as the union of all spaces y~^^^{W,g; w;Cx 
R^)p,q over all d G N and V, Q. The operator family C{w^\) in (3.2) is assumed 
to belong to that space. 

Furthermore, by (1.24) (in the version of a non-compact manifold with 
boundary) we have the space 

S^’^(Wreg;v;CxR^). (3.4) 

In (3.2) we assume that Bregi'w^X) is an element of (3.4). 

The operator family Aedgei'^,^) is defined in terms of summands Ak{w,X), 
similarly as in (2.49). Locally, these operator functions have the form Opy{ak){w, A) 
with ak{y, rj, w, A) belonging to the space of edge amplitude functions 

X R^ X X R[,g;w) (3.5) 

for w = (F^, F; J_, J+; /_, /+) and some type d — cf. Section 2.1 (recall that 
the local amplitude functions ak contain cut-off factors a{r) and d(r) with a = 1 
on suppa, similarly as in (2.11)). This completes the definition of (3.1). 

Remark 3.1. A{w,X) G y^^^{W,g;w;C x R^) and 

A{6 + ir,X) G y^~^^^{W,g;w; R^^^) for any fixed d G R implies A{w,X) G 

Let us set 

yf^iW,g;w;C x M') = U w;C x 1R'). 

deN 

Let us fix an element R G Asm+G'(^?^)? R = (l^o, Q)- Then 

y>^'^{W,g-,w;CxR^)R 

denotes the subspaee of all elements ^(«;,A) € y^’^{W,g;w,C x M^) such that 
the smoothing family C(w,X) is as in (3.3), and the local amplitude functions ak 
belong to 

^m+g(^ X IR" X C X R‘;g;w)ji 

for all k. A similar notation will be used for spaces of (w, A)-dependent families 
with w varying on Vs instead of C. 

Remark 3.2. Every A{w, A) G y^{W,g; w;Cx W) induces a family of continuous 
operators (2.64), s > which is holomorphic in ic; G C. 
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Theorem 3.3. For every 

A{w,X) £y^’"^{W,g;w;rs € R ,R € AsM+G{X,g), 

there exists an H{w,\) € y^’'^{'W,g-,w;C x such that 

€ y-^’‘^0^,9;w-,Ts X R')- 

Proof. Comparing (2.50) in the version with parameters (w^X) G Ts x and 
the expression (3.2) we see that we may consider the summands separately. The 
smoothing summand can obviously be ignored. To treat Breg{w^X) in the middle 
we can apply kernel cut-off to the involved local (interior and boundary) amplitude 
functions with respect to G Ts, cf. Corollary 2.9. The first summand can also 
be modified by kernel cut-off that we apply to the amplitude functions, (cf. also 
Theorem 2.11) as well as the other amplitude functions coming from the non- 
smoothing contributions, cf. also [18] and [3]. □ 

Proposition 3.4. A G T^’^(W,gf; m; C x R^)^^ and A{S -h ir,X) G 3^^“^’^(W,gf; m; 
Ts X M!')r for some fixed J G R implies A G T^~^’^(W,gf; it;; C x M!')r. 

Proof The proof follows by applying Remark 2.10 to the various local amplitude 
functions which played a role in the proof Theorem 3.3. □ 

Definition 3.5. 1. Let R G Asm-\-g{^^9)i and let As(W)J^ denote the system 

of all sequences 

T := {{pj^mj, Lj)}j^Zj (^-^) 

with pj G C, mj G N, such that ttcT := {Pj}jeN intersects the strip {w : c < 
Rew < c'} in a finite set for every c < c', and Lj C it;)i? is a 

finite-dimensional subspace of operators of finite rank, for some d G N. 

2. Let 

M>^i^{W,g-,w) (3.7) 

for R = {Vo,Vi,V, Q)eAsM+GiX,g), and T = {{pj,mj,Lj)}jQZ^As(W)% 
denote the space of all operator functions 

A{w) = H{w) -h C{w) (3.8) 

for arbitrary H{w) G T^’^(W,^; m; C)i^ and 

C{w)eA{C\7rcT, y-^’‘^{W,g-,w)r,Q) 

such that C{w) is meromorphic with poles at pj of multiplicity rrij -h 1 and 
Laurent coefficients at {w—pj)~^^~^^^ belonging to Lj for all 0 < A: < mj, j G 
Z, and 

x((5 + ir)C{5 + ir) € g; w, Rr)v,Q 

for every 7rcT-excision function x(^)? and every d G R, uniformly in c < d < 
c' for every c < c'. 
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Let us write ^(W, g\ w) for the space (3.7) when ttcT = 0 (this coincides 
with ty; C)i?). Moreover, set 

=\jM'^fl^{W,g;w), (3.9) 

where the union is taken over all d E N. We finally write M^{W,g]w) for the 
union of the latter spaces over all R € Asm-\-g{^^9), T G As(W)^. 

By definition there is a decomposition as a non-direct sum 

+ (3.10) 

cf. analogously, for the case without boundary [15, formula (2.5.2)]. 

Theorem 3.6. Let A G M^{W,g; v) for 

g = + V = {E,F-,J,J+;L,L+), 

and B G M^{W, h] w) for 

h = {'y,'y-i^,Q), w = {E,E-,J^,J;L-,L). 

Then we have 

AB G A^^“^^(W, g o h;v o w) 

for g o h = ( 7,7 ~ (a^ + ^);©)); v o w = (J5;, F; J_, J+; L_, L+), and d^B = 
max(z/ + d^). 

This theorem can be regarded as an application of Theorem 2.13 to meromor- 
phic parameter-dependent families. If both families are holomorphic this is fairly 
straightforward. In the general case we can apply the decomposition (3.10) which 
leads to the case that one factor is meromorphic and of order — oo with finite rank 
Laurent coefficients. The desired composition behaviour also this case can easily 
be obtained. 

3.2. EUipticity and Meromorphic Inverses 

Definition 3.7. An element A G g;w) for g = ( 7, 7 — 0) is called 

elliptic of order //, if for some P E R with ttcT fi T /3 = 0 the family A{P + ir) E 
y^(W,g;w;M.r)R is parameter-dependent elliptic in the sense of Definition 2.14. 

Remark 3.8. Definition 3.7 is independent of the choice of /3. 

In fact, writing A in the form (3.8), the ellipticity of A{P -h ir) only depends 
on H{P + ir), since C(/? + ir) is of order —00 in r. Proposition 3.4 then shows that 
the principal symbols which determine the ellipticity are independent of p. 

Theorem 3.9. Let A E M^ j^{W,g;w) be elliptic. Then there exists a countable 
set D cC, such that D C\ {w E C : c <Rew < c'} is finite for every c < c' , and 

W^’^(W, E) F) 

A{w) : 0 -> 0 

H^{Y,L.) /p-^(y,L+) 

is invertible for all w E C\D and for all s > max(/i, d^) — | . 



(3.11) 
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Proof. Because of Remark 3.2 and Definition 3.5 the family of operators (3.11) 
is holomorphic in U := C\ ttcT. At the same time it is elliptic in the space 
It;) for every w E U. Thus, (3.11) is a holomorphic Fredholm family 
in U. Let us write A{w) in the form (3.8). Then, by virtue of the parameter- 
dependent ellipticity of for every ^ G M, there is a C > 0 such that H{w) 

is invertible for | Imu;| > (7 and Kew = f3 for any fixed /? G M. Since [3 is involved 
as a parameter that only affects lower order terms and because of the continuity 
in /3, for every c < c' we can choose a constant C = C(c, c') such that A{w) is 
invertible for all |Imi(;| > C(c, c') and c < (3 < c'. We are now in a well known 
situation of a holomorphic Fredholm family A{w) in an open set C C which is 
invertible in at least one point u;i G t/; it follows then that A{w) is invertible for 
all w E U\D, except for a countable subset of U that intersects every KdzU in 
a finite set. It remains to note that the points of ttqT are not accumulation points 
of D. The technique is the same as in [22, Lemma 4.3.13]. □ 

Theorem 3.10. Every elliptic element A E has an inverse 

A~^ e = max(d^ - /i,0), 

for suitable asymptotic types 

P € AsM+a{X,g~^) and Q e As(W)p. 

Proof. We invert A with respect to the multiplication of Theorem 3.6. Let us 
first apply Theorem 2.15 to A\j.^ E y^(W,gf; ly; r/^)/^ for any (3 such that ttcT fl 

F /3 = 0. Then there is a parametrix Vi E F/ 3 )p^ for some 

Pi G Theorem 3.3 applied to Pi gives us an element Pq G 

y~^{W,g~^;w~^;C)p^ such that ^o|p^ coincides with Pi modulo a family of 

order — oo. It follows that Po|p is also a parametrix of . We now apply 

Theorem 3.6 and obtain VqA E M^{W,gi,w\) (cf. the notation of Theorem 
2.15). Moreover, we have I — 'PoA\j.^ E tt;i; F/^). From Remark 3.1 

we obtain J\f := I — VqA E y~"^{W,gi;w\;C)p^ = A4p2^(W,5fp i^i) for some 
P 2 G AsM+G(A',flfi). It remains to observe that there is an £ G A4pg^(W,5fi; i/^i) 
such that =X — C. Then it follows that A~^ = {T — C)Vq which belongs 

to the space A4pg(W,5f“^; t;“^) by Theorem 3.6. □ 
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A New Proof of Global Smoothing Estimates 
for Dispersive Equations 

Michael Ruzhansky and Mitsuru Sugimoto 



Abstract. The aim of this article is to provide a new method to prove global 
smoothing estimates for dispersive equations such as Schrodinger equations. 
For the purpose, the Egorov- type theorem via canonical transformation in the 
form of a class of Fourier integral operators is established, and their weighted 
L^-boundedness is also proved. The boundedness result is not covered by 
previous one such as Asada and Fujiwara [1]. By using them, a different proof 
for the result obtained by Ben-Artzi Sz Klainerman [2] is provided. This new 
idea gives a clear understanding of smoothing effects of dispersive equations, 
and further developments are also expected. In fact, some extended results 
based on the same idea are also announced. 

Mathematics Subject Classification (2000). Primary 35Q40; Secondary 35B65. 
Keywords. Dispersive equation, smoothing effect, canonical transformation. 



1. Introduction 

We consider Fourier integral operators, which can be globally written in the form 

Tu(a;) = (27r)~” /" [ dyd^ (x € R"), (1.1) 

where p{x^y,^) is an amplitude function and 0(x,y,^) is a real phase function. 
Especially, if p{x^y,^) = 1 and (j){x^y^^) satisfies the graph condition 

A = {(X, y, ~(f>y)-, 4>i = 0} 

= C T*R” X T*R”, 



This work was completed with the aid of “UK- Japan Joint Project Grant” by “The Royal Society” 
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we have the relation 



T ■ A{X, D) = B{X, D)-T + (lower), 

B(x,i) = (Aox)(x,^). 

In this way, Fourier integral operators are recognized as a tool of the realization 
of the canonical transformation. This fact is known as Egorov’s theory, and by 
taking phase function appropriately, properties of the operator B{X, D) can be 
extracted from those of the well known operator A{X,D). 

If we take 

= (i-2) 

as a special case, we have 

Tn(x) = F-M(Fn)(V>(0)](3^), 

where F {F~^ resp.) denotes the (inverse resp.) Fourier transformation. Hence we 
have the relation 

T . a{D) = {a o ^){D) • T, a{D) = (a o t/;)(i)), (1.3) 

for constant variable operators cr{D) and a{D). For example, for a positive and 
positively homogeneous function a(^) of order 2, we have 

T.(-A) = a(D)-T, 

if we take 

<y(ri) = \ri\\ = 

Since the property of the Laplacian is well known in various situations, we can 
expect the same for a{D). 

By using Egorov’s theorem, many qualitative properties of solutions of par- 
tial differential equations (propagation of singularity for example) has been inves- 
tigated. Our main interest is to have quantitative (L^-property for example) by the 
same idea. As an example, we present a new proof of global smoothing estimates 
for Schrodinger equations in this article. 



2. Smoothing Effect of Schrodinger Equations 

We consider the following Schrodinger equation: 

( {idt + Aj;)u{t,x) = 0, 

y u{0,x) = (p{x) e L^(R’^). ^ ^ 

By Plancherel’s theorem, we know that the solution operator preserves the 

L^-norm, that is, we have 
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for fixed t G R. On the other hand, the extra gain of regularity of order 1/2 m x 
can be observed if we integrate the solution in t. For example, in the case n = 1, 
we have 

< C||¥?||l2(r), 

for any fixed x G R. This result was given by Kenig, Ponce and Vega [5], and will 
play an important role later in Section 4 (Proposition 4.1). 

In the higher dimensional case n > 2, similar smoothing properties were 
given: 

ll^^llL2(RtxR^) ^ ^II^IIl2(R^)5 (2-2) 

where A is one of the following: 

(1) A = s>l/2, 

(2) A = {x)-^Dy/^; s>l (s > 1 if n = 2), 

(3) A = 1 - n/2 < a < 1/2. 

The type (1) was given by Ben-Artzi and Klainerman [2] (n > 3), and Chihara 
[3] (n > 2). The type (2) was given by Kato and Yajima [4] (n > 3), and Walther 
[13] (n > 2) which also showed that it is not true for s < 1 (s < 1 if n = 2). 
The type (3) was given by Kato and Yajima [4] (n > 3, 0 < a < 1/2 or n = 2, 
0<o<l/2), and Sugimoto [12] (n > 2). Watanabe [15] showed that it is not 
true for a = 1/2. 

Each proof was carried out by proving one of the following estimates (or their 
variants): 

^ < C'v^ll/llL2(Rn) (Restriction theorem), (2.3) 

where, pS^~^ = {^; |^| = p}, {p > 0). 

sup |(i^(C)A*/, A*/)| < C'||/||^ 2 /Rn) (Resolvent estimate), (2.4) 

ImC>0 ^ 

where R{C) = (~A — C)~^. 

Estimate (2.3) implies the dual one of estimate (2.2). Estimate (2.4) implies 
(2.2) since the resolvent R{Q is the Laplace transform of the solution operator 
^itA equation (2.1): 

R(n = - / (Im C > 0). 

« Jo 

The fact that (2.4) implies (2.3) due to the formula 

Im(R(p^ + «)/,/) = 

was also used. 

Following the idea in Introduction, we present a completely different idea to 
prove them. In this note, we give another proof of the result given by Ben-Artzi and 
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Klainerman [2] which treated the type (1) above. In order to treat more general 
equations, we consider the following dispersive equation: 

J {idt - a{D)) u{t, x) = 0, 

1 ^ u{0,x) = (f{x) e ^ 

where a(^) G \ 0) is real- valued and positively homogeneous of order 2. 

Equation (2.5) with a(^) = is the Schrodinger equation (2.1). 

Theorem 2.1. Suppose n>3 and s > 1/2. Assume that the real-valued function 
a(^) G C‘^(R’^ \ 0) satisfies a(A^) = A^a(^) and Va(^) ^ 0 for all X > 0 and 
^ G R’^ \ 0. Then the solution u to (2.5) satisfies 

{x)-^\D\^/^u{t,x) G L\Kt X R^). 

Remark 2.2. Recently Chihara [3] proved Theorem 2.1 in a general setting by 
proving the restriction theorem (2.3) or the resolvent estimates (2.4). But we can 
prove more general result by using our idea. See Theorem 5.1 and Remark 5.2 in 
Section 5. 



3. Main Tool 



Based on the argument in Introduction, we introduce the main tool for the proof 
of Theorem 2.1. 

Let '0, : R’^ \ 0 \ 0 be (7°®-maps satisfying (V^o0“^)(O — 

('0~^o^)(^) = '0(A^) = A-^(^), and '0“^(A^) = A^^“^(^) for all A > 0 and 

^ G R’^ \ 0. Then we have 

C~^ < |detaV^(OI < C, C~^ < |detaV^-^(0| < C 

for some C > 0. We set 

Iu{x) = (27 t )“^ [ [ dyd^, 

(3.1) 

Jn^ Jn^ 

We remark that we have 



Iu(x) = F i[(Fu)(V’(0)](a;), I ^u{x) = F ^[(Fu)(V’ H0)](a^)- 
Since • I = I • = id, we have the formula 

a(D) ^ I ■ a{D) ■ , a(0 = (<t o V')(C) (3.2) 

by (1.3). By Plancherel’s theorem, the operators I and are L^-bounded. Fur- 
thermore, we have the boundedness on weighted spaces. For /c G R, let L^R^^) be 
the set of functions / such that the norm 



II/IIl2(r^) 




{x)'^ = {l + \x\^f^ 



is finite. 
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Proposition 3.1. Suppose n > 3 and 0 < k < 1. Then the operators I and I ^ 
defined by (3.1) are -bounded. 

Proof. We prove the boundedness of I. The boundedness of can be given by 
replacing -0 by -0“^. If we use the equality 

{yf 

change of variables, and integration by parts, we can justify the following: 



Iu{x) 

= {2n)-^ J J 

= (27T)-" 1 1 l d{^)i^ + xdi;-^{0^y)-i{ddm-y 
= (2 t) 1 1 *<(-«-.■♦«)) 



u{y)dydi 



where 



MO = ^( 0 . «(0 = -i{dd){M0)d{0, 

d(0 = ldet5V^-H0|, m = IdetaV'C^)!. 

Hence we have 

/ = /^ + xA{D) ^ + a(D) ■ I (3.3) 
(x) (x) (x) 

We remember here that I is L^-bounded by Plancherel’s theorem. We remark that 
all entries of |D|a(D) and A{D) are L^-bounded, and \D\~^ is bounded from 
to L‘^ I . Using them, we obtain the -boundedness of I from (3.3). Then, by the 
interpolation, we have the desired result. To justify these boundedness, use the 
following results of Kurtz and Wheeden [6], Stein and Weiss [11]: 



Lemma 3.2 ([6]). Suppose —nf2<S<nj2. Then we have 



\x\^m{D)u\\^^^^„^ <C sup 



|7|<n 






Ixl^^/I 



L2(Rr^)* 



Lemma 3.3 ([11]). Suppose 7 < n/2, 5 < n/2, m < n, and 7 + 5 -h m = n. Then 
we have 



IN ODr ”«llL2(Rn) < C'11N^«L2(R„) 



□ 
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4. Proof of Theorem 2.1 

By the formula (3.2), we may show the result by replacing a{D) by In fact, 

applying to equation (2.5) we have 

( (idt-(T{D))v{t,x) = 0 
\ v{0,x)=g{x), 



where 



V = I g = I 



Suppose that we can show 



(x) 



L2(r,xRS) 



^ ills'll l 2 (rj)- 



(4.2) 



Substituting v — I and g — I and noticing = I ■ • 7 ^ by 

(3.2) we have 



(x) *7 ^\tp{D)\^/^u{t,x) 



L2(R,xRS) 






Furthermore, for 0 < s < 1, \'ip{D)\^^‘^\D\ is L?_ 5 -bounded by Lemma 3.2, and 
/, by Proposition 3.1. Hence we have 



(x) 



L2(R,xR-) 



^ ^II^IIl2(r^)5 



which means that we have the same estimates for equation (2.5). 

By the microlocalization and the rotation, we may assume that the initial 
data (fi in equation (2.5) satisfies supp(f C P, where P C R’^ \ 0 is a sufficiently 
small conic neighborhood of = (0, . . .0, 1). We remark that the argument so 
far can be justified for microlocal C^-maqps : P ^ P and : P P, where 
P,P C R’^ \ 0 are cones. All our task is to find -0 : P P and a{g) such that 
det d'ip{en) 0, a(^) = {a o -0)(^) (^ G P), and prove the estimate (4.2) for equation 
(4.1). We also remark that we have supp ^ C P if we notice g = I~^ip and (3.2). 
The assumption Va(cn) ^ 0 implies the following two cases: 

(i) dnCi{en) 0. Then, by Euler’s identity a(^) = (^/2) • Va(^), we have a{en) ^ 
0. Hence, in this case, we may assume 



a{0 > 0 € r), d„a{en) + 0. 

(ii) dna{en) = 0. Then, by assumption Va(e„) ^ 0, there exits j ^ n such that 
dja(en) ^ 0. Hence, in this case, we may assume 



5iu(e„) 7^ 0. 
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Case (i) 

We take 

Then we have a(^) = o '^)(0 



det d'ip{en) 



En-l 

* 



0 

0nOj{^n) I 



^ 0. 



where En-i is the identity matrix of order n — 1. The estimate for cr{D) = was 
given by the following (Kenig, Ponce and Vega [5, p.56]): 



Proposition 4.1. In the case n = 1, we have 



sup 

xER 









< c\\f\\ 






Hence we have 






L2(R,xRJ) 



— ^II5'||l2(R^) 



for s > 1/2. Here we have used the trivial inequality {x)~^ < {xn)~^, Schwarz’s 
inequality, and Plancherel’s theorem. We remark that xjj maps P to another small 
conic neighborhood P of e^. Since supp^ C P and |^n| is equivalent to |^| on P, 
we have the estimate 



{x)-^\D\^'^e^^^^^^g{x) 



L2 (R*xR-) 



^ ^lbllL2(R^)? 



that is, estimate (4.2). 



Case (ii) 

We take 



a{r]) = T]ir]n, 0(0 = • • • , 

Then we have a(^) = {a o ^)(^) and 



det dilj{en) = 



dia{en) * 

0 En-l 



^0. 



The estimate for cr{D) = D\Dn was given by the following (Linares and 
Ponce [7, p.528]): 

Proposition 4.2. In the case n = 2, we have 

\l/2 it Da; D. 



sup 

yen 



Hence, similarly in the case (i), we have 






L^RtXR^) 






for s > 1/2, that is, estimate (4.2). 
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5. Announcement of Further Results 

Finally, we mention further results. By developing the argument in Section 4, we 
can have more generalized results on smoothing effects for dispersive equations. 
We exhibit here some of them without the proofs which will appear in [9] and [10] . 

Let consider equation (2.5), but we assume that real- valued function a(^) is 
of order m. Let a^(^) G C'^(R’^\0) be a positively homogeneous function of order 
m satisfying Vam(0 7^ ^ (C / 0)* We assume one of the following: 

(H) a(0 = a„(0- 

(L) a(0 G C°°(R”), Va(0 0, and |a“(a(0 - a„(0)| < for large 

lei- 

For example ^(^ 1 ,^ 2 ) = + ^2 + satisfies (L). 

Under the assumption above, we have the following results corresponding to 
the types (1), (2), and (3) respectively in Section 2: 

Theorem 5.1 (Type (1)). Suppose m > 0 and n > 2. Assume (H) or (L). Then the 
solution u to (2.5) satisfies 

€ L^(Rt X R”) 

for s > 1/2. 

Remark 5.2. Chihara [3] proved Theorem 5.1 with m > 1 under the assumption 
(H). 

Theorem 5.3 (Type (2)). Suppose m > 1 and n > m 1, or n > m > 1 in the 
case a{^) > 0. Assume (H) or (L). Then the solution u to (2.5) satisfies 

{xy^^^{D)^^~'^^^^u{t,x) e L^(Rt X R”). 

Remark 5.4. Walther [14] proved Theorem 5.3 with a(^) = \^\'^ and n > m > 1. 
The optimality of the orders —mf2 and (m — l)/2 are also mentioned there. 

For the proofs of Theorems 5.1 and 5.3, we use the following result which is 
a generalized version of Proposition 3.1: 

Proposition 5.5. Suppose n> 2 and 0 < |fc| < n/2. Then the operators I and 
defined by (3.1) are L^K'RP) -bounded. 

In order to state one more result, we introduce some notations. Let 

{{x{t)y{t)); t G R} 

be the classical orbit, that is, the solutions of the ordinary differential equation 

r = (Va)(CW), i{t)=0 

|a;(0)=0, ^(0)=w, 

and consider the set of the path of all classical orbits 

r„ = {(x(t),^(t));tGR,o;G5"-'} 

= {(AVa(O,^);^GR"\0,AGR}. 
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In the case a(^) = for example, we have 

ra = {(x,OeT*R-\0; |xA^| = 0}. 

For the symbol of the pseudo-dilBFerential operator cr(X, D), we use the 

notation ct(x,^) ~ if the symbol ct(x,^) is smooth in x ^ 0, ^ / 0 and 

satisfies 

cr(Aa;,^) = A“(7(a:,^), a(x, A^) = (A > 0). 

Theorem 5.6 (Type (3)). Suppose m G N and n > 2D Assume that (H), a(^) > 0, 
and the Gaussian curvature of T,a = — 1} vanishes. Also assume 

that 

and 

t(x,^) = 0 if (x,^) E Fa and X 0. (5.1) 

Then the solution u to (2.5) satisfies 

T{X,D)u{t,x) e L^(Rt X R^). 



Remark 5.7. In the case m = 2, Theorem 5.6 corresponds to the critical case 
a = 1/2 of Kato and Yajima [4] which cannot be allowed without the additional 
structure condition (5.1). 



For the proof of Theorem 5.6, we need more refined boundedness theorem of 
Fourier integral operators. We should mention here that the global L^-boundedness 
with the phase function (1.2) is not covered by previous results, for example, Asada 
and Fujiwara [1], The result of [1] is motivated by the construction of fundamental 
solution of Schrodinger equation in the way of Feynman’s path integral, and it 
requires the boundedness of all the derivatives of entries of the matrix 



D{cl>) = 



( d:cdy(t) 
\d^dy(i) 



dxd^(j)\ 



• (Asada and Fujiwara [1]) Assume that \det D{4>)\ > C > 0 and and all 
the derivatives of p(x, y, ^) and those of each entry of D{(f)) are bounded. Then T 
defined by (1.1) is bounded on L^(R’^). 

With our phase function (1.2), the boundedness of the entries of d^d^cj) fails. 
But the following result will appear in [8]: 



Theorem 5.8. Let the operator T he defined by (1.1) with <^(x,y,^) = X’^-\-(p{y,^). 
Assume that 



\detdyd^(f{y,^)\ > C > 0, 

and all the derivatives of entries of dyd^cp are hounded. Also assume that 
\dt<p{y,0\<Ca{y) (VH>i), 

\dxd^9jp{x,y,^)\ < (Vq:,/3,7) 
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or 



d^dl^{y,0\ < (Va, |/3| > 1), 



d^d^d7p{x,y,0\<Cai3y{y) 1^' (Va,^,7) 



Then T is hounded on L|(R’^) for any k eH. 



This theorem says that, if amplitude functions p{x,y,^) have some decaying 
properties with respect to a: or ?/, we do not need the boundedness of d^d^cf) for the 
L^-boundedness, as required in [1], and we can have weighted estimates, as well. 
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Gevrey Hypoellipticity of p-Powers 
of Non-Hypoelliptic Operators 

Giuseppe De Donno 



Abstract. We characterize the hypoellipticity in C°° and Gevrey classes of 
2- variable PDO’s containing powers of anisotropic principal terms. We use an 
approach based on methods from microlocal analysis. Conditions are imposed 
on the coefficients of lower order terms. Also a semilinear version is proposed 
considering nonlinear perturbations. See Theorem 1.1 and Theorem 1.6. 
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1. Introduction 

This paper deals with the properties of hypoellipticity and Gevrey hypoellipticity 
of a class of partial differential operators with multiple characteristics containing p- 
powers of anisotropic principal terms, i.e., the derivatives with highest anisotropic 
order; in two variables z = {x,y), belonging to the set O, neighborhood of a point 
zo = {^o,yo) C In particular we consider equations of the form: 



P(x, y, Da,, Dy)u + F{x, y, DIdIu) | = 0, 


(1.1) 


where the linear part is given by: 




P{x,y,Da,Dy) =QP + ^ bij{x,y)DlDl 

k*<^l-{-j<pm 


(1.2) 


and the operator Q is of the form: 




Q{x, y, Da:, Dy) = - a{x, y)Df, 


(1.3) 


with m,d,j,l,p e Z+, p > 2, 0 < k* < pm, D,, = -i-^, Dy = the 

anisotropic principal terms are represented by the operator Q. We shall also say 
that j is the anisotropic order of so the nonlinearity involves deriva- 

tives of anisotropic order less than k* . For related results in the case p = 1, 
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see De DonnoOliaro [5], where assuming Rea(x,y) ^ 0 and looking for a couple 
(P,j*) with k* := + j* > m — such that lmbi*j*{x,y) / 0, a sufficient 

condition for hypoellipticity with loss of the smoothness of solutions equal to 
m — k* has been established for (1.1) and (1.2). On the coefficients lmbij{x,y) 
of the terms having anisotropic order larger than fc*, we assumed to be of the 
same sign of lmbi*j*{x,y) (allowing they can vanish); the same assumption on 
—lma{x,y). Also local solvability was showed for (1.1) and (1.2); and hypoel- 
lipticity, Tjy, for (1.1). As standard, the Gevrey space G^{Q), is defined 

by the estimates: 

/ G C°°(fl), sup\d^ f{z)\ < for every compact K CC Q, 

K 

with A > 1. 

In the case Im bi*j* (x, y) vanishes at some points (but not identically), Gevrey 
solvability for small Gevrey index was proved, too. 

In De Donno-Oliaro [5] in spite of the conditions imposed on the lower order 
terms are optimal (the results are sharp in the particular case of constant coeffi- 
cients), we just obtained a small hypoelliptic interval (m — m), in which we look 

for a couple (/*, j*) in order to impose our hypotheses (the interval is (m — 1, m) in 
the case of constant coefficients). For operators (constant coefficients) containing 
p-powers of anisotropic principal terms of the form 

{Dl-D,y + iD^:Di^ , (1.4) 

k* can runs in the interval (p, 2p), which is p — 1 anisotropic orders in width, see 
De Donno-Oliaro-Rodino [6]. 

In order to enlarge the hypoelliptic interval of the variable coefficients case, 
according with the model (1.4) of constant coefficients, we consider general opera- 
tors in the form (1.2) having p-powers of the operator Q. Unfortunately the infiu- 
ence of higher order terms of p > 4, limit k* in the interval {pm — 1 — |,pm), 
that anyway contains the anisotropic order pm — ^ not accepted in the case p = 1 
{k* > m — |). For p < 3, the influence of (the higher order terms of) is irrele- 
vant, since pm — 1 — ^ < p{m — |), and p(m — ^) is the best limitation from the 
below we can obtain with our techniques. Let us also observe that in the worst 
case we get k* G (pm — ^ — ^,P^) D {pm — |,pm), see Remark 1.3. 

On the contrary, in the generic differential polynomial symbols 

^ Cij{x,y)^''rf , (1.5) 

where (^,r/)G M? are the dual variables of (x,y); containing as particular case the 
symbol of the operators (1.2), k* belonging in the interval (p(m — |),pm) should 
be accepted for any integer p; see Theorem 2.1. The subset of indices I corresponds 
to lower order terms. 

In this paper we propose a complete analysis of the influence of the lower- 
order terms of (1.5) on the hypoellipticity of (1.1) and (1.2) in the category and 
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in the Gevrey spaces beyond the critical index m/{m—l). The arguments in our 
proofs are based mainly on microlocal tools: pseudo-differential operators, wave 
front sets, allowing relevant simplifications in the study, and techniques. In the 
present paper, for simplicity, we consider real valued functions a(x, y) (Ima(x, y) = 
0) in (1.3). We suppose coefficients in (1.2), (1.3), and in the follow we always 
ask that: 

d<m, a(xo, yo) / 0 , (1.6) 

F{z-,t) = Cr{z)F, Cr e t € Z^, (1.7) 

where, for every compact K CC fl, sup \D^Cr{z)\ < Ca,KK and moreover 
F{t) = XrF is entire analytic. 

The nonzero requirement on a{x,y) in (1.6) is an invariant nondegeneracy 
condition, usually required in the study of the hypoellipticity (and local solvability) 
of the linear operator (1.2) with p = 1, in the and Gevrey A > see 

for example, Liess-Rodino[16], De Donno-Rodino[7], where Gevrey hypoellipticity 
for PDE’s with high multiplicity is proved in the isotropic case. For p = 1 see 
also Gramchev-Popivanov[13], where hypotheses are given on the roots of the full 
symbol of the operator, and Corli[3], about results of non-hypoellipticity. Let us 
also observe that if Ima(x,p) ^ 0 then the operator is quasi-elliptic; the results 
on hypoellipticity (and local solvability) are well known in this case. 

A new important element with respect to the case p = 1, for formulating our 
results in this paper, is the so called order, i.e., the highest anisotropic order 
-h j, k* < j < P^n of such that the corresponding coefficient is not 

identically null. When k* > ^l+j for all couples (/, j) we say that does not exists 

j^max 

We split the symbol of (1.2) in the following way: 



p{x, y, v) = {rT - a{x, v)i‘^Y + 2/)^V 

+ ^ bij(x,y)DlDi 

^l-Yj<k* 



( 1 . 8 ) 



where bij{x,y) = bij{x^y), for + j > pm — 1 since the operator captures 
derivatives of anisotropic order less or equal than pm— 1, and bij{x, y) = a'^y{x, y)-\- 
Rebij{x,y) + ilmbij{x,y), for m < A;* < + j < pm — 1, with r, s representing 

suitable derivative orders respectively with respect x and y variables. We are not 
interested in the coefficients of mixed derivatives having anisotropic order less than 
k\ 

Moreover we define the anisotropic characteristic manifold 

S {(x, y,^,rj)enxR‘^\ {0}, (t?'” - a(x, y^^^f = 0}. (1.9) 

Let us state the main results. 
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Theorem 1.1. Let be the unique couple having anisotropic order 

k* := + j*, with max{p(m — — |} < A;* < pm. We suppose a(x,y), 

bij{x,y) G C^{Q.) and assume that for (x,y,^^rj) G E the following conditions 
hold: 



i) lmbi*j*{x,y) ^0 

ii) lmbi*j*{x,y)lmbij{x^y)^^^^*r]^^^* > 0 for all {l,j) such that k* < ^l j < 



iii) Kebij{x,y)^^rf > 0 for all (l,j) such that k* < ^l j < 
iii') for oddp: Kebij{x,y) = 0 for all (l,j) such that k* < ^l j < . 

Assume moreover that (1.6) holds. Then the operator P in (1.2) is -hypoelliptic 
with loss of regularity equal to pm — k* derivatives. Moreover, taking analytic 
coefficients a, bij, (1.2) is G^-hypoelliptic for 



A > 



( 



p 

k*—p(m—l) 

1 



j^max < +m 

l^max > E=lk* +rn 



( 1 . 10 ) 



Remark 1.2. It is always possible to rephrase the previous assumptions in Theorem 
1.1 directly on the coefficients of P. For example, if a{x,y) > 0 and m, d are odd, 
the conditions i), ii), iii) are respectively equivalent to: i') lmbi*j* {x, y) > 0 (< 0); 
ii') for all {l,j) such that j Im6/j(x,i/) > 0(< 0) for j + j* and I + P 

both even or both odd and lmbij{x,y) = 0 otherwise; in') Rebij{x,y) > 0) for j 
and I both even or both odd and Rebij{x, y) =0 otherwise. 



Remark 1.3. In the operators (1.2), the order k'^^^ is always larger than or equal 
to pm — 1. Assuming that it is exactly pm — 1 (just the influence of Q^), the 
condition k* > max{p(m - 1),A;’^"^ — ^} gives us the sharp limitation from the 
below p{m — |) whenever pm — 1 - ^ < p{m — ^), that is p < 3. Otherwise, 
allowing to be the largest order less than pm, k'^^^ = pm — we again 

obtain the best limitation p(m — 1) if and only if p < 1 + that represents the 
following conditions: {d = 1 and p = 1,2} or {d = 2 and p = 2}. Observe that 
A:* > pm — ^ — 1 for A:* > — 1 , in this case. In general for = pm — ^ , 

for 1 < < d, the best limitation is obtained for p < 1 + ^ . Let us also observe 

that the step from an anisotropic order and the next one in intervals of the type 
(pm — l,pm) is exactly since we have dpm — d < ml dj < dpm. 

Remark 1.4. If a{x, y) in the operator Q in (1.3) is a constant function, in Theorem 
1.1 we can consider A:* > p{m — 1) if k'^^^ there is not, k* > max{^^(A:’^"^ + 
m — 1), k'^^^ — ^} otherwise. It follows directly by the proof of the Theorem 2.1 
in the next section, see Remark 2.11. 



Remark 1.5. The hypoellipticity results in for P in Theorem 1.1 imply local 
Gevrey G^ solvability of the adjoint operator P* . This follows from the main 
theorem in Albanese-Corli-Rodino [1] 



As example of operator with odd p we consider the following: 
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Example. 

{Dl - (y 2 + i)Dlf + (18j/ + i)DlDl ( 1 . 11 ) 

where we have not , since there are not anisotropic orders strictly larger than 
fc* = |2 + 5 = 8 > 3(3 —\)- Of course hypothesis z) in 1.1 is satisfied. The symbol 
of ( 1 . 11 ) is 

{rf - {y^ + 1 )^ 2)3 _ {l^y)DlDl + (18y + i)DlDl + lower o. ts. 

SO Re 6 /=^j=-(x, 2 /) = 0. We have hypoellipticity and hypoellipticity for A > 
s-afs-i) I • More general we can consider operators of the form 

(D™ - (j/2 + i)Dif + (6my + i)DiDl^~^ , 

hypoelliptic and hypoelliptic for A > |. 

As a relevant example with constant function a{x,y) we can consider p-powers 
of the Schrodinger operator: 

Example, for p = 2 

{D^ — DxY + "b ^)DxDy , 

is hypoelliptic and G^ hypoelliptic for A > 2, see also [ 6 ] for the isotropic frame. 
Instead for the operator 

{Dl - D^f + i(y2 + l)D^Dl + D^Dl , 

nothing we can conclude about its hypoellipticity since the term = 5 is too 
high. In general operators of the form 

are hypoelliptic and G^ hypoelliptic for A > 2. 

As full example of operator satisfying Theorem 1.1 we consider: 

Example. 

{Dl - {y^ + l)Dlf + (p^ + i)DlDl + x^DlDl , 
where = f , fc* = f > > 2(6-|); i), ii), hi) in Theorem 1.1 hold, so 

we have hypoellipticity and G^ hypoellipticity for A > |, since = ^k* +m, 
see ( 1 . 10 ). 

In the following the Sobolev anisotropic space 77,% i>i(I^^) will be used, de- 

V m ’ ' 

fined by: 

WfWh^ ■=f{^ + \^\^^+\vfy\f{^,v)\^d4dv<oo, ( 1 . 12 ) 

/(C) v) being the Fourier transform of f{x, y). For s , is an algebra, 

cf. the inhomogeneous Schauder estimates in Garello [9, Proposition 2.5]. 
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Theorem 1.6. Under the assumptions of Theorem 1.1 on P and the condition (1.7) 
on F, let u he a solution of (1.1) which belongs to . (Q), for s > sq, where 

So is a sufficiently large fixed real number. Then u G (ft ) . 

Let us observe that several results have been written for microlocal regularity 
for nonlinear elliptic PDEs with analytic nonlinearities as in (1.7), cf., Lascar[10], 
see also Popivanov-Iordanov[20]. 

About the critical bound from below for s, we recall that the regularity 
statement of Theoreml.6 is not true if the solution u belongs to with s > 0 
but small enough. For explicit constructions of strongly singular solutions in 
s < ^ of semilinear elliptic PDE, cf. Biagioni-Gramchev [2] and Gramchev [11]. 

In the next Section 2 we prove Theorem 1.1 using 5^^ estimates; Theorem 
1.6 is proved in Section 3. 

2. Hypoellipticity for the Class (1.5) of Differeutial Polynomials 

In this section we prove estimates of the following class of differential poly- 
nomial in suitable symplectic co-ordinates: 

P{x,y,^,V) = iv"'-a{x,y)^^y+ ^ cij{x,y)^^rf (2.1) 

Where m, d,j, l,p G d < m, p > 2 even, and a : Q. R, cij : Q. ^ C smooth 
functions. As before we denote by z = (x, y) the real variables in 17, open subset 
in neighborhood of a point zq] ( = rj) the dual variables of z. We define the 
following sets for k G Q+, 0 < A; < pm: 

m 

h = {(/,i)GZ+xZ+ : -l^j = k} 

and fix A: = A:* such that p(m — |) < /c* < pm. We use the notations k~ for 
all k < k*, k^ for all k > k* and for the biggest value A:"*". We define 

I = I- U Ik* U /+, with I- = Ulk-, /+ = Ulk+- 

d 

We consider the anisotropic norm A(C) = 1^1""+ |^|, cf. the expression of the 
anisotropic Sobolev spaces i)(I^^)j in (1.12). We recall that E := {(z, C) ^ 

17 X \ {0} : [ t ]'^ — a{x, y)^^Y = 0} is the anisotropic characteristic manifold of 
p(x, ?/, rj) in (2.1); let A be a neighborhood of E, we denote with P the set 17 x A, 
and we state the following: 

Theorem 2.1. Assume that Ik* consists of just one couple (/*,j*), k* = + j* 

with max{p(m - ^), kl^^^ - ^} < A:* < pm such that: 

i) lmci*j*{x,y) / 0 for all (x,y) G 17; 

ii) for all (l,j) such that A;* < ^/ -h j < k'^^^ , 
lmci.j.{x,y)lmcij{x,y)^''+^*if+j* > 0, (z.C) € T; 

iii) Recij{x,y)^'“rf > 0, for all (l,j) such that k* < ^l + j < 

iv) a{x,y) ^ 0 for all {x,y) G 17. 
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Then 

for a suitable constant b > 0; and for all {a,/3) G (7,^) G Z^ and for all 
K CC Q. we have with suitable constants and B that: 



\D^D^D^^Df,p{x,y,^,rj)\X{Q 



p(yf+o)-s(oc^+p) 



\p{x,y,^,v)\ 






with 



kl + \v\ > B, 
( 2 . 2 ) 






+ 1} , 6 = max{ ^ - k*}. (2.3) 

P 



Remark 2.2. Observe that it is always 6 < p since 



P = 



k* —p{m—l) 

P 

k* - k^^^ + 1 



, k^^^ < + m 

, ^ Ezlk^ + rn 



I ^ j^max < ^ 

- I j^max _ ^ j^max ^ ^ 

and we have assumed k* > max{p(m — “ 2 }* 

Remark 2.3. By formula (2.2) and by Mascarello-Rodino([18], Theorem 3.3.6), 
we have that an operator P(x, p, Dx^ Dy), associated to the symbol p(x, p, 77) in 
(2.1), is C^-microlocally hypoelliptic in P; i.e. F D WF Pu = F fl WFu, for all 
u G P'(fl), where WFu is the Hormander wave front set. A microhypoelliptic 
operator is hypoelliptic too. 

Remark 2.4. If the coefficients are analytic, formula (2.2) holds for Lo,p^e = 
^a+^+7+6>+i^i^j^i^l^ so by Kajitani-Wakabayashi([17], Theorem 1.9), we have that 
an operator P{z,D), associated to the symbol p{zX) in (2.1) is G^-microlocally 
hypoelliptic in F for A > max|^, ^ (or equivalently j^), that is 

^ ^ fc.-pfm-i) for ^ and A > for > ^k* +m. 

Remark 2.5. When p < 1, and J > 0, one can prove by means of interpolation 
theory as in Wakabayashi([23] Theorem 2.6) that (2.2) is valid for any (a, f3^ 7, 6) G 
Z^, if (2.2) holds for o; + /? + 7 + 0 = 1. Hence it is sufficient to verify (2.2) for 
aP = 1 since the relations A:* < k'^^^ < pm give the inequalities required. 

Remark 2.6. For the proof of the Theorem 1.1 it will be sufficient to apply Theorem 
2.1. We recall that in the operators of the form (1.2) always is k'^^^ > pm — 1. 
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Proof of Theorem 2.1. First we estimate the numerator of (2.2) and then we give 
some lemmas to estimate the denominator, see Lemma 2.7, Lemma 2.9, Lemma 
2.10. If O' = 1, we get 

\DxP{x,y,0\H0~^‘^ = 

^ DxCij(a:, J/) 

(l,j) € / 

and similarly for ^ = 1 

for suitable constants Li, i 2 - If 7 = 1> 

|iA5P(^,^,»7)|A(Cr^ < Ls{\y^ - + E 

and for ^ = 1 

P,p(^,C,»?)|A(Cr <i4(|r?™-a(x,2/)e"r^|77r-'+ E 

{1.3) e I 

with suitable constants Ls,L 4 . 

To prove (2.2), it will be then sufficient to show the boundedness, for |^| > B, 



of the functions 




Qi{z,0 = 




b(^,OI 


Q2{z,C) = - 




|p(2^,C)l 


Qs{z,0 = - 


lr?--a(x,yK^ri|^ri+E(i,,)€/ A(C)"^ 


b(2:,C)l 


First we introduce three regions: 




Ri : c|C|^ < |7?r < 

R 2 : \vr>c\^\<^ 

Rs- i>?r<ciei" 



for suitable constants c, C satisfying for every compact set K inQ the inequalities 
c < I min(^_j,)gif \a(x,y)\, and C > 2max(^,y)gft: \a{x,y)\, cf. [4], [5], [7], [8]. We 
understand the neighborhood A to be the region Ri. 
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The following estimates then hold: 



( const. \p\~^ , 


C e i?i 


{!) 


A(C)~*^ < 1 const.\p\~^ , 


C € i^2 


(II) 


\ const.\^\~^^ , 


C ^ ^3 ; 


(III) 


( const. \p\P 


5 C ^ ^1 




KCY ^ 1 const. \p\^ 


, C ^ R 2 




[ const. 1 ^ 1 ^^ 


, C E R 3 ] 





(2.5) 



( 2 . 6 ) 



note that (II) and (III) in (2.5) hold for all ^ ^ but for our aim we may limit 
ourselves to consider them respectively in R 2 and in R^. By abuse of notation, in 
the following we shall also denote by jRi, ^3 the sets x x x ^ 3 ; 
recall that T = Cl x A. 

The following three lemmas give us some relevant estimates from the below 

of \p(x,y,tv)\ in (2.1). 



Lemma 2.7. Letp{z,() the function (2.1), such that i), ii) and iii) in Theorem 
2.1 hold. Then there are positive constants K\ < 1, B, such that, for (zX) G 
Ru \C\>B: 

|p(2:,0l >Ki + . (2.7) 

Proof. We have that 

b(^>C)l^ = ((»7™ - a{x,y)^‘^T + E(i,j)€/ Recij{x,y)^^rf^ 

+ (lmci.,.(x,y)^'V* + E(j,j)€/+ lmcij{x,y)^^rf ( 2 . 8 ) 

+ E(i,j)6/_ Imcij(x,2/)CV) • 

By developing (2.8) and removing the terms 

( Rec„(x,y)eV)^ , ( ^cij{x,y)^^rf + ^ lmcij{x,y)^^rf f 

iU)€i+ 

respectively from the real and imaginary part of p{z,C)> we can write 

4 

\p{z,Of > {rT - a{x,y)i‘^fP + lmci.j.{x,yf + '^Ji{z,C) 

i=l 

where 

Ji{z,C) = 21mci.j.{x,y) ^ Imc;j(x,y)^'*+V*“'"'^ , (2-9) 

iU)€l+ 

Mz,0 = - a{x,y)^^r Recy(x,r/)eV (2-10) 

(Z,j)€/fc.U/+ 

J3(z,C) = 2Imci.j.(a;,y) ^ Imc;j(a;,2/)^'*+V*‘^-^ , 

(U)ei- 



( 2 . 11 ) 
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Ja{z, 0 = “^{rT - a{x,y)^’^Y XI Rec;j(x,2/)^V (2-12) 

The functions are non-negative, (2.9) and (2.10) are also non-negative respectively 
by hypotheses ii) and hi), since p is even. Let us fix attention on Js{zX) and 
J 4 {zX) defined respectively by (2.11) and (2.12). We have for all e > 0 

i(Imci.j.(a;, 2 /)f +J3{z,C) > (^ - e)(Imc;.j.(x,y)f , 

in Ri, Id > B. In fact by (2.4) in Ri and hypothesis (i) in Theorem 2.1, for all 
6 > 0 we get for B sufficiently large 



|J3(^,0l 



< 










< 



< const ^2 2 j*+ 2 l*^ ^ ’ ICI > 



(id)ei- 



T 



We remark that k* = j* > k — + j. Concerning (2.12) we also have 

that: 

\{rT - Ja{z,C) 



Since 



l‘^4(2;,C)| 



\2 z-O/* ^ 1^1 ^ 



(2.13) 

(?7"^ — a{x,y)^^Y^ 

In fact, considering the region = ( ~a{^ ' y) ~ 'f')vT' f^he plane (^, ry), with (a:, y) G 

K CC Q, |r| < 1; we obtain by (2.4) in Ri that the left part of (2.13) is estimated 
by 

^P|^|mp+fZ+j ^p| |mp+fZ+j-2fc* 

X/ ^2p|^|2mp |^|2fc* ^ X/ |^|2mp-2fc=^ i f2p ^ 1^1 1^1 > (2-14) 

where t = ^, by dividing for ; since k~ < k*. Recall that: 

for all £ > 0 there exists B^ > 0 such that for |a:| -h | 2 /| > 



x^y^ 



< £ if and only if (27 — a)( 2 z/ — /?) > af3. 



x2j 

For |r| > 1, in i?i, we have 

X \!HL«- 2 k> , . 2 . ^ < e, since k~ < mp. (2.15) 






|iy|2mp— 2fc* _j_ ^2p 
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Then 

\p{z,0\>Ki - a{x,y)^^fP + , |C| > 

(2.16) 

for a suitable positive constant Ki. □ 

Remark 2.8. Prom the previous estimate (2.16) follows easily that \p{zX)\ ^ ICI^* 
in Ri. 

Lemma 2.9. Let p{zX) be the function (2.1). Then there are positive constants 
K 2 < 1, B, such that: 

\p{zX)\ > K^lvr, {z,0 e R 2 , KI > B. (2.17) 

Lemma 2 .10. Let p{zX) be the function (2.1), such that'w) in (2.1) holds. Then 
there are positive constants Ks < 1, B, such that: 

\p{z, 0\>K3 KK*" , {z, 0 e i?3, KI > B. (2.18) 

For the proofs of Lemma 2.9 and Lemma 2.10, see De Donno-Rodino [7], 
concerning the case p = 1, the general case p > 2 actually does not involve more 
complications. 

By the relations (2.4), (2.5), (2.6), and the inequality \rj'^ - a{x,yX^\ < 
+ we easily estimate the numerators Ni,i = 1, 2, 3, of in the regions 
R 2 and Rs in the following way: 



NiiO < 


f const. \rjf^ ^ , 

^ const. , 


C e i?2 
C ^ Bs ] 


(2.19) 


N2{0 < 1 


const. 

const. 


, C E R 2 
, C ^ -R 3 ; 


(2.20) 


VI 


const. 

const. \^\pd-^-^P 


, C e R 2 
, C ^ Bs. 


(2.21) 



We have N 2 {z, () < Ns(z, C) in R 2 and R 3 since d <m and p < 1; so we can just 
consider the functions Qi{zX) and Q 2 {zX) those regions. Now Lemma 2.9, 
Lemma 2.10 and the estimates (2.19), (2.20) show the boundedness of Qi{zX) 
and Q 2 {zX) in the regions R 2 and Rs, so for Qs{zX), too. 

Regarding the region Ri, we observe that \r]'^ — a{x,y)^^\ vanishes in it, so 
estimates of the previous type are not optimal. 

In Ri by (2. 5), (2. 7) we get easily: 

«.(.,<) < con,t ^ ^ _ 

((rj™ - a{x,y)^^yp + 

( 2 . 22 ) 

+ E <L, {x,y)eK, \C\>B, 

max 
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where Imax C /+, s.t. + j = The second term in right-hand side is 

bounded since 5 > — k* in (2.3). About the first term we can argue in the 

same way we have done in Lemma 2.7, see formulas (2.13), (2.14), (2.15); since 
also S > in (2.3). 

Remark 2.11. If a{x,y) is a constant function, the first part of the right-hand 
side in (2.22) completely vanishes (first derivatives with respect z), so we just 
consider S > k^^^ — k* for the boundedness of Qi in Ri. Imposing the fundamental 
inequality in the framework, S < p, with p in (2.3) we find the new conditions 
for k*: r >niax{p{rn-l),^{k'^^^ +rn-l),k^^^ - 

The study of the boundedness of the functions Qi{z^ Q, i = 2,3 in the region 
Ri actually does not involve further complicated statements, so arguing like the 
previous step and using the estimates (2.3) on p, i.e. p = min{ — ^ fe* — 

kmax ij ^0 hnve proved that Qi{z, C), i = 1, 2, 3 is also bounded in Ri. 

Now the following remark ends the proof: 

Remark 2.12. By formulas (2.7), (2.17), (2.18), we obtain that \p{zX)\ > a 
a > 0, Id > B. In fact we obtain that \p{z,()\ > const \rj\^* in Ri, then |ry|^* = 
^\rj\^ + ^\rj\^ > const H- ^ const (|?7| + |d m^*) const 

so |p(x,dl > In the same way we get |p(x,dl > ^ ICI^^ i^ B2 and i?3, 

the result follows . since we have k* < pm. If we refer to the anisotropic weight 
function A(C) = |d^ + 1^1 + \vn m , we find, in the same way, that 

\p{^X)\ ^ r, for Id > B, for a suitable positive constant 6 > 0. 



□ 



The next section is devoted to a proof of Theorem 1.6. 



3. Sobolev Estimates and Semilinear Version of the Result 

Remark 3.1. If we refer to the anisotropic weight function A(C) = |d^ + 1^1 

we find, in the same way we have done in Remark 2.12, that 
b(^,C)l ^ r, for Id > B, for a suitable positive constant 5 > 0. 

Let us assume now p{z, () defined in all x IR^ and denote by P the corre- 
sponding operator. Theorem 1.1 and Remark 3.1 show respectively that the loss 
of regularity of P is 6: = pm — ^k* in the isotropic case and e* = pm — k* in the 
anisotropic case. Since e* < e, it is natural to allow a semilinear version of the 
result of regularity of Theorem 1.1, that is expressed by Theorem 1.6 and that we 
prove in the sequel. 

Let us before consider again the semilinear equation 

P{x, y, Z>x, Dy)u + F{x, y, DId^u) | = 0 



(3.1) 
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where p{x,y,Dx,Dy) is the model considered in (2.1), such that the hypotheses 
of the Theorem 2.1 hold. Moreover, let us recall that F is of the type (1.7), i.e. 
F{z;t) = Cr{z)f' ^ Cr € t G Z^. Now we prove Theoreml.6: 



Proof of Theorem 1.6. Observe that Dl^D^y u G Note that -h j 

actually implies + j < A;* — 7, with 7 > 0. Then 



p{x, y, Dx, Dy)u = -F{x, y, D^Dlu) i 






^l+j<k 



iising here the assumption s > sq, see Garello ([9], Remark 2.4). By the last part 
of Remark 2.12 we have that u € , (^)- 

s— — +27 

Using again Garello ([9], Remark 2.4) we get that p{x,D)u G (ft) 

and in its own turn u G Repeating now the preceding argument we 

obtain u G ^teR+^fd_ ^ , (f^), that is -u G C®°(0). □ 



Remark 3.2. It is possible to propose a generalization of Theorem 2.1 considering 
the complete influence of lower order terms of (2.1) in the general and more com- 
plicated case when a(x, y) is a complex valued function, or also to operators with 
involutive characteristics of high multiplicity in more than two space variables. 
Details will appear in a future paper. 
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Continuity in Weighted Sobolev Spaces 
of 1/ Type for Pseudo-Differential Operators 
with Completely Nonsmooth Symbols 

Gianluca Garello and Alessandro Morando 



Abstract. We consider symbols a(x, with a finite number of bounded deriva- 
tives with respect to ^ and of weighted Sobolev type in x. Their continuity in 
weighted Sobolev spaces of sufficiently large order is studied. 
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1. Introduction 

Pseudodifferential operators with nonsmooth symbols play an important role in 
the study of the local solvability and the regularity of solutions for general nonlin- 
ear partial differential equations, particularly from the microlocal point of view. 
As a starting point we consider the paper of M. Beals and M.C. Reeds, [1], 1984, 
where the symbols a(x, were considered smooth with respect to the ^ variable 
and they belong to a Sobolev space of type, with respect to x. The techniques 
of pseudo-differential operators with nonsmooth symbols were introduced there as 
alternative to the arising paradifferential calculus of Bony [2] , in the study of the 
general theory of nonlinear partial differential equations. 

About the continuity of the pseudo-differential operator with non-regular sym- 
bols, the works of J. Marschall [8], [9] are of great interest. He essentially considers 
symbol classes characterized by the estimate 

l|5|‘a(-,0llH- <G„(l + |^ir-'’l“l+'", (1.1) 

The respective pseudo-differential operators realize to be bounded for m = 0, 
when 0 < 5 < p — 1 and r > 0 is suitably large. Once p becomes strictly less 
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than 1, new conditions must be added on the symbol but at any rate the 

continuity is assured only for operators of suitable negative order m. 

Such a result is not surprising if we recall that also the operators in the classical 
Hormander classes 5^^ cannot be bounded, ifO<p<l, whatever is 

0 < (5 < p, see the counterexample in C. Fefferman [4]. 

Arguing in the framework of the smooth classes S^ q let us notice that the 
continuity may be proved under the following condition: 

which essentially arise from the Marcinckiewicz-Lizorkin Lemma that reads: 

The Fourier multiplier p{D) is bounded from to itself, 1 < p < oo, provided 

that 

7e{0,l}”, 

see M. Taylor, [[10], Ch XI, Prop. 4.5]. Arguing in this framework, in [7] we show 
the continuity for a subclass of the pseudodifferential operators whose symbols 
satisfy (1.1). 

In the present paper the emphasis is set on the symbols which are not smooth also 
in the ^ variable; namely, we consider a(x,^) which satisfies a weighted Sobolev 
estimate with respect to the first variable and admits only a finite number of 
derivatives with respect to 

The symbol classes are introduced in the next section, together with their expan- 
sions in elementary symbols obtained by means of a particular partition of unity 
due to Triebel [11]; some examples are also offered. 

§3 is devoted to the characterization of the weighted Sobolev spaces by means of 
the weighted Besov and Triebel spaces as defined in [11], [12]. 

The main result is stated and proved in §4. 



2. Symbol Classes 

Definition 2.1. A(^) € C^(R^) is a weight function if for some positive constants 
C = C(A) > 0, po > 1, the following assumptions are satisfied, with standard 
multi-index notation: 

1. A(0> i(l + |^ir, 

2. for every 7 G 

n(l + Cl)'^|5^A(0|<C7,A(0, 

3. A{t^) < CA{0, e E”, \t,\ 

l<3<n 

4. (5 -condition) for some 0 < 5 < 1: 

A(^) < (7 {A{rj) + A(^ -v)+ A{r,)^A{^ - r,f ) , 77 € E". 



C e E", > 0; 

^ •••? ^nCn)j 



( 2 . 1 ) 
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Remark 2.2. As shown in Triebel [[11], Lemma 2.1/2] we can always find fxi > /io 
such that A(^) < (7(1 + |^|)^^. 

Example. The basic examples of weight functions are the elliptic weights A^(^) := 
yjl + greater interest are the multi- quasi- elliptic weights defined as 

Ap(^) := yl + ]Cq:gv('P) where V{V) are the vertices of a complete Newton 
polyhedron, see for example [5]. Other examples as (^)^[log(2+(^))]^ where s, ^ > 1, 
(0 = yr+W, are given in Triebel [11]. 

In the whole paper A(^) will be a weight function and X a generic Banach 
space with norm ||.||. 

Definition 2.3. For any nonnegative integer N and m G M, we define XMJ^{N) as 
the class of measurable functions a(x,^) on such that 

n;=i(i < cjvA(o^, 171 <n, x,^e e"; 

(2.2) 

For a fixed if > 1 let us consider the decomposition of R’^, given by the 
sequence of n-intervals h E Z!j:, AgE = {— 1,1}’^, described by 

■= € IR” ; j = 1, . . . , n| , 

where rjh = —1 if h = 0 and rjh = f if h > 0. 

Remark 2.4. For a suitable Nq = Nq{H) it is not very difficult to verify that, for 
any A, e G E, fl = 0 when \hj — kj\ > Nq for some j = 1, ... ,n; see [7] 
and [11]. 

Definition 2.5 (Partition of imity). For a fixed if > 1 , is the set of all the 
sequences {^h,\} C such that, for every G Z!|:, A G E, supp C P^x 
~ f ^ ^ there exists a positive constant Ca 

such that 

\d^v>hA0\<Ca2-^-‘^, ^eE™, hezi, Age. 

Remark 2.6. In the remaining part of the present paper we will always consider 
h = (hi , . . . ,hn) and A = (Ai, . . . , A^) € E = {-1, 1}"". 

Definition 2.7. For any integer N > 0, we define XMe{N) as the class of all the 
expansions 

:= ^4,A(a:)V'M(0> (2-3) 

h,X 

whose terms dh,x ^ L'^(R’^) fl X and 'iph,x ^ C^(R^^) satisfy for some M > 0, 
ff > 1 and C > 0 

1M?>,a||oo < M; 114, aII < M; supp^ft,A C 
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|9^V^/^,A(0I < for any ^ G and |a| < N. 

We say that is an elementary symbol 

Remark 2.8. The expansion in (2.3) is trivially convergent since for any fixed 
^ all but a finite number of terms vanish. Moreover XMe{N) C XM^(N), 
for any weight function A(^), if AT > 0. 

Proposition 2.9. Provided that N > n + 1, any symbol a{x,^) G XM^{N) may 
be written as an expansion of elementary symbols ^ XMe{N — n — 1), 

m ^ TP', in the following way: 

mGZ^ ^ 

where \m\ = |mi| + ••• + \mn\ and the expansion is absolutely convergent in 
L^(R^ xR^). 

By means of a simple application of the Leibnitz rule and (2.2) we obtain the 
following 

Lemma 2.10. For {^h,\} ^ 0 ,'^d a{x,() G XM^{N), AT > 0, let us set 

ah,\{x,^) := (ph,x{0a{x,0- (2-4) 

Then for any x, ^ G R’^: 

afi,x{x,0 = 0 for 



|9?ah.A(^-e)l < C2 



-Oi-h 



||a?a;.,A(-,OII < C-2 



-ot-h 



|a| < AT. 



Lemma 2.11. For any N e N, (j) E Cq{W^) and m ^ IP' we can find a linear 
partial differential operator A4 (D) of order N such that: 

(1 + |m|)^ J 4>{x)e-^”^-^ j dx. 

Proof Let us assume, without loss of generality, that the negative components 
of m G are . . . ,mj., i < n. Then setting em,a •= (— l)"ji+ for 

a := (ai, . . . , a^) G I'^ and using the multi-index notation we have: 

(1 + |m|)" = Ef.o O 



Z^\a\<N Vial/ a! 



ym^ 



^|a|<A/- V|aP 

Integrating by parts we have for (1 + |m|)^ J (j){x)e~ 
sion : 



dx the following expres- 



I ^ ^7■ \ I I / ’ 



H<N 



Then by setting M{D) = we end the proof. 



|a|<AT 



□ 
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Proof of Proposition 2.9. By means of a partition of unity {(ph,x} ^ and (2.4) 
we have: 

a{x, 0 = 0. K". (2.5) 

h,\ 



Let us set now 



■= + AiC;,,, ...,2'‘"+^'-,en + KchJ, 

where = 1, = 0 when t ^ 0; cq = 1, Q == |2^ when t ^ 0. For some K = K{H) 

and any G it follows from Lemma 2.10 that: 

bh,\{x,0 = 0, when ^ ^ <5i := [-f , f ]" ; 

( 2 . 6 ) 

|5|‘6ft,A(a:,0l < Cn, ||5|'&/..a(.,0II < Cn, |a| < N. 

Arguing now as in Coifman-Meyer [[3], Ch. II, §9], we can choose the constant 
AT > 1 so that Qi C [— tt, tt]^ and set for any h e and A G E 

Bh,x{^^0-= XI bh,xix,^-2Tmr), a:,^€E", 

meZ^ 

where for fixed G all the terms but one in the expansion vanish. Then 
27T-periodic function in the ^ variable obtained by extending 
bh,x{x,0 each n-cube of with sides of length 27 t. 

Moreover if </>(^) G C^{W^) vanishes outside and it is identically equal to 

1 on Qi, we have 



bh,x{x,^) = (p{^)Bh,x{x,0, x,^e R”. (2.7) 

We can write Bh^x{x,0 in terms of its Fourier expansion: 

BhA^,0= X / bh^(x,r,)e-^"^-^ dr), 

mez^ •>'[-7r,7r]’^ 

with convergence in L^([— tt, with respect to 

Since for fixed x G E’^, bh,x{xr) satisfies the conditions of Lemma 2.11, we can 
write 

BhAx,0= X n (2-8) 

mgZ" I™!'' 

where for some A4(D) of order N: 

<^,x(x) = j e~^”^'^M{Dr^)bh,xi^y'n)dv- 

In view of (2.6), for some positive constant C depending only on N and the 
dimension n, it yields for every m G Z’^: 

IKaIIoo<C' ; IK, 



< c. 



(2.9) 
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For any m G let us set </>m(0 + 1^1) ^ l^hen it follows 

from (2.7) and (2.8): 

E 7TTi^^«Ka(^)’ ^.CeK”, 

with absolute convergence in (R^’^). 

By the change of variables Q = + XjChj, j = 1, ...,n, where Ohj and Chj 

are defined above, we get: 

^h,x{x,C) — + iTTih^+i , (2.10) 

where ^m,/i,A(C) = (Ci - Aic^J, ..., (Ci - Aic^J) and the 

expansion is absolutely convergent in L^{M?'^). 

We can then find H' > 1 and a positive constant Cn only depending on N and 
the dimension n such that for any m E Z’^: 

SUppV’m.h.A C ^ 

( 2 . 11 ) 

\d^^m,hAO\ < Cn 2 -^"-, |a| < at - n - 1, C e K”. 

Re placing now in (2.5) the expansion (2.10) we obtain for any G R’^: 

^2/ (I I (2.12) 

/ieZ-,AGE m€Z- 

which in view of (2.9) and (2.11) realizes to be absolutely convergent in L°°(R^’^) 
Thus, by changing the order of the two sums in (2.12), we can write 

E ri + ^ R”. 

mGZ’^ V I 1/ 

Thanks once again to (2.9) and (2.11) we can conclude that the expansion is 
absolutely convergent in L°°(R^’^); moreover for every m G Z’^: 

a„(ar,0 - E<AWV’m,fe.A(0 e XMb{N - n - 1). (2.13) 

/i,A □ 

In the last part of this section we are interested in finding some symbols 
which satisfy (2.2) for an effective finite number of derivatives. 

Proposition 2.12. Let us consider a measurable function ^ : R^ x R^ i-^ C, which 
admits N derivatives with respect tot, it belongs to a Banach space X with respect 
to X and it satisfies for some positive constant Ck : 

|a'=^(a;,0l <C'fc(l + |^|)-^ fc = 0,...,7V (x,f)€R”+^ 

||af«'(-,i)ll <<^fe(l + l^l)“^ k = Q,...,N teR. 



(2.14) 

(2.15) 
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For any weight function A(^) it follows: 

a{x,0 = ^ j ^ XM°{N). 

Proof For any fixed x let us set 'i/j{t) = Provided that \a\ < N, by 

derivation of the composite functions we have for d^a{x,^) the following expres- 



k=i \j=i 



Prom (2.14) it follows 



\IX\ i n \ K 

+ E C'aAa-n + (2.16) 



q :-*- -| =oc 






and for any J = ... ,k: 

\df n(i = n 1^(1 n(i (2-is) 

j=i j=i 3=1 

Since + • • • + = a, and \a\ < AT, from (2.16)-(2.18) it directly follows that 

a{x,^) gXMI{N). □ 



Example. Let us consider z{x) G fl F, where F is a Banach algebra for 

the pointwise multiplication, with respect to the norm || • || = || * ||y- Let moreover 
(j) : [0, oo) I— > C be a iV-times differentiable function which satisfies for a positive 
constant (7, depending only on (j) and N: 

<C(l + ^)-^ A: = 0,1,..., AT. (2.19) 

Set now 

E{x, t) = f^ ■ (2.20) 

r —1 ^ ^ 

Since for any A; = 0, 1, . . . , AT and (x, t) G 

(a)] h (ijs 1 '^“’ (a) h*)i' ^ (2-21) 

and in the same way 

|£ h'*'* (a)] II 55 ) 1 1 ^“” (^) I iia-)ir < c,(i + i)-‘iia-)ii'. (2.22) 

the expansion in (2.20) is absolutely and uniformly convergent both in the norms 

II ■ ||l°°(M’^+i) II ' II* 
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We can then conclude that E{t,x) is iV-times differentiable with bounded deriva- 
tives with respect to uniformly with respect to x and, thanks to (2.21), (2.22), 
it satisfies the conditions in (2.14), (2.15). 

Remark 2.13. For some 0 < p < 1 let us consider the smooth function on E+: 
(j){t) = (t + where Ip{t) = [cos(l + t)^~p + 2] dr. Since 

— (/)(t) = —(1 + t) “^Ipit) -h (1 -f- 1) ^ [cos(l + ^ -h 2 ] (2.23) 

and 

“ (TH? + 1)'-' + 2] - 

(2.24) 

it easily follows that (j){t) satisfies the assumption in (2.19) for A: = 0, 1. 

On the other hand, if we choose now a sequence such that (1 + = 

^ + 2A:7t, it is not difficult to verify that 

= +”■ 

Then (j){t) does not satisfy (2.19) for k = 2. 

At the end we can explicitly consider a symbol which does not satisfy (2.2) for 
derivatives of order greater or equal than 2. For the sake of simplicity let us argue 
now in and set: 

= </>((!+ 

By restriction on the axis, we have: 

where (t) = (1 + . Then from (2.23), (2.24) we obtain 
(l + t^)a|^$(t,0) > ipiit) + <P2{t), 

where 

1 - 2{t) 2t^{t) 

- mi + {t)r ~ {i+{t)r ^ otw 

is bounded, while the term 
is not bounded since 0 < p < 1. 

We can then conclude that (l+^i)9|^^(^i, ^ 2 ) is not bounded and then the symbol 
^(^,0 = with z(xi,X 2 ) G L°°(E^) D X, does not satisfy (2.2) 

for derivatives of order N > 2. 
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3. Characterization of Weighted Sobolev Spaces 

From this moment we will write — '^{0 usual Fourier transform 

of a distribution u G S'{W^) and ^^^x inverse transform. 

Moreover for any given function m(^) on and u G S'{W^) we set m{D)u{x) = 
provided that the involved expressions make sense. 

Let us consider now {^h,\} ^ > 1, 1 < p < oo, s G M; we can then define, 

for any weight function A(^), the following norms: 




for 1 < g < oo, (modification for q = oo); 




for 1 < g < oo. 

Here and later on, for any u G S'{W^)^ Uh,x = (fh,x{D)u and ^ is the center of 
the n-interval . 

We denote by and the Banach spaces given by the Schwartz distributions 
whose norms in (3.1) and (3.2) are respectively bounded. 

It may be shown that for different choices of the systems {^/i,a(OI ^ the 
norms in (3.1), and (3.2) are equivalent. 

If we introduce now for any weight function A, 1 < p < oo and s G M, the weighted 
Sobolev space: 

:= {u G 5'(E^) ; A^{D)u G L^} , 

equipped with the natural norm := \\A^{D)u\\lp, it follows that 

1<P<(X) (3.3) 

and moreover for some positive constants ci,C 2 : 

ci||w||^5,a < ||«||h».p < C2i|«||j^a.A. (3.4) 

For the detailed proofs and any comments the reader can see Triebel [11]. 

We conclude this section with some embeddings and technical properties 
which realize to be useful in the following. 
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Proposition 3.1. Let A(^) be a weight function, 1 < p < oo and s G R. Then the 



following inclusions hold with continuous embedding: 

C C ifl<q<oo; (3.5) 

5(M") c c c i/ l < gi < 92 < oo; (3.6) 

<S(E") C c c 5'(E"), i/ K < 92 < oo. (3.7) 

Moreover for any e > 0, we have: 

B;+1’^ C , */ 1 < gi , 92 < oo; (3.8) 

C , i/ 1< 91 , 92 < 00 . (3.9) 



Proof The inclusions (3.5)-(3.7) are proved in Triebel [[13], Theorem 6.1/2]. In 
order to prove (3.8), (3.9) let us remark that for any sequence {bh,x} of positive 
numbers , 1 < ^i, ^2 < oo and H > 1, the following estimate holds: 



< A 



(3.10) 



where 



( '^h,xM^ 



7i,A ) 



92 

is finite. In order to show the convergence 



of such a series let us notice that the center of the cube coordinates 

= (AiCi,if2'^i; ...; AnCn,/f2^"^) and the numbers Cj^n, 1 < j < ^ are equal to 
either H or H — 

It follows from the aissumption 1. in Definition 2.1 that there exists a positive 
constant Ch such that A{c\^x) ^ 2^^)^^. Thus we obtain 

S/i,A M^h,x) ^ ^H,e,Q2 Y^X (i_^^n 

^ on Y^oo 1 ^ ^ ^ Y^oo 1 

— 2-^hi=0 (2^l)^0«92 ’ ’ * Z^hn=0 (2^n)t^0^Q2 5 



where ( 2 s //^o ^92 ^ immediately get inclusion (3.8) by setting bh,x = 

||'t^/i,A||p? while inclusion (3.9) follows by setting bh^x = \uh,x{^)\ and taking the 
norm of the first and last sides of (3.10). □ 



Remark 3.2. The characterization of Sobolev spaces given by (3.3) and (3.4), 
jointly with the continuous embeddings in (3.5), gives 

Ktinip, 2 ) C C s;,tax(p, 2 ) ’ continuous embedding. 

The following Lemma is a slight modification of Nikol’skij inequality given in 
Triebel [13]. 
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Lemma 3.3. Let us consider a 1 < p < q < oo and H>1. Then there exists 

a constant Ca > 0, only depending on a, p, q, n and H such that 

\\D^f\U < C'„2'‘-“+(5-5)l'*l||/||p, (3.11) 

for every function f G such that supp f C Pj^^x • 

Proof. For the sake of simplicity we can assume that hj > 0 for all j. Let us define 
the function gh{x) •= From well-known properties of the 

Fourier transform, it follows that gh{0 = . . . , ^ ^ thus 

supp g\ C := l-2H,2H]^ 

From the Nikol’skij inequalities we know there exists a constant Ca, only depending 
on O', p, n and the compact such that: 

\\D^9h\U<Ca\\gh\\p- (3.12) 

But D^gh{x) = 2-^'^{D^f){2~^^xi, . . . ,2~^^Xn), whence \\gh\\p = 2^^^p\\f\\p and 
\\D^gh\\q = 2~^'^2^^^^\\D^f\\q. Thus the inequality (3.11) follows from (3.12) by 
re placing the previous expressions for \\D^gh\\q and ||p/i||p. □ 



Proposition 3.4. For 1 < p < oo and s £ R we can find a constant M = 
M{p,n^SjH), such that: 

||«mIIoc<M||«||^..pA(c'^V*2^, ueS’iW^). (3.13) 



Proof. From Proposition 3.1 it follows that C max(p 2 ) ^ ^p,oo contin- 
uous embedding; this just means that, given a system {(fh,x} ^ any u G 

fulfills the following estimates: 

\Wh,x\\p ^ LI'\\u\\fj^,pA{c\^^) /igZ!J:,AgE, 



with some positive M' depending on p, H, s, the dimension n and independent of 
u. To get estimates (3.13), it suffices now to apply Lemma 3.3 with q = oo, a = 0 
and f{x) = Uh^x{x). 



These estimates are clearly trivial when the distribution u does not belong to 

□ 



4. Continuity in Weighted Sobolev Spaces 

For any weight function A(^) and a{x,^) G XMf^{N), m G M we can define as 
usual the pseudodifferential operator: 

a{x, D)u{x) := {27 t)~^ J e^^’^a{x,^)u{^)d^, uES{W^). 

This section is devoted to prove the following continuity result for pseudo-different- 
ial operators whose symbol belongs to the class 
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Theorem 4.1. For any weight function A(^), let a(x, be a symbol in M'^{N) 
with r > N > 2n 1, 1 < p < oo and m G M. Then: 

a(x, D) : \ — > continuously for any 0 < s < r. 

In order to prove Theorem 4.1 the following remarks realize to be useful. 

1) For any m, s G R, 1 < p < oo, K^{D) is bounded from into 

and a{x, D)A~'^{D) has symbol a(x, ^)A“’^(^) G Assuming 

that Theorem 4.1 holds in the case m = 0, we obtain that the operator a(x, D) = 
{a{x^ D)A~'^{D))A^{D) is bounded from into when 0 < s < r. 

2) Proposition 2.9 and the Dominated Convergence Theorem assure that for 

any a(x,^) G we can write for u G 5'(R^): 

1 "" 

a{x,D)u{x)= n , (4.1) 

j=l 

where G H'^^Me{N — n — 1) and now we have A — n — 1 > n. Let us 

then prove at a first time Theorem 4.1 for cr{x,^) G with N > n. 

3) For any G M^(N), AT g N, we can write: 

a{x,D)u{x) = Y^dh,x{x)uh,x{x), u e 5{]R”), (4.2) 

h,X 

with absolute convergence in L°^(R^). In fact since J2h x\^h,x{x)\\'ifh,x{0\ ^ 
MCNi for any G R’^ (A^i = Ni{H) is the number of terms in the sum which 
do not vanish), (4.2) holds with pointwise absolute convergence. Moreover for any 
T > 0 and some suitable positive constant C we also have: 

||^/i,a||oo < C- ^ < CCrCLh^ . . (4.3) 

(i + j}>E;=.X-„2"*-) 

where Ct '■= f ((1 + |^P)^|w(OI is finite, Xft = 0 if h = 0, x/j = 1> if /* > 0 and 
cift = 1 for h = 0, ah = . \h.M for h > 0. 

Thus 

OO OO 

iic^/i,aiiooIi^/i,ai|oo < mt^ct «/ii • • • ^hn < ^ 

h,X hi=0 hn=0 

shows that (4.2) is absolutely convergent in L°®(R’^). 

Similarly we can write for v G <S'(R^) and {<Ph,x} ^ 0^^^: 

V = '^^(fh,x{D)v = ^^Vh,Xi with convergence in S'{W^). (4.4) 

h,X h,X 

4) For {'ifkAO} ^ A > 1, let us set '= '^kA^)^h,x{^) 

consider 

a(x, D)u{x) = 

h,X k,e 
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It follows from Proposition 3.4 that ||d^’^||oo < ^ some M > 

0. Then using (4.3) and provided that r > ^ we can end that the expansion in 
(4.5) is absolutely convergent in L°°(MJ). 

5) Thanks to the absolute convergence we can change each other the terms 
of the expansion in (4.5), agreeing to a useful order. Let us introduce at first some 
notations. Namely for a fixed Nq eN and any j G Z+ we set: 



^(JVo) . |0> j<No; 

■ \z+n[0,j-iVo[, j>No; 


(4.6) 


:= Z+ n [3 - No,j + No[, 


(4.7) 


4 ^ 0 ) :=Z+n[j + ATo,oo[. 


(4.8) 



For A := {1,2, ...,n} and B := {1,2,3}, let us consider that is the set of 
all the functions uj : A B. For any h e Z'^ and uj G B"^ we set := 

nr=i Agreeing with the previous notation we can write: 

a{x,D)u{x)= ^ ^ 

h,X eeE 



6) For every h,k e Z'^ and A, e G E: supp{dl^\uh,x) C some 

Given r, s G and /c, Jg{— l,l},we can say that the n-intervals 

are obtained as superposition of n intervals of the type and where 

2^TJr <Kt< , 

with T]r = 1 if r = 0 and 77 ^ = 1 if r > 0 (analogous definition for ) . Therefore 

we are reduced to argue on the sums . 

We need now the following technical lemma. 



LW := 



Lemma 4.2. ([7], Lemma 7.1) Let us consider r, s G Z_|_, k,S e {—1,1}, H^K 
greater than 1. For any Nq positive integer, Nq > \og2{2HK), we can always find 
two positive constants T, M such that T > H A K , A < min{^ — ^ — |^} 

and M > + 2H, which fulfill the following statements: 

(a) if s e and r > Nq then 

+ Lif c l^e E : ^ < K0 < T2’-+i| =: 



(4.9) 
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(b) if s e then 

+ 4? C {6> G ]R : |6l| < M2’’} =: [-M2’’, M2’’]; (4.10) 

(c) if s £ then 

+ Lg) c|0eE:?^<<50< T2^+i| =: (4.11) 

It then follows that d^\uh,\ is supported in the product of n real interval of 
the type (4.9)-(4.11). This suggests to split in the following way: 

Cl := [ujeB^: uj{A) = {1}}; C 2 := [u e B^ : u{A) = {2}}; 

C3 := {ojeB^: uj{A) = {3}}; C4 := {w e B^ : u{A) = {1, 2}}; 

C5 := [ujeB^: u{A) = {1,3}}; Ce {w e B^ : uj{A) = {2,3}}; 

Ct:= {uoeB^: o;(A) = {1, 2 , 3}}. 

The sets Ci, C2 and C3 reduce to a single constant function a;, while C 4 -C 7 contain 
several functions, for any dimension n> 2 . 

For any a{x, D) G Me{N) we can write 

7 

a{x,D)u{x) = u G 

j=i 

where for j = 1, . . . , 7: 

Tju{x) ■■== d'l’^xix)uhAx), u € 5(R”) 

LoeCj h,X cGE 

In the following we will work under the conditions obtained step by step in the 
remarks l)-6). Let us then assume u-(x,^) G with 1 < p < 00, A(^) 

weight function, N > n and r > 

Proposition 4.3. 

Ti : continuously for anys G M; 

g-j-T" — 0 n 

T 2 : ’ , continuously for any s > — r + nf/jLop (4.12) 

and O< 0 <s + r — nfiJ,oP’-, 

T3 : i-> B[^ P^ continuously for any s <r and 6 > 0.(4.13) 

Proposition 4.3 is proved in details in [[7], Propositions 7.1, 7.2, 7.3]. Its proof 
essentially relies on a vector valued version of the Marcinckiewicz-Lizorkin Lemma 
about Fourier multipliers quoted in the Introduction and the results of § 3. 
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Remark 4.4. Let us notice that, under the assumption r > we may always 

s+r — 6,p s-r-\-6 -\ — 

find a suitably small 0 > 0 such that C C 

continuously, then from (4.12) and (4.13) it follows: 

Tt 

T 2 : i-^ continuously for every s > —r -\ ; 

T3 : I — > continuously for every s < r. 



Let us remark moreover that any operators Tj, j = 4, ..., 7, may be expressed 
as a finite sum of operators with the following form 

Ru{x) = '^ ^ dl’\{x)uh,x{x), u€<S(M"). (4-14) 

h,X 

^ age 



Here ni,rz2 are integers such that 0 < ni < n2 < n and two at least of these 
inequalities must be strict; tt is any permutation of the set {1,2, ...,n}, 

by (4.6) - (4.8) and 



j-,{No),ni,ri2,Tr . 



ni 






(No) 






^Tr(j) 



n 



A^o) 

^2,h. 



7r(j) 



n 

j=ri 2 + l 



e: 



(No) 

3,h. 



•n-(j) 



We are at the moment reduced to the following Proposition, where it is a crucial 
point that the weight function A(^) satisfies the S condition in (2.1), for some 
0<5< 1. 



Proposition 4.5. ([7], Proposition 7.4) Any operator R defined by (4.14) is hounded 
from to itself for any 0 < s < r, provided that r > 



Proof of Theorem A. 1. Thanks to Propositions 4.3, 4.5 we immediately get the 
statement for <r(x,^) € M^{N), provided that N > n. More precisely we can 

show that for any 0 < s < r and 1 < p < oo: 



a{x, D)u\\h^^-p 



h,X 



u e 5(M”), 



where the constant C > 0 depends only on r, s,p and n. 

Let us take now an arbitrary symbol a(x,^) in with N > 2n + 1; 

thanks to (4.1) and the previous results for elementary symbols we obtain that, 
for every 0 <s<r, l<p<oo, there exists a positive constant C such that, for 
any u G <S(R’^), 



||a(a;,£>)w||H->J> < C'llwlljfa.p ^ 






(1 + im|)«+i 



supIICaII 






(4.15) 



It is crucial at the moment to notice that the constant C in (4.15) depends only 
r, s,p and the dimension n, but it is independent of m G 

Since the sequences {df^x\h,x are bounded in uniformly in m G Z’^, the expan- 
sion (i+|m|)^ ' +i finite and 5(M’^) is dense in it follows that a(x, D) 
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is bounded. 

At the end if the symbol a{x, G M'^{N) has an arbitrary order m, we easily 
reduce to the case of order zero as already noticed in this section. □ 
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Symmetry-Bre 2 iking for Wigner Transforms 
and i7-Boundedness of Weyl Transforms 
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Abstract. Using the symmetric formula for the Wigner transform, we give 
L^-boundedness results for Weyl transforms with symbols in L^(W^ x 
Breaking the symmetry of the Wigner transform, we obtain new results for 
Weyl transforms with symbols in x 1 < p < 2. Applications to 

localization operators on the Weyl-Heisenberg group are given for the case 
when the admissible wavelet is the ground state given by the normalized 
Gaussian function on 
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Keywords. Weyl transforms, Wigner transforms, pseudo-differential operators. 



1. Weyl 'nansforms 

Let / G and g S where 1 < p < oo and p' is the conjugate index 

of p. Then the Wigner transform W{f,g) of / and g is defined by 

W{f,g){x,^) = {2'!r)-”'^^ e~^^yf(x+^^g(x-^^dy, ( 1 . 1 ) 

It is obvious from the symmetric formula (1.1) that 

It also follows from the symmetric formula (1.1) and Holder’s inequality that 
W{f,g) gL^(M^ xR^) and 

||^(/?5')||l°°(R^XR^) ^ (27T) (1.2) 

Using the symmetric formula (1.1), it can be proved easily that if ip and are 
functions in the Schwartz space S{W^) on R’^, then the Wigner transform of p and 
-0 is in the Schwartz space S{W^ x R’^) on R’^ x R’^. Now, let cr be a tempered 



This research has been partially supported by the Natural Sciences and Engineering Research 
Council of Canada under Grant OPG0008562. 
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distribution on x and let (/? G S{W^), Then we define to be the 

tempered distribution on R’^ by 

(W^(/7,V’) = (27r)“"/^ /" [ a{x,^)W((p,ip){x,^)dxdi, V S <S(E”), 

Jr->^ 

where (F, G) is defined by 

(F,G)= [ F{x)G{^dx 

jR'f^ 

for all measurable functions F and G on R’^, provided that the integral exists. We 
call Wa the Weyl transform associated with the symbol a. It should be noted that 
if a is a symbol in S{W^ x R’^), then is a function in <S(R’^) for all ip in <S(R^). 

The most basic problem in the study of Weyl transforms is to seek good 
conditions on the symbols a to guarantee that the corresponding Weyl transforms 
are bounded linear operators from L^{W^) into L^(R’^), 1 < p < oo. 

The following result is an abridged version of Theorem 14.3 in the book [14] 
by Wong. 

Theorem 1.1. Let a G L^(R’^ x R^), 1 < p < 2. Then is a bounded linear 
operator from L^(R’^) into L‘^{MP') and 

||W^a||B(L2(M^)) < (27r)“^/^||(j||^p(KnxEn), 

where a is the Fourier transform of a. 

In Theorem 1.1 and elsewhere in this paper, the notation || ||b(lp(e^)) is used 
to denote the norm in the Banach algebra of all bounded linear operators from 
p^p(Rn) L^(R’^), 1 < p < oo; the Fourier transform F of a function F in 
L^(R^), also denoted by FF, is defined by 

F{C) = (27t)-^/2 [ e~^^<F{z) dz, C ^ • 

Jrn 

In Section 2, we recall a more or less well-known sufficient condition to ensure 
that the Weyl transform is a bounded linear operator from L^(R’^) into L^(R’^) 
for 1 < p < oo. The condition can be traced back to the study of classical pseudo- 
differential operators pioneered by Hormander in [10] and can be found, for in- 
stance, in the books [11] by Hormander, [13] by Stein and [15] by Wong. In Sec- 
tion 3, we give results on the L^-boundedness of Weyl transforms with symbols in 
L^{W^ xW^) using the formula (1.1) for the Wigner transform. These are analogues 
of the corresponding results for Daubechies operators in the paper [5] by Boggiatto 
and Wong. Breaking the symmetry of the Wigner transform in Section 4, we give 
in Section 5 new results on the L^-boundedness of Weyl transforms with sym- 
bols in L^(R’^ xR^),l<p<2. We give in Section 6 applications to Daubechies 
operators, which are localization operators on the Weyl-Heisenberg group, to sup- 
plement the corresponding L^-boundedness results in the paper [5] by Boggiatto 
and Wong. For the sake of brevity and elegance, only the ground state, ie., the 
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normalized Gaussian function on is used as the admissible wavelet for the 
localization operators. 



2. Pseudo-Differential Operators 

We recall here a well-known set of conditions originating from the study of classical 
pseudo-differential operators. To this end, let m G M. Then S'^ is the set of all 
functions on x such that for all multi-indices a and /?, there exists a 
positive constant Ccx ,(3 for which 

\{D^Dla)(x,0\ < G M". 

A function in is known as a classical symbol. Let a G S^. Then we define the 
pseudo-differential operator T^r on S{W^) by 

JR'^ 

for all (p in S{W^). It is then easy to prove that T^- maps S{W^) into S{R'^) 
continuously. It is another easy matter to extend the definition of from the 
relatively small space S{W^) to the rather large space of all tempered 

distributions on To wit, let u G Then for all (p G we define 

{T(^u){(p) = u(T*<p), 

where T* is the formal adjoint of Then it can be shown that 

S'{W^) is continuous. In fact, we have the following much deeper result, which is 

Theorem 11.9 in the book [15] by Wong. 

Theorem 2.1. Let a G S'^, m G M. Then ^ ^ bounded linear 

operator for — oo < s < oo and 1 < p < oo. 

In Theorem 2.1, is the L^-Sobolev space of order s defined by 

= {ue 5'(R^) : J-sU G LP{M^)} 

for — oo < s < oo and 1 < p < oo, where Js is the pseudo-differential operator 
with symbol <j_s given by 

a_,(0 = (l + |^lV^ 

We note that for 1 < p < oo, and for s <t, the Sobolev embedding 

theorem gives 

Rt P C 

and 

lk||s,p < ||^||t,p, u G 

A detailed proof of Theorem 2.1 can be found in Section 5 of Chapter 6 of the 
book [13] by Stein or in Chapters 10 and 11 of the book [15] by Wong. Theorem 
2.1 gives the following result on the L^-boundedness of Weyl transforms. 
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Theorem 2.2. Let a G 5^^, m G R. Then is a hounded linear 

operator for — oo < 5 < oo and 1 < p < oo. 

Theorem 2.2 follows immediately from Theorem 2.1 and a well-known result, 
which states that there exists a symbol r in S'^ such that = Tr> A good 
reference is Corollary 2.43 on page 102 of the book [7] by Folland. 

3. Symbols in L\R^ x M") 

We can now give the main results on the L^-boundedness of Weyl transforms with 
symbols in x W^) based on the symmetric formula (1.1) for the Wigner 

transform. 

Theorem 3.1. Let a G L^{R^ x E^). Then for 1 < p < oo, : Lp{R^) Lp{W^) 
is a bounded linear operator and 

Proof. For all (f in S{R'^) and g in L^'(E’^), using (1.2), we get 

\{W„ip,g)\ = f a{x,^)W{(fi,g){x,^)dxd4 

< (27^)“'^/^||c^||Ll(]I^r^xEn)||W((^,p)||Lcx>(Er^xR^) 

Using the fact that the dual of Lp{W^) is L^' {W^) for 1 < p < oo, we get 

WWa^fWLPiR-^) ^ 7r”'^||cr||/,i(EnxM’^)||^||LP(R^)- D 

The usual method of defining the Weyl transform on L^(E’^), 1 < p < oo, 
is to define it initially on the Schwartz space <S(E’^) and then extend it to the 
whole space L^(E^) by a density argument. This method fails for I/°^(E^) simply 
because 5(E’^) is not dense in L^{W^). But using Theorem 3.1 and a duality 
argument, we can define the Weyl transform Wa on L^(R'^) at least in the case 
when (7 is a symbol in L^(E’^ x E’^). To wit, using Theorem 3.1, we know that for 
1 < p < 00, the adjoint : L^'(E^) ^ L^ {R^) of : L^(E^) ^ Lp{R^) is a 
bounded linear operator and 

ll^allB(LP'(R^)) — ||^a||B(LP(M^))- 
Now, for all / in L^ (E’^) and g in ^^(E’^), we have 
{WUd) = if.W,9) = {Wa9j) 

= (27t)“”/^ / f a{x,^)W{g,f){x,^dxd^ 

Jr'^ 

= (27t)“"/^ [ f cr{x,^)W{f,g){x,^)dxd^ 

JR-^ Jr^ 

= (Wwf,g). 
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So, = BV- Therefore for every symbol a in L^{W^ x E’^), it is then natural 
to define the Weyl transform to be the adjoint of 

Wa ’ L^(E^) — > L^{W^) and we have proved the following theorem. 

Theorem 3.2. Let a e L^(E’^ x E’^). Then : L^{W^) L^{W^) is a hounded 

linear operator and 

||^a||s(L°°(R^)) < 7r~’^||cr||/,i(]RnxRn). 



4. Symmetry-Breaking 

While the formula for the Wigner transform given by (1.1) is beautiful for its 
symmetry, it is the breaking of this symmetry that gives further results on the 
L^-boundedness of Weyl transforms. Breaking the symmetry, we get the follow- 
ing formula for the Wigner transform. It is just Lemma 4.3.1 in the book [9] by 
Grochenig and follows immediately from (1.1) and a change of variable in the 
integral. 



Lemma 4.1. For all cp and ^ in <S(E^^), 

= 2”e2-'«(;r(y,T_2x^))(20, € R”, 

where 

{T- 2 xi>){.q) =fp{2x-q), qeW^. 

Using the symmetry-broken formula for the Wigner transform provided by 
the preceding lemma, we can now give an estimate for the norm ||VU(/, g) llLp'(iRnxMn) 
in terms of ||/||/,p(Kn) and for all / in L^{W^) and g in L^'(E’^) whenever 

1 ^ < 2. The range 1 < p < 2 suggests that the Hausdoff- Young inequality for 

the Fourier transform should be at our disposal. To recall, the Hausdorff- Young 
inequality states that for 1 < p < 2, there exists a positive constant Cp such that 

Thus, for 1 < p < 2, the Fourier transform F : L'p{W^) — ^ L ^' is a bounded 
linear operator and its norm is denoted again by Cp. 



Theorem 4.2. For 1 < p < 2, 

I|W^(¥’,'0)|Ilp'(R"XR") < 2“”4"/PCp||(^||i,P(Rr.)||V'|| 

Proof. Let (f and if; be functions in <S(E^). Then, by Lemma 4.1, 

= ( / [ \W{(p,'tp){x,^)\P'dxdfi 

= 2 ”|/ [ \{r{<pT-2xi’)m)fd^dx] . 

LjR’^ Jr^ ) 
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Hence, using the Hausdorff- Young inequality, 

'0)IIlp' (R^xR^) 

= 2”/p(/ f \{T{<pT_2j)){v)f'dr,dx] 

t jRr^ J 

< 2”/PCp If ( f 

\JR 



/R^ 



1/p' 



P'/P 1 
\<p{y){T-2xtl^){y)fdy ) dx > 



= 2 ' 



\<Piy){T-2xi’){yWdy^ da:| 



1/p 



So, by Minkowski’s inequality in integral form, we get 

\\WM)\\ 

Lp' (R^xR’^) 



< 2 



'^ 1 / ([ \<PiyW'\{T-2x^){y)r'dxY^'' dy] 

^^7Rr^ \jRn J J 



2"/PC, 



'I p/p' 1 

\{T_2x^){y)f dx^ dy V 

1/P 



= 2 



p(/ ly’ly)!"!/ 

I^JR^ WR 

f \¥>{y)\A f m2x-y)fdxA'' dy] 
I^JR^ Ur^ j j 

2-”4"/PCp|/' j<p(y)r(f \^P{z)r' dzY'\y] 
XJR'n J J 

2-”4”/PCp 



= 2-"4"/''Cp||^|Up(R„)||V-||z,P'(Kn 



□ 



Remark 4.3. The classical estimate for the norm Cp is obtained by interpo- 
lating the boundedness of the Fourier transforms T : L^{W^) L^{W^) and 

^:L2(R^)^L2(M^),and 

Cp < (27t)^(^/2-^/p). 

In the paper [1] by Beckner, it is shown that 







n/2 
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5. Symbols in x 1 < p < 2 

Theorem 5.1. Let a G Z/^(E^ x E^), 1 < p < 2. Then for all p G \p,p'], Wa - 
L^(E^) is a bounded linear operator and 

||W^O-||b(Lp(IR^)) ^ (27t) ’^4’^^^Cp||(j||£,p(lRnxEn), pG[p,p']. 

Proof. Let a G L^(E’^ x R’^), 1 < p < 2. Then, by Theorem 4.2 and Holder’s 
inequality, we get for all (p in S{W^) and g in L^' (MT'), 

\iWaV,9)\ = (27r)””/^|/' f a{x,^)W{(p,g){x,^)dxd4 

Jr'^ 

< (27r)-”/2lla||x,p(RnxRn)||W^(<^,g)||^p-(R„^R„) 

— (27t) "^^2 "4”'^^Cp||(T||/,P(|[|.nxR»>)||93||LP(Rn)||g||2;^p'(Rn)- 

Using the fact that the dual of L'p{R^) is equal to L^' (W^) for 1 < p < 2, we get 

||^CtP||lp(]R^) < (27T) ^4’^/^Cp||cr||2;,p(]RnxMn)||(p||/^p(I^n), (peS{W^). 

Now, the adjoint of : L'p{W^) — > L^{W^) is the bounded linear operator : 
LP'{R^) and 

\\^(t\\b{Lp' {R'^)) — (2'^) ^^^2 ^4’^/^Cp||<jlli;,p(I[^nxEn). 

By an interpolation of the results for L^(1R’^) and (E’^), we complete the proof 
of the theorem. □ 



6. Daubechies Operators 

Let us begin with a recall of the definition of the Weyl-Heisenberg group. Let 
Rn X E^ = {(^,p) : ^,p G E^} and let Z be the set of all integers. Let (WH)'^ = 
Rn ^ i^n ^ R/2'jtIj. Then we define the binary operation • on (WH)'^ by 

(^IjPIjU) • (^2,P2,^2) = (^1 + ^2jPi +P25U + ^2 + ' P2) 

for all (gi,pi,ti) and (g 2 ,P 2 ?^ 2 ) in where ti, t 2 and U+^ 2 +^i-P 2 are cosets 

in the quotient group E/27 tZ in which the group law is addition modulo 27 t. With 
respect to the binary operation •, {WH)'^ is a non-abelian group in which (0,0,0) 
is the identity element and the inverse element of (g,p, t) is (— g, — p, — t + g • p) for 
all {q^p^t) in If we identify E/27 tZ with the interval [0, 27 t], then (WH)'^ 

can be identified with E’^ x E’^ x [0, 27 t]. It is a locally compact and Hausdorff 
group on which the left and right Haar measure is the Lebesgue measure dqdpdt. 
It is a unimodular group known as the Weyl-Heisenberg group. 

Let U{L‘^{R'^)) be the group of all unitary operators on L^(E’^) and let tt : 
(WH)'^ U{L‘^{R^)) be the mapping defined by 

(w{q,p, t)f){x) = e'(P --^ P+‘)/(x -q), x G M", 
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for all {q,p, t) in {WHY' and / in Then tt is a square-integrable represen- 

tation of {WHY on L‘^{W^) and every function cp in L‘^{W^) with ||(/?||L 2 (Eri) = 1 
satisfies the admissibility condition that 




/ / 

JR^ JR^ 



\{(p,ir{q,p, t)(fi)\^dqdpdt 



< oo. 



Thus, every function (p in L‘^{W^) with ||^||l 2 (r^) = 1 is an admissible wavelet 
for the square-integrable representation tt of {WHY on L‘^{W^). The book [16] 
by Wong contains the basic facts on the Weyl-Heisenberg group {WHY and the 
representation tt of {WHY on 

Let (/? be a function in L‘^{W^) such that ||(/?||l2(]r^) = 1- Then the wavelet 
constant of (p is defined by 



/ 7 / 

Jo JR'>^ 



\{(p,n{q,p, t)q>)\‘^dqdpdt. 



In fact, = {27tY^^- 

Let F G L^{W^ x W^). Then the bounded linear operator 
defined by 



{Dp^^f,g) = {27 t) ^ 




F{q, p) (/, (Pq,p) {(Pq,p, g) dq dp 



for all / and g in where 



(fq,p{^) = e"'^'''(p{x -q), X e R^, 



for all q and p in R’^, is used by Daubechies [6] as a filter in signal analysis. In 
fact, it can be proved that 



{Dp,ipf, g) 



f f [ 

Jo Je^ Jr'^ 



F{q, p) if, TT{q, p, t)(f) {n(q, p, t)(p, g) dqdp dt 



for all / and g in Thus, the linear operator Dp,ip '■ L^(]R”) — > 

which is called the Daubechies operator in the book [16], is in fact the localization 
operator from L^(R’^) into L^(R’^) associated to the symbol F and the admissible 
wavelet (p for the representation tt of {WHY on L^(R’^). It is also the same as 
the windowed Fourier transform used by Gabor [8] in time-frequency analysis in 
which the window is the admissible wavelet (p. 

Daubechies operators are also the same as pseudo-differential operators with 
anti-Wick symbols studied by Boggiatto, Buzano and Rodino [2], Boggiatto and 
Cordero [3], Boggiatto and Cordero [4], and Shubin [12]. 

Using the theory explained in the book [16] by Wong, Daubechies operators 
: L^(R’^) — > L^{W^) can be shown, among other things, to be bounded 
linear operators for all F in L^(R’^ xR’^), l<p<oo. Results on boundedness of 
Daubechies operators on L^(R’^), p ^ 2, are relatively recent and can be found in 
the paper [5] by Boggiatto and Wong. 
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Notwithstanding the fact that the results in this section are valid for arbi- 
trary admissible wavelets for the square-integrable representation tt of the Weyl- 
Heisenberg group (WH)'^ on our focus is only on the admissible wavelet 

given by the normalized Gaussian function (p, where 

if{x) = a; € R”. 

The following result, which is actually Theorem 17.1 in the book [14], tells 
us that Daubechies operators are Weyl transforms. This connection gives us new 
results on the L^-boundedness of Daubechies operators. 

Theorem 6.1. Let F G x R^), 1 < p < oo. Then 

Dp,cp = 

where 

A{x, 0 = , X, ^ € R”, 

and F ^ A is the convolution of F with A given by 

{F*A){x,0= [ [ F{x-y,^-T])A{y,T))dyd'n, e R”. 

Jr^ 

The following result is a consequence of Theorems 3.1 and 6.1, and is the 
analogue of Theorems 2.4 and 2.6 in [5]. 

Theorem 6.2. Let F G L^{W^ x Then for 1 < p < oo, Dp^cp : L'p{R'^) 
LP(W^) is a bounded linear operator and 

||^F,c^||b(Lp(R’^)) < tt ^lli^llLi(E’^xR^)- 

Proof By Theorem 3.1, Theorem 6.1 and Young’s inequality, we get 

\\Dp^p\\b{lp{r^)) < 7r“’^||F*A|| L^{R'^xR^) 

< 7r“’^||A||j:,l(KnxMn)||F||^l(KnxMn). 

Since ||A||^i(KrixEn) = 1, the proof is complete. □ 

The following theorem is a consequence of Theorems 5.1 and 6.1, and is the 
counterpart of Theorem 3.2 in [5j. 

Theorem 6.3. Let F G L'p{R'^ x R’^), 1 < p < 2. Then for all p in [p,p'j, Dp,p : 
L^(R’^) L^(R^) is a bounded linear operator and 

||£>f,vI|b(lp(k-^)) < (27r)-”/22-”4”/PCp||F|U,(R„><R„). 

Proof. By Theorem 5.1, Theorem 6.1, Young’s inequality, and the fact that 

l|£>F,v.||B(ip(Rn)) < (27r)-”/22-”4”/PCp||F*A|Up(Rn,,R„) 

< (27r)-”/22-"4”/PC'p||F|Up(RnxRn), 



as asserted. 



□ 
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Abstract. For a Hormander’s symbol class 5'(m, g ) , it is proved that the weight 
m is in with 1 ^ p < oo, if and only if all pseudo-differential op- 

erators with Weyl symbol in S{m^g) are in the Schatten-von Neumann class 
S,{L^). 

Mathematics Subject Classification (2000). Primary 47B10; Secondary 35S05. 
Keywords. Schatten-von Neumann classes, hypoellipticity, pseudo-differential 
operators, Weyl-Hormander calculus. 



1. Introduction and Statement of Main Result 

In this paper we study the decay of the singular values of a class of compact 
pseudo-differential operators on L‘^{W^). We deal with linear operators of the form 

Wau{x):= j ( 1 . 1 ) 

where as usual = {27r)~'^d^. The function a(x,^), with (x,^) E is called 
the Weyl symbol of Wa, and the mapping 

a^Wa ( 1 . 2 ) 

is the so-called Weyl quantization. At first one considers symbols, say, in the 
Schwartz space S(E^’^); then one sees that the mapping (1.2) extends to the tem- 
perate distributions S'(E^^) and takes values in the space of all linear continuous 
mappings S(E’^) ^ S'(E’^). Moreover, when the symbols are smooth functions 
satisfying convenient growth estimates at infinity, a complete symbolic calculus is 
available for the corresponding operators, see e.g. Hormander’s book [9], Chapter 
XVIII. 

We are interested in conditions on the Weyl symbol a which ensure that Wa 
is a compact operator in with a prescribed asymptotics for its singular 

values, i.e. it belongs to a given Schatten-von Neumann class. 




118 



E. Buzano and F. Nicola 



Recall that the singular values Sj{A), j = 1, 2, . . . of a compact operator A 
on a Hilbert space H are the eigenvalues of |A| := {A*A)^^"^. 

A compact operator A on if is in the Schatten-von Neumann class Sp{H), 
with 1 ^ p < oo, if the sequence of its singular values is in 

Sp{H) is a Banach algebra with respect to the norm 

OO . / 

The elements of S 2 {X) are the Hilbert- Schmidt operators, while *S'i(X) is the al- 
gebra of trace class operators. 

One also set Soo{H) = %{H), the ideal of compact operators on H in the 
algebra of bounded operators 'B(H), with the usual norm. We refer to Simon [14], 
Schatten [12], for the basic theory of these Banach algebras. 

As it is well-known (see for example Folland [3]), we have 

a G Wa is compact, 

and 

a G Wa is Hilbert-Schmidt. 

More in general, by complex interpolation, we have a well defined continuous 
mapping (see [10]) 

P P 

which shows, in particular, that Wa is compact if a G Z/^(E^’^), for 1 ^ p ^ 2. 

Without additional conditions one cannot expect that symbols in L^(R^’^), 
with p > 2, define bounded operators on let alone in Sp{LP‘). In fact, 

already in the case p = oo, it is easily seen that for the bounded symbol a{x,^) = 
e^^^ it turns out that Wa(L^) ^ L^. More in general, Simon showed in [15] that 
there are no estimates of the form ||Wa|| 3 (L 2 ) ^ C'||a||LP when p > 2. 

If we instead require L°°-bounds for a and its derivatives, then Wa becomes 
bounded on L^(R’^), as established by the celebrated Calderon-Vaillancourt The- 
orem. Similarly, if the symbol with a certain number of its derivatives are in 
j^1(r2ti) pi Corresponding operator is shown to be trace class, see 

Robert [13], Theorem (11-53), and Toft [17], where more general properties of 
Schatten-von Neumann operators in the point of view of the Weyl calculus are 
given. 

A variety of other sufiftcient conditions can be found in the papers by Horman- 
der [7, 8], Daubechies [2], Heil, Ramanathan and Topiwala [6], Grochenig and Heil 
[5], where techniques from Gabor Analysis and modulation spaces are employed, 
as well. In this connection, Grochenig’s book [4] is considered a reference work con- 
cerning analysing pseudo-differential operators in terms of time- frequency analysis. 
Related problems in [5] and [6] have also been considered by Sjostrand [16], using 
methods which are more close to “traditional” approaches in pseudo-differential 
calculus. 
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In this paper we find necessary and sufficient conditions so that Wa G Sp{L‘^), 
when a is a symbol in Hormander classes S{m^g), we describe below: refer to [9], 
Chapter XVIII and [8] for further details. 

We employ the following notation. Given two functions f,g:X-^R, 



f{x)<g{x), WxeX, 



(or simply f < g) means that there exists a constant C > 0 such that f{x) ^ Cg{x) 
for all X £ X. 

An admissible metric is a measurable function g : (x, i-^ gx^^ of into 

the set of positive definite quadratic forms on which is slowly varying, a- 
temperate, and satisfies the uncertainty principle. 

A g-weight is a positive measurable function m : E+, which is g- 

continuous and (<7, ^)-temperate. 

We say that a smooth function a : E^^ C is a symbol if for some ^-weight 
m 

sup < oo, for all k eN, 

(x,o 

where |a|Q (x,^) := |a(o:,^)| and 






sup 

(tj.rj) 



((a:, Q; (ti, n), . . . , (4, Tfc)) | 

• • • gx,^{tk,rky^^ 



for k ^ 1. 



We denote by S{m,g) the class of all symbols of weight m and metric g. 
S{m,g) is a Prechet space with respect to the seminorms: 



ll«llfc;S(m,p) - sup 



m{x,^) 



(k e N), 



where 






sup|g|® (x,^). 

j<k 



Whenever a £ S{m,g), the operator is continuous on the Schwartz class 
S(E’^), and has a continuous extension to the tempered distributions S'(E^). More- 
over Wa is closable in L^(E’^): we denote by Wa its closure. 

Let 



h(x,0 



gx,i{t,T) 

sup r 

At,r)gZAt,T) 



1/2 



where g^ is the dual quadratic form: 



gx,ii^^T)-= sup a{{t,T);{y,7])f, 

9x,i(y,v)='^ 



with respect to the standard symplectic form a = d^i A dxi in E^^. 

We say that the metric g satisfies the strong uncertainty principle if there 
exists a positive constant 5 such that 

h{x,i) ^ (1 + |x| + 



V(x,0- 
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Our result is the following 

Theorem 1.1. Consider an admissible metric g satisfying the strong uncertainty 
principle. For any g -weight m and all 1 ^p < oo, we have 

m e 1P(]R2«) ^ ^{m,g) C Spil‘d), (1.3) 

where 

'^{m,g) = {Wa ■■ a&S(m,g)]. 

We prove this theorem in section 3. 

When p = 1 the implication “ ” in (1.3) has been already proved by 

Hormander ([7], Theorem 3.9) under more general assumptions. 

After submission of the manuscript for publication in the ISAAC Proceed- 
ings, Toft [18] informed us that he obtained the equivalence (1.3) for every p 
by interpolation, without assuming the strong uncertainty principle. However, we 
think that our approach has still some interest because it is simple and natural. 



2. Hypoelliptic Symbols and Complex Powers 

We present a definition of hypoelliptic symbol which generalizes the one given by 
Tulovskii and Shubin in [19]: 

Definition 2.1. A symbol a e S{m,g) is called g -hypoelliptic if there exists a 
positive constant R such that 

(i) for all A: e N we have ^ 

-< |a(a;,0|, for \{x,^)\ ^ R. (2.1) 

(ii) there exists a p-weight mo such that 

|a(a;,^)| mo{x,^), for l(a;,OI ^ -R, (2.2) 

When mo = m we say that the symbol a is g -elliptic. We denote by HS{m, mo; g) 
the class of p-hypoelliptic symbols belonging to 5(m,p) and satisfying (2.2). 

It is easily seen that the sums and (pointwise) products of hypoelliptic sym- 
bols are in turn hypoelliptic. We emphasize that in Definition 2.1 we do not require 
a to be slowly varying or temperate. 

In the sequel, we need the following composition theorem which is proved in 
[9], (Theorem 18.5.4): 

Theorem 2.2. Given two symbols a G S{mi,g) and b G S{m 2 ,g), we have that 
WaWfe is a pseudo- differential operator with symbol 

a^b G S{mim2,g) 



1 |(x, OP = Ixp + 10" = EILi 
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such that 

N 

RN{a,b) := a#b - ^ ’ ■ \ € S(mim2h^''~\g), 

^ (2iy j! 

for all N where {a, 6 }q = ab, and 



(2.3) 



{a, b}^ 



E 

<i=0 





dU 9vi dxi drji 



a{x,Ob{y,v) 



y=x 

V=^ 



for j > 0. More precisely, for each iV, A: G N there exists an integer l^^k such that 

^ ;<S'(mi ,gi) ;5(m2,p) 

for all a G S{mi,g) and all b G S{m 2 ,g)- □ 

Furthermore we have the following technical result, see [1] for the proof. 
Lemma 2.3. Given two smooth functions 

a, 6 : C, 

we have 



{a,6}j[ < {2ny ^ \bfj+k-i ^ 



for all k, j G Z+. 



□ 



An important property of hypoelliptic symbols is that they possess an ap- 
proximate parametrix, when a big power of h is small compared to mofm: 

Proposition 2.4. Consider a g -hypoelliptic symbol a G HS{m,mQ',g) and assume 
there exists iVo G N such that 

-< (2.4) 

m 

Then for all N eN there exists a symbol q — Qn ^ such that 

9#a- 1 e 5(/^^+^5f). (2.5) 

Moreover for a// A: G N we have 

^ |q(J^)| ’ for\{x,^)\^2R, (2.6) 

where R is a positive constant such that the estimates (2.1) and (2.2) are satisfied. 



Proof. The proof is a slight generalization of an argument due to Hormander ([7], 
Lemma 3.1). 

Let X • ^ M be a smooth non negative function such that 



X{x,^) 



0, if |(a;,OI < 

1, if|(x,^)|^2fl 



(2.7) 
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and define ^ 

r := 1 - (a“^x) #a. 

From the estimate (18.4.4) of [9], for all k £ we have 



( 2 . 8 ) 






E 






which, by hypoellipticity, implies for all /c G N: 




for |(a;,OI > R, 



Because 



I® \a(x,0\ ' 

^==~E (2i)jj! X,a), 

and h is a ^-weight, from Lemma 2.3, Theorem 2.2, and (2.4) we obtain 
r eS [h+ ,3 ) C S{h,g). 



Now let 
and 



mo 

:= 1 , 



(2.9) 



:= r#r# • • • #r, {j > 1)- 



( 2 . 10 ) 



ji — times 

Then from Theorem 2.2 and (2.9) we have 

r*^&S{h\g), VieN. 

Therefore, from Lemma 2.3 and Theorem 2.2 for all /c, j G N we obtain 

No 

^ (x,0+ I-Rato {r*^ ,a-^x)\lix,0 

i=0 

^ h{x, h{x,^y+^°+^ 



-< 



-< 



a{x,^) mo{x,^) 

h{x, h{x,i)j 

a(x,0 m(x,0 

h{x,^y 



( 2 . 11 ) 



a(x,0 ’ 



for |(x,^)| ^ 2R. 



^ We mean that a(x, f) ^x(^jO = 0 when a(x,$) = 0 and x(^>0 = 0* 
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For all N eN define 

N 

j=0 

From the estimate (2.11) we have (2.6) and q G S{rriQ^ ,g). Finally, from (2.8) we 
have 

N 

9#a = #a 

j=o 

= (1 - r) = 1 - 

j=o 

which implies ^#a — 1 G □ 

When h is small enough, we can show that hypoelliptic operators have es- 
sentially only one closed extension: 

Theorem 2.5. Consider a g -hypoelliptic symbol a G HS{m^mo; g) and assume 
there exists iVo G N such that 

/.». -< ( 2 . 12 ) 

m 

Then the minimal and the maximal extension ofWa to L^(R’^) coincide. 

Proof. The proof is a slight generalization of an argument due to Hormander. 
Denote by Wq the extension of Wa to §'(R’^). 

We have to show that for any u G S'(R’^) such that WaU G L^(R’^), there 
exists a sequence Uj in §(R’^) such that 

Uj — » u and Waii in I/^(R’^). 

Thanks to Theorem 2.4 there exists q G S{mQ^.,g) such that 

r-.= l~qi^aeS{h^’^+\g). 

Using the partition of unity associated to the metric g in Lemma 18.4.4 of 
[9], one constructs a sequence of symbols Xj ^ S(R^’^) which is bounded in S{l^g) 
and converges to 1 in the topology. 

Then we set 

Uj = IN^.u. 

We have that Uj G S(R’^), because \j ^ S(R^’^). 

From the definition of r we have 

^aUj = 

= '^a#Xi*q^o.U + Wa#Xj#rU. 
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Thanks to Theorem 2.2 and Lemma 2.3, for all A: G N there exists /jt, G N, 
h ^ such that we have the estimates: 

No . 

|a#Xj# 9 lfc ^ E ^ \{a#Xj,<l}i\l + \RNo(aifXj,q)\l 






l|a#Xillf, Ml + 



mo 



-< 






mo 



^^ATo+l 

mo 



^ (|a| 4- \a\ ^ + 

^ mh^o+^ 

^ 1 H 1, 

mo 

for all |(a:,^)| ^ R and j G Z+. 

It follows that 

sup llu#Xj#9llfe;S(i,„) < oo- 
Moreover from (2.12) and Theorem 2.2 we have also 



^ ll^lk;5(m,p) llx|li^;5(l,p) lkllzfc;5(/i^o + i ,p) ^ 
for all j G Z+. This means that the sequences a#Xj#^ belong to a 

bounded set in 5(1,5'). 

Finally, from Theorem 18.5.4 of [9] we have that a^t^XjU^Q con- 

verge pointwise to a^q and a#r. 

The last part of the proof is dependent of the following lemma, due to 
Hormander ([7], Lemma 3.3): 



Lemma 2.6. If 4>j is a hounded sequence in 5(1, 5), converging pointwise to (j) ^ 
5(1,5), then W(i,.u in L‘^{W^) for all u G L‘^{W^). □ 

End of the proof of Theorem 2.5. From Lemma 2.6 we obtain that 

Uj = ^xj'^ 'Wiw = iz, 

WaUj = Wai^Xjitq'^ciU F aH^q^ aU + Wa#r^ 

~ "Wa#g#a+a#'r'^ '^a#(q#a+r)'^ 

with convergence in L^(M’^). □ 



Corollary 2.7. Under the same hypotheses of Theorem 2,5 we have that is the 
adjoint ofWa- In particular Wa is self-adjoint iff a is real-valued. 



Now we recall from [1] and [11] some results on complex powers of a non- 
negative operator. 
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Definition 2.8 (Komatsu). A closed operator A on a Banach space X is called 
non-negative if 



(i) 

(ii) 



(- 00 , 0 ) 

sup A 

AgIK-j. 



is contained in the resolvent set of 
\-i| 



(A + A/)- 



(B(X) 



< oo. 



A; 



For example, when X is a Hilbert space, A is non-negative if 



{Au,u)x ^ 0, for all u G ^^(A). 

Set C_^ := {z G C : Rez > 0} and 

r{k) _ {k — iy.sinnz 
~ r(z)T{k - z) ^ (k-l-z)---(l-z)vr’ 



(2.13) 



for /c G and z G C \ Z, 

The proof of Proposition 2.9 and Theorem 2.11 below are given in [11]. 



Proposition 2.9. Consider a non-negative operator A on a Banach space X. Given 
z G C_^, and G we have that the integral^ 

r 1 "I ^ 

■= 'yk(z) J |^^(^ + A/)“ J udX, 

is convergent for all integers A: > Rez. 

Moreover these integrals are independent of k: 

V /c > Re z. □ 

Definition 2.10 (Balakhrishnan). Given a non-negative operator A on a Banach 
space X and a complex number z G C+ , define a new operator on X as 

\j\u := for any k > Rez. 

Theorem 2.11. Assume that A is a non-negative, densely defined operator on a 
Banach space X, then 

A^ := z G C+ 

is the unique family of operators which enjoys the following set of properties: 

(i) D(J1) C ViA^; 

(ii) is closed; 

(iii) A^ = AA j - A ; 

k — times 

(iv) A^A^ = A^+^; 

(v) (Spectral Mapping Theorem) the spectrum of A^ is given by 

a{A^) = {\^ : Xea{A)}. 



^ The complex power is the principal branch A^ = exp( 2 : (log |A| + i arg A)) , with — tt < 
arg A ^ 7T. 
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(vi) For all u G with n the mapping 

z ^ 

is analytic in the strip {z G C : 0 < Rez < n}. □ 

Assume now that A is the closure in of a pseudo-differential operator 

Wa and is non- negative. Next theorem shows that under suitable hypotheses 
is pseudo-differential. 



Theorem 2.12. Consider an admissible metric g satisfying the strong uncertainty 
principle and a g-hypoelliptic symbol a G HS[m^m{)\g) such that 

Rea{x,^) ^ —R |Ima(x,^)| , 

for |(a:,^)| ^ R, where R is a positive constant such that estimates (2.1) and (2.2) 
are satisfied. Assume that the closure ofWa in L‘^(W^) is non-negative. 

Let ao = (|a| X + 1 “ x) where arga = 2 arctan and x ^ 

^oo(|^ 2 n) ^ real-valued function satisfying 0 ^ x(^?^) ^ 1? (^?0 ^ 

(2.7). 

Then for all z G C+ there exists a g-hypoelliptic symbol 
a*^ eHS 

such that 

(i) for all k gN and z G C+ we have 

^ V(x,0; (2.14) 

(ii) for all z G C+ we have Wa = . 



Proof We give some indications on the proof of this theorem. Details will appear 
in [1]. 

First we show that for all A > 0 the operator + A : S{W^) S(E^) has a 

continuous inverse which is a ^-hypoelliptic pseudo-differential operator with Weyl 
symbol d\ such that for all A), / G N we have the estimate 



(«#«a) 



#/c 



ao 



ao + A 






aoh 



ao + A 



V(x,0, VA>0, 



(2.15) 



where df" := d\# ■ - ■ #d\. 

' V ' 

fc-times 

Then we define 

poo 

a*^{x,^) :='Yk{z) / (ai^dx)*'" (x,^) d\ 

Jo 

where k is an integer greater than Rez > 0 and we show that the left-hand side 
is independent of k and the definition of a^^ is consistent with the definition of 
a^^ = a# • • • #a by composition. 

Integration of (2.15) yields (2.14). Because h{x,^) 0 as |x| + |^| ^ oo, 

(2.14) implies in particular that a^^ is a ^f-hypoelliptic symbol. 
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In order to complete the proof, it remains to show that 

= (W„)\ V2GC+. 

It suffices to prove this identity on 8. But then (2.16) becomes 



poo 

= jk{z) / x#»,u(x)dA, 



W, 



for all A; > Re z > 0, all u G 8 and all x G W^. 

Now is the (pointwise) limit of a sequence of Riemann sums 



(2.16) 

(2.17) 



lk{z) AJ ^ 

1=1 

which are bounded in S{h~^,g) for a large N. This implies that the Riemann 
sums 

m 

lk{z) (2.18) 

converge to Y)q^#zu(x). Because we know that (2.18) converge also to the right- 
hand side of (2.17), the proof is complete. □ 



3. Proof of Theorem 1.1 



First we prove a version of Theorem 1.1 for hypoelliptic operators: 



Proposition 3.1. Consider an admissible metric g satisfying the strong uncertainty 
principle. Then for all g -hypoelliptic symbols a we have 

a e LP(R2") Wa G SpiL'^). 



Proof. Prom Corollary 2.7 we have that the operator W^Wa is essentially self- 
adjoint and its closure is non-negative. Moreover, the symbol a is hypoelliptic 
and 

a#a = \a\ +6 



with 



l^lfc(®.0 < Ck\a{x,^)f h{x,^), (3.1) 

for all A; G N, |(x,OI ^ Indeed, if a is, say, in HS{m,mo; g), then by Theorem 
2.2 and Lemma 2.3 for all A: G N, iV G N there exists Ik^N such that 

(3.2) 

^ \aix,^)\‘^h{x,^)-\-m{x,^)^h{x,^)^+^, 



for |(a:,^)| > R. Since the weights m and mo are temperate, the functions m^^, 
m^^ have a polynomial growth; hence we see that if N is large enough, by 
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the strong uncertainty principle, ^ \a{x,^)\‘^ for 

1(^5 01 ^ therefore (3.2) implies (3.1). Because h{x,^) 0 as |(x, 0I oo, 

we have that a^a is ^f-hypoelliptic. It follows therefore from Theorem 2.12 that 
the powers of W^Wa are pseudo-differential operators. In particular 

On the other hand, by (i) of Theorem 2.12, 

+ bp, 

with 

Because h{x,^) ^ 0 as |(x,^)| ^ oo, we obtain that 
(a#a)^^^^^^ G L^(R^’^) a G 

Now it is well-known that a pseudo-differential operator is Hilbert- Schmidt if 
and only if its symbol is in L^(M^’^). Thus we have shown that is Hilbert- 

Schmidt if and only if a G L^(E^’^). 

On the other hand, by Spectral Mapping Theorem, we have that the singular 
values of are those of Wa to the power p/2: 

(Far''") = S,- {WaY^^ . 

Thus 

\Waf^ e S 2 (L^) ^ W„ £ Sp{L^). □ 

Now we may prove Theorem 1.1. 

Assume that ^(m,^) C Sp{L‘^). It is known (see for example [9], pg. 143) 
that there exists a symbol rh G S{m,g) such that 

C~^m ^ m ^ Cm 

for a suitable constant C > 1. In particular m is ^-elliptic and W^h belongs 
to Sp{LP‘). Then by Proposition 3.1 we have m G L^(M^^), which implies m G 

Assume now that 

m G L^(E^^), i.e. m G L^(E^^) 

and let a G S{m^g). We have to show that Wa G Sp{L‘^). 

By linearity we may assume that a is real and non-negative. Moreover, by 
hypothesis we know that 

\m + a\l < \rh + a\^.^^m 

^ l»^ + «lfe;S{m,g) + «) 



for all k eN. 
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Thus m + a is ^'-elliptic and therefore, by Proposition 3.1, G 5p(I/^), 

for m + a G Since G 5p, it follows that 

W, = ^Na+rh - G 5p. 

This concludes the proof of Theorem 1.1. □ 

Notice that in the proof of Theorem 1.1 we did not apply Proposition 3.1 in 
its full generality, but only for symbols which are g- elliptic. On the other hand. 
Proposition 3.1 seems interesting in its own right, because the hypoelliptic symbol 
a G is not assumed to belong to a class S{m,g) associated with a weight 

m in 

Acknowledgments. It is a pleasure for us to express our gratitude to Joachim Toft 
and Luigi Rodino for helpful discussions. 

References 

[1] E. Buzano and F. Nicola, Complex powers of hypoelliptic operators, in preparation. 

[2] I. Daubechies, On the distributions corresponding to bounded operators in the Weyl 
quantization. Comm. Math. Phys. 75 (1980), 229-238. 

[3] G.B. Folland, Harmonic Analysis in Phase Space, Princeton University Press, 1989. 

[4] K. H. Grochenig, Foundations of Time- Frequency Analysis, Birkhauser, Boston, 

2001. 

[5] K.H. Grochenig and C. Heil, Modulation spaces and pseudo-differential operators. 
Integral Equations Operator Theory 34 (1999), 439-457. 

[6] J. Ramanathan, C. Heil and P. Topiwala, Singular values of compact pseudo- 
differential operators, J. Funct. Anal. 150 (1997), 426-452. 

[7] L. Hormander, On the asymptotic distribution of the eigenvalues of pseudo- 
differential operators in R^, Ark. Mat. 17 (1979), 297-313. 

[8] , The Weyl calculus of pseudo-differential operators. Comm. Pure Appl. 

Math. 32 (1979), 359-443. 

[9] , The Analysis of Linear Partial Differential Operators III, Springer-Verlag, 

Berlin, 1985. 

[10] R. Howe, Quantum mechanics and partial differential equations, J. Funct. Anal. 38 
(1980), 188-254. 

[11] C. Martinez Carracedo and M. Sanz Alix, The Theory of Fractional Powers of Op- 
erators, North- Holland, Amsterdam, 2001. 

[12] R. Schatten, Norm Ideals of Completely Continuous Operators, Springer-Verlag, 
Berlin-Gottingen-Heidelberg, 1960. 

[13] D. Robert, Autour de T Approximation Semi-Classique, Birkhauser, Boston, MA, 
1987. 

[14] B. Simon, Trace Ideals and Their Applications I, Cambridge University Press, 1979. 

[15] , The Weyl transform and functions on phace space, Proc. Amer. Math. 

Soc. 116 (1992), 1045-1047. 




130 



E. Buzano and F. Nicola 



[16] J. Sjostrand, Wiener type algebras of pseudo-differential operators, Seminaire Equa- 
tions aux Derivees Partielles, Ecole Poly technique, 1994/1995, Expose iP IV. 

[17] J. Toft, Continuity properties for non-commutative convolution algebras with appli- 
cations in pseudo-differential calculus. Bull Sci. Math. 126 (2002), 115-142. 

[18] , Personal communication. 

[19] V.N. Tulovskh and M.A. Shubin, On the asymptotic distribution of eigenvalues of 
pseudo-differential operators in Math. USSR Sbornik 21 (1973), 565-583. 

Ernesto Buzano and Fabio Nicola 

Dipart imento di Matematica 

Universita di Torino 

Via Carlo Alberto 10 

10123 Torino 

Italy 

e-mail: buzanoQdm . unite . it 
nicola^dm . unite . it . 




Operator Theory: 

Advances and Applications, Vol. 155, 131-147 
© 2004 Birkhauser Verlag Basel/ Switzerland 



Localization Operators 
via Time-Frequency Analysis 

E. Cordero and A. Tabacco 

Abstract. A systematic overview of localization operators using a time-fre- 
quency approach is given. Sufficient and necessary regularity results for local- 
ization operators with symbols and windows living in various function spaces 
(such as or modulation spaces) are discussed. Finally, an exact and an 
asymptotic product formulae are presented. 
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Keywords. Localization operators, modulation spaces, time-frequency analy- 
sis, Weyl calculus, Wigner distributions, short-time Fourier transforms. 



1. Introduction 

Localization operators arise from pure and applied mathematics in connection with 
various areas of research. Depending on the field of application, these operators 
are known under the names of Wick, anti- Wick or Toeplitz operators, as well as 
wave packets, Gabor or short time Fourier transform multipliers. There is a host 
of articles on the subject written by mathematicians, physicists and engineers; we 
refer, for instance, to [2, 9, 10, 11, 12, 16, 24, 26, 30, 34]. 

In Section 2 we introduce localization operators by means of time-frequency 
analysis. Next, we recall the Weyl operators and their connection with localiza- 
tion operators. In Section 3, firstly, we introduce the spaces where windows and 
symbols live in, secondly, we present the regularity results known so far. Different 
time- frequency methods and techniques contribute to get such results. We sketch 
the ones used for sufficient regularity conditions. Our main interest focuses on the 
interplay between the roughness of the symbol and the time-frequency concen- 
tration of the window functions that build up the localization operator. Namely, 
depending on the function spaces where the symbol and windows lie, we derive 
regularity conditions for the corresponding operator. We shall start considering 
symbols in L^-spaces, with 1 < p < oo, we go to potential Sobolev spaces and we 




132 



E. Cordero and A. Tabacco 



end up with the so-called modulation spaces. For symbols in L^-spaces, we recall 
results contained in [34] and we show how to get them by means of shorter proofs 
[4]. However, sometimes in the applications one needs rougher symbols, even tem- 
pered distributions rather than functions. Hence, the subsequent step is to consider 
potential Sobolev spaces with s < 0. To cover the whole space of tempered 
distributions S' we require other spaces. For instance, we need to have bounded 
measures as symbols to recapture Gabor multipliers [16]; therefore it is natural to 
choose modulation spaces as both symbol and windows spaces for getting local- 
ization operator regularity results. Moreover, the regularity results obtained show 
that the appropriate Banach spaces of tempered distributions for windows and 
symbols are precisely the modulation spaces. Furthermore, the optimality of the 
last spaces’ choice is made clear by the necessary regularity conditions shown at 
the end of the section. In Section 4 we deal with the problem of the product of two 
localizations operators. We provide two diflPerent answers, namely, both an exact 
[13] and an asymptotic formula [5, 8], depending on the framework one wants to 
work with. 

Throughout the paper, we shall use the notation A < B to indicate A < cB 
for a suitable constant c > 0, independent of the parameters A and B may depend 
on; whereas A B means A < cB and B < kA, for suitable c,k > 0. 



2. Time-Frequency Analysis of Localization Operators 

Their first introduction as anti- Wick operators is due to Berezin, in 1971. As a 
physicist, he introduced them by means of a quantization rule a i— > Aa, from a 
symbol a, defined on a phase space, to an operator A^, acting on a suitable Hilbert 
space. The symbol a is called anti- Wick symbol, while the corresponding operator 
Aa is referred to as the anti- Wick operator associated to the symbol a (let us 
notice that other authors talk about Wick quantization rather than anti-Wick, 
see, e.g., [1, 26]). 

It is worthwhile pointing out that the “canonical” coherent states occur im- 
plicitly in the definition of A^. Coherent states are L^-functions labelled by phase 
space points. Here the associated phase space is the time- frequency plane 
Therefore, in order to construct a family of coherent states, one starts by choosing 
a vector (p in The associated coherent states are then generated from (p 

by time-frequency plane translations. Namely, for every point (x,uj) G the 
coherent state (p(x,u;) is defined by 

-x) = M^T^<p{t), (1) 

where is the frequency shift operator given by M^^(p{t) = and 

Tx stands for the time shift operator defined by Txf{t) = f{t — x). The classi- 
cal choice for <p in the anti-Wick construction is given by the Gaussian function 
(p{t) = . The resulting coherent states <P{x^uj) are often called canonical 
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coherent states in the physics literature or Gabor wave functions in the engineer- 
ing literature. They are the building blocks of anti- Wick operators, in a sense that 
we shall explain later. These operators turn out to be useful not only in physics 
but also for the theory of PDF’s. In this setting smooth and regular anti-Wick 
symbols have been used (e.g., belonging to Hormander or Shubin classes). For a 
deeper understanding of this classical framework, we refer to [7], included in this 
volume. Here we pay attention to the need of describing and extracting features 
of a given function, the so-called ^'‘signal ” , according to engineering terminology. 

The terminology localization operators appears for the first time in 1988, in 
a paper by Daubechies [10]. She introduced these operators to localize a signal 
both in time and frequency. Her primary motivations were applications in optics 
and signal analysis rather than PDF’s. For instance, localization operators could 
be used to filter out noise from given (noisy) signals. Since then, they have been 
extensively investigated as an important mathematical tool in the applications 
mentioned above [11, 16, 27, 33, 34]. Therefore, let us come deeper into this subject. 
We shall make use of time-frequency representations, a method commonly used 
by engineers to represent and study features of a signal. 

The localization operators can be defined by means of one of the most impor- 
tant and widely used time-frequency representation: the short-time Fourier trans- 
form, using once again the terminology of signal analysis. Why do we need a joint 
time- frequency information about a signal? A simple example gives the answer to 
our question. For a given square integrable signal /, its Fourier transform /, the 
“spectrum” of /, is not sufficient to describe the physical phenomenon because 
it records which frequencies are present in the signal /, without saying anything 
about “when” those frequencies exist. The need to know how the spectral content 
is changing in time, that is, to understand what a time-varying spectrum is, has 
led to develop physical and mathematical ideas. Time- varying spectra are common 
in ordinary life. The pitch, which is the common word for frequencies of human 
speech, changes as we speak and produces the richness of sounds in our language. 
The short time Fourier transform is the most widely used method for studying 
a non-stationary signal, like human speech. The concept behind it is simple and 
powerful. Suppose we listen to a piece of music that lasts an hour and suppose 
that it begins with violins and it ends with drums. If we Fourier analyze the whole 
hour by /, we see peaks at the frequencies corresponding to the violins and the 
drums. This will tell us that there were violins and drums but will not give us any 
indication of when the violins and drums were played. The most straightforward 
way to overcome this lack of information is to break up the time interval into 
small segments (e.g., minutes) and Fourier analyze each interval resolutions. This 
is done by considering a suitable window function cp, localized in a neighborhood 
of the origin (the initial time), and making it sliding along the time interval: the 
time-frequency information about the signal / in a neighborhood of the instant x 
is obtained by Fourier-analyzing the product of / with the window (p shifted at x 
(see Figure 1). 
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This is the reason why we talk about short time Fourier transform. The short- 
time Fourier transform V^pf of the signal / G with respect to the window 

(f G L 2 (R^), is given by 

V<pf{x,u})= f dt = {f,M^Tx^p), 

where the last equality expresses the -inner product between the signal / and 
the coherent states of but it can also regarded as a duality on a suitable pair 
of dual spaces B' x B, extending the inner product on 

Therefore, once we fix a non-zero analysis window (pi G the short- 

time Fourier transformF^^ / represents the time- frequency analysis of the signal /. 
If we want to come back to the original signal /, we consider a suitable synthesis 
window ^ such that the L^-product of the windows (fi and (f2 is not 

zero. The following reconstruction formula then holds: 

/ = , ^ , f [ V^J{x,uj)M^T,<f2 dxdw, V/ e 

J jR2d 

The equality is to be understood in a L^-sense, but it can have different meanings 
depending on the window spaces. 

In applications, it is often desirable to consider only certain times and fre- 
quencies of a signal /, or to single out certain regions in the time- frequency distri- 
bution of / (one can consider, for instance, the problem of filtering out the noise of 
a signal). For this purpose, we fix a non-zero analysis window (pi, we analyze / by 
means oiVcp^f and then we multiply the time- frequency representation Vp^f hy a> 
suitable weight function a defined on the time-frequency plane. Finally, we recon- 
struct the signal / starting from a{x,uj)Vp^f{x^uj)^ the modified time-frequency 
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representation of /. What we get is a modified version of the original signal /, 
namely 

^ [ f a{x,u)V^J{x,uj)M^T^(f2dxduj, (2) 

J jR^d 

where the meaning of the previous integrals depends on the spaces where we have 
chosen the symbol a and the windows (fi and ^p 2 . Informally, we have just defined 
the time-frequency localization operator associated with the symbol a and 

with (fi and (p 2 as analysis and synthesis windows, respectively. 

To prove regularity results for localization operators, it is often useful the 
weak definition of the previous integral, that is 

= [[ a{x,uj)Vy,J{x,uj) {M^Txip 2 ,g)dx(hj (3) 

J jR^d 

= {a,\^V^,g), for f,geS{M^). 

The last equality shows that the action of a localization operator can be inter- 
preted as the action of its symbol on the pointwise product of two short-time 
Fourier transforms. The localization operator can be seen as a generalization of 
the anti-Wick construction, that is recaptured for 

The previous definition also extends Daubechies’ one, in which the analysis and 
synthesis windows coincide. The time-frequency construction of a localization op- 
erator naturally suggests to replace the study of the linear anti-Wick quantization 
mapping by the investigation of the multilinear mapping 

(4) 

The result we get is a host of sufficient regularity conditions. Among the methods 
we use to achieve the previous goal, there is the connection between anti-Wick 
operator and Weyl calculus. To introduce Weyl operators, we use again a time fre- 
quency approach. Indeed we give a weak definition by means of another important 
time-frequency representation, the cross-Wigner distribution, defined as 

W{f,g){x,w) = f e~^'^^‘^*f{x+^)g{x-^)dt, 

jRd ^ ^ 

where /, g are suitable functions, chosen such as the previous integral makes sense. 
Given a symbol a on the phase space the Weyl operator is defined as 

{L,f,g) = {a,W{g,f)), \ff,g G S(R^). (5) 

The mapping 

a La 

is another quantization rule, and it is called Weyl quantization or Weyl transform 
[18, 32], 

A localization operator can always be written as a Weyl operator. Namely, if 

W{cf 2 , (pi) is the cross-Wigner distribution of and is the Weyl transform 

with Weyl symbol cr, then we have (see [4, 18]) 

a<pi,^2 _ r , 

{(f 2,^1) ’ 



( 6 ) 
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3. Regularity Results 

In order to provide our result, we explicitly recall the definition of the function 
spaces we will work with. Secondly, we present sufficient regularity results and 
finally we show the (almost) optimality of the results obtained giving necessary 
conditions. 



3.1. Function Spaces 

If 1 < p < oo, then ||/||p = |/(x)|^ is the L^-norm of /, and L^(E^), or 

just L^, is the Banach space of all measurable functions / that have finite L^-norm. 
For p = oo, is the space of essentially bounded measurable functions with 

the norm H/||oo = ess sup^^j^d |/(^)|. In the next section we shall also make use of 
the weighted .FL^-spaces. First, given a positive and continuous weight function 
m on a function / belongs to the weighted L^-spaces, i.e., / G L^(R^) if and 
only if the pointwise product fm is in G L^(R^). Next, we define the .FL^-spaces 
of functions as 



= {/ G : 3g 6 9 = /}• 

These spaces are Banach spaces equipped with the norm 



11/IIjpl^ = > with 5 = /. 



We now recall the definition of potential Sobolev spaces. Let s G R, the Bessel 
kernel is defined by 

G, = jr-i{(n-|.|2)-V2}. (7) 

Then the potential Sobolev spaces are given by 

WP = Gs * LP{R^) = {f£S',f = Gs* 9 ,ge L^}, ( 8 ) 



with norm ||/||ivj> = HgUp (see [3, 29]). 

The spaces that provide a measure of the phase space distribution of symbols 
and windows, are the so-called modulation spaces. For their basic properties we 
refer, for instance, to [20, Ch. 11-13] and the original literature quoted there. 

Firstly, let us introduce the weight functions we shall deal with. Let v he a. 
continuous, positive, even, submultiplicative weight function on R^^ (in short, a 
submultiplicative weight), i.e., ?;(0) = 1, v(z) = v(—z), and v{zi~\-Z2) < v{zi)v{z2), 
for all z^zi,Z2 G R^^. A positive, even weight function m on R^^ is called v- 
moderate if m{zi -f- Z2) < Cv{zi)m{z2) for all ^1,22 G R^^. We shall mostly use 
the previous weights when working with modulation spaces, even though we define 
them for general weights. 

Namely, let g G <S(R^) be a fixed non-zero window, m a non-negative, even 
weight function on R^^ of polynomial growth, and 1 < p, ^ < 00 ; the modulation 
space M^^(R^) consists of all tempered distributions / G <S'(R^) such that Vgf G 
L^^(R^^) (weighted mixed-norm spaces). The norm on is 



= IIV'g/llLSi’ = 
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\i p = q, we write instead of and if m{z) = 1 on then we write 

and for and respectively. 

M^^(E^) is a Banach space, whose definition is independent of the choice 
of the window g € <S(R^). Moreover, for any t^-moderate weight m, and any 
non-zero g G <S(E^), then are equivalent norms for M^’^(E^) (see [20, 

Thm. 11.3.7]). In particular, we will use the polynomial weights defined by 

Vs{z) = Vs(x,w) - {zy = Ts{z) = Ts{x,Uj) = (w)® = 

where z = {x^uj) G E^^ and s G E. 

Among the modulation spaces one can recognize well-known function spaces 
(see [4, 22, 28]): 

(i) L2(E^) = M2(E^). 

(ii) Sobolev spaces: F"(E^) = {/ : f{u;){ujy G L2(E^)} = (E^). 

(hi) Shubin-Sobolev spaces: 

Q,(E^) = L^(E^) n i7"(E^) = (9) 

(iv) Feichtinger’s algebra: M^(E^) = 5 q(E^). 

(v) Schwartz class: <S(E^) = ns>o • 

(vi) Space of tempered distributions: <S'(E^) = Us>o • 

For comparison we list the following embeddings between potential and modulation 
spaces [6]. 

Lemma 3.1. For 1 < p < oo and s G E, we have 

IFf (E^) M^;^(E^). 



3.2. Sufl&cient Conditions 

To present our result, we need to recall the definition of Schatten-von Neumann 
classes. Consider a compact operator A G B{X), where A is a separable Hilbert 
space and B{X) is the space of bounded linear operators on X. For p G [l,oo), 
the Schatten-von Neumann class is defined as 

oo 

= {A G B{X), with ||A|| 5 , := < oo}, (10) 

k=l 

where Sk{A) are the singular values of A, i.e., the eigenvalues of the operator 
VA*A. In particular, S 2 is the space of Hilbert- Schmidt operators, and Si is the 
space of trace class operators. For consistency, we define the class Sqq := B{X). 
Here we consider the Hilbert space X = L^(E^). We write £'(E^^) for the subspace 
of tempered distributions of compact support on E^^. 

The sufficient regularity conditions known so far can be easily summarized 
by means of the following table. 
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Results 


Symbol 


Windows 


Operator 




a 




(f2 




(i) 


LP(R'-^‘^) 


L‘^{W‘) 


L'^{R'^) 


Sp 


(ii) 


PFP,(E2<i), s > 0 


MiJK*') 


Ml{R<^) 


Sp 


(iii) 






M^iR^^) 


BiMP’^iR^)) 


(iv) 


^-aQ^2d) 




Ml(R<^) 


S2 


(v) 




M^iR^) 


MliR^^) 


Sp 


(Vi) 


5'(]R2d) 


S{R<^) 


5(E‘^) 


Si 



The result (i) is well known and first appeared in [34]; here we sketch a 
different and shorter proof of it. More details are contained in [4]. 

Theorem 3 . 2 . // (^1,(^2 ^ and a G for 1 <p < 00, then ^ 

Sp and 

Mr’'"^lk<IH|p||^l||2||V2||2. (11) 

Proof We prove the result for trace class p = 1 and the boundedness for p = 00 
and then interpolate between these endpoints. 

(a) p=l. 

For 2 ; = {x,u)) £ we consider the rank one operator 

Qzf = {f,M^Txipi)M^Tx(p 2 . 

Its trace class norm is 

WQzWsi = W^ih \\^2h 

and the mapping z Qz is continuous from to Si . Therefore the vector- valued 
integral defining 

^vu>P2 ^ f f a{z)Q^dz 

J 7]R2d 

is well-defined in Si (see, e.g., [25]). The generalized triangle inequality now yields 

IIAr’^IU, < [[ W^)IIIQ.||5.^^ = IN|i||^i||2||(p^ 

J jR'^d 

(b) p = 00 . 

In this case we use the weak definition (3) of ^^d estimate directly 

= \{a,V;jV^,g)\<\\a\\^\\V^JV^,gh 
< Halloo Ilk JII2 Ilk.ffll2 = Halloo llv^ilb ||¥’2||2 II/II2 II9II2 . 

In the last equality we used the isometry property of the short-time Fourier trans- 
form [20, Chp.3], given by 

llK’/lll/2(K2d) = ||/||L2(Ed)||<^||L2(Rrf) f’>^^ L^(R'^). 

It follows that A^I ’^^2 is bounded on L^(R^) and (11) holds for p = 00. 

The result follows now by complex interpolation. □ 
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The results (ii)-(vi) were proved by a different method. Namely, thanks to 
relation (6), finding sufficient regularity conditions for localization operators can 
be translated into seeking conditions for Weyl operators. In this last framework, 
there are many papers and results on the topic. The most recent and general ones 
involve modulation spaces (see [6, 21]) and can be summarized as follows. 

Theorem 3.3. (i) If a e then La is hounded on where 

1 ^ ^ 00 , with a uniform estimate ||Lo-||op ^ for the operator 

norm. In particular, La is hounded on 
(ii) Ifl<p<2 and a e then La € Sp and ||I/o-|| 5 p < ||cr||MP. 

(hi) If 2 <p < oo and a G M^’^'(R^^), then La G Sp and < II<^IImp>p' • 



Relation (6) provides the (Weyl) symbol of is 

a = a*W{(f2,^i) - (12) 

Therefore, if we want to use Theorem 3.3, we need to understand convolution 
relations between modulation spaces and properties of the Wigner distribution. 
This is made clear by the following two propositions, proved in [6]. Let us notice 
that the first result shows a convolution relation for modulation spaces in the style 
of Young’s theorem. 



Proposition 3.4. Let v he a suhmultiplicative weight on R^^ and m he a v -moderate 
weight. We write mi{x) = m{x,0) and 7712 ( 0 ;) = 777 ( 0 , 0 ;) for the restrictions to 
R^ X {0} and {0} x R^, and likewise for v. Let iy(uj) > 0 he an arbitrary weight 
function on R^ and 1 < p,q,r, s,t < 00 . If 




and 




then 

0 ^") ^ ( 13 ) 

with norm inequality 1|/ * 



Next, the modulation space norm of a cross- Wigner distribution is controlled 
by means of the modulation space norms of the corresponding windows. 



Proposition 3.5. If 1 < p < 00 , s > 0, (pi e M^^(R^) and (p 2 G M^^(R^), then 
W{(f 2 , (Pi) G MbP(R2^), and 

ll^(P2,Pl)||Mi- < ll^l||MiJ|^2||M.^,- (14) 

Based on the tools developed so far, it is now straightforward to prove the 
sufficient regularity conditions for localization operators contained in the following 
theorem (for details we refer to [6]). 



Theorem 3.6. (i) Let s > 0. If 1 < p < 2, then the mapping (a, <pi, <^ 2 ) 

X M 1 



IS hounded from 



< 



iMf;^ 



X MJ^(R“) into Sp; in other words, 
11*^1 IImi |l¥’2||Mf’ • 
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(ii) If 2 < p < 00, then the mapping {a,(fi,(p2) ig bounded from 

X X MP' into Sp, and 

< ihim— ii^iiiMiji<^2iu.: • 

(iii) If then (g hounded on for 

all 1 < p^q < oo, and the operator norm satisfies the uniform estimate 

Using the embedding result of Lemma 3.1 and the embedding ^ 
with 1 < p < oo (see e.g., [20]), we derive the result (ii): 



Corollary 3.7. Let a G W^g(R‘^^) for some s > 0, 1 < p < oo, and pi,(f 2 ^ 
Ml(R^). Then 



Let us end up this subsection saying few words about tempered distributi- 
ons of compact support It is well-known that every a G 5'(R^^) can be 

represented as 

« = E (15) 

\oi\<n 

for compactly supported continuous functions fa on R^^ [31, p. 263, Cor. 2]. For 
convenience and in contrast to the standard definition, we will call the integer n 
in (15) the order of a G If we compute the short-time Fourier transform of a 
tempered distribution of order n, we get the estimate (see [6, Prop. 3.6]) 

\Vga(x,uj)\<CN{x)-^{uj)^ VAgN, 

and, consequently, a G Mlj^^(R^). If (pi,(p2 ^ Theorem S.6(iJ 

implies that A^i ’^2 ^ trace class operator. 



3.3. Necessary Conditions 

In this section we show that the sufficient conditions obtained in Theorem 3.6 (for 
p = 00 and p = 2) are essentially optimal. This investigation requires a different 
approach. The starting point is a local regularity property of the short-time Fourier 
transform, written in terms of Wiener amalgam spaces [14, 15, 17, 19]. Here we do 
not intend to come into this matter. Moreover, the proof of the necessary conditions 
is achieved by heavily working with short-time Fourier transform properties and it 
requires a broad background on the topic. Therefore, we limit ourselves to present 
the result, referring the reader to [6], for all the proofs and details. 

Theorem 3.8. Let a G <S'(R^^) and s > 0. 

(i) If there exists a constant C = C(a) > 0, depending only on a, such that 

for all then a € . 



( 16 ) 
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(ii) If there exists a constant C = C{a) > 0, depending only on a, such that 

(17) 

for all ^ S{R^), then a G 

Let us end up this section by giving an application of localization operators 
with rough symbols. Namely, symbols that are tempered distributions enable us to 
work with bounded measures of the form a = CLk^k, where (a^) E (the 

space of bounded sequences) and Sk is the Dirac measure centered at the point 
k. If we substitute the previous measure to the function a in the definition (2) 
of a localization operator, we recapture the discrete Gabor multiplier [16], with a 
considerable improvement of the regularity results known so far. 



4. Composition Formula 

Given two localization operators, we aim at computing their product. It would be 
useful to express it in terms of localization operators. In the sequel we present two 
different product formulae. The former is an exact formula, i.e., the composition 
result is a localization operator as well. However, the formula holds only for Gauss- 
ian windows. The latter works for every pair of localization operators; in this case, 
the result is written as a sum of localization operators, plus a remainder term, in 
the Weyl form. 

4.1. Exact Product 

We reformulate the result of [13] according to the notation of [18, 20]. Furthermore, 
we provide regularity estimates in dependence of the function spaces the symbols 
of the factors belong to. 

From then onward we consider the window functions ^\{t) = ^2{t) = ip{t) = 
2dl4^-nt ^ t e In this case, the Wigner distribution of the Gaussian (/? is a 
Gaussian as well: W{(f,(p){z) = 2; E If we compute the Weyl 

symbol a of the operator by means of relation (6) we get cr(C) = 2^/^ (a * 

^- 27 tz 2 ,^ E R^^. In order to express the product in the localization form, 

firstly, we rewrite the factors in a Weyl form and then we use the product formula 
for Weyl operators [18, Chp. 3.2]. Namely, the composition of the Weyl operators 
L(r and with symbols a and r belonging to suitable function spaces, is a Weyl 
operator L^, with symbol p = <j(tr, the twisted multiplication of the symbols a 
and r: 

= 2^^ [ [ dzdw, 

J 

where the brackets [•, •] express the symplectic form on R^^, i.e., 

[(^l,^2),(Cl,C2)] = Z1C2 - Z2C1, with 2: = (zi,Z2), C = (Cl,C2). 
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Secondly, we come back to localization operators by means of relation (6). Given 
the Weyl symbols a,r e we are interested in the Fourier transform of the 

twisted multiplication that is 

where the twisted product t| is given by 

= [ f dz. (18) 

For any f,g £ <5(E^^), we define the t|^ product by 

/tl'5(0 = [f f{z)g{z - dz, (19) 

J jR^d 

then the product of localization operators is given by the following result. 
Theorem 4.1. Let a,b e If there exists a symbol c G so that 

c = (20) 



then we have 



—Re- 



proof It is a straightforward consequence of relations (18) and (19). Indeed, we 
rewrite in the Weyl form and we use relation (18) for the Weyl product: 

the result is the Weyl operator L^, where the Fourier transform of /i is given by 

A(0 = Ha*W{^,<p))\i,T{b*W{g>,^)) 



-(7r/2)z^g-(7r/2)«-2)^g7ri(2,C] 



= 2-'^ [[ a{z)b{z - 

J JR'^d 

' [ [ d{z)b{z - dz. 

J JR'^d 



/M2d 

2~d^-{^/2)C 



Hence, we have 

A(C) = = Jf(c * W{(f, <p))iO, 

where c is given by relation (20). 



□ 



Next, we want to obtain estimates related to the product tl^ 

Lemma 4.2. Let f^g £ <S(R^^) and h = f\\^g- Then, for every constant 5 > 0, we 
have 



IMOI < (l/(^)l 



,(x/2)(2+5")2^ 



\ 9 {z)\e 



{tv f25^)z^ 



)(0, VCe 



p2d 



( 21 ) 



Proof We have 

^ ^7t\z\ Id ^TTZ^ \C-z\ \z\ _ ^TVZ^ 

^ ^7r(2-^6^)(zy2)^7r\(:^z\y2S^ ^ 

then the result is obtained using relation (19). 



g7r|C-^|^/2(5^g7r(52|2|^/2 



□ 
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Theorem 4.3. Let 5 > 0 be fixed. If a G •^-t'g(^/2)(2+52)^2 

with I < p,q < oo, then the product = A^’^ gives a localization operator 

A^’'^ with symbol c satisfying 

c € with i i i - 1. (22) 

r p q 

Proof. It is a straightforward consequence of Young inequality applied to relation 

( 21 ). □ 

Corollary 4.4. Consider the symbols beTL^ 

with 

1 1 _ 3 

Q 2 ’ 

then the product gives an Hilbert- Schmidt localization operator. 

Proof. Using Theorem 4.3, we get c G J^L^. Therefore c E and the correspond- 
ing localization operator is a Hilbert-Schmidt operator (see [6]). □ 

Let us observe that, using the same technique as in Corollary 4.4, one can 
also obtain Schatten-class property for the product of two localization operators. 

4.2. Asymptotic Product 

We end up this section by giving some hints about an asymptotic formula for the 
product. The motivation comes up from the previous subsection: the product of 
two localization operators with symbols belonging to some classes does not yield, 
in general, to a localization operator with symbol in the same class. 

In the framework of PDF, the product of two localization operators has been 
written as a sum of localization operators plus a remainder term expressed in 
a Weyl, instead of a localization operator, form. The localization operators of 
this sum have symbols given by pointwise multiplications of the first symbol with 
derivatives of the second one, while the windows are the same as the factors, 
but only for Gaussian windows [1]. For the most general formula in the clatssical 
framework we refer to [7, 8]; the extension to modulation spaces is contained in [5] 
and is presented in the subsequent relation (23). In the PDF context, the operator 
symbols belong to smooth classes, such as the Shubin or the Hormander classes 
[23, 28]. In the previous works it has been shown that the bigger the derivative 
order, the more regular the symbol is. Moreover, the Weyl symbol of the remainder 
term belongs to a class more regular than the localization symbol of the sum, so 
that the Weyl remainder could be omitted. 

Our point of view is signal analysis rather than PDF. In this context, we 
deal with rougher symbols and windows, even tempered distributions rather than 
functions are allowed; the symbol clcisses do not enjoy the property of increasing 
regularity with the derivative order ^ typical of the classical case. Hence, the Weyl 
remainder symbol might be less regular than the localization symbols contained 
in the sum. It is clear that a different approach is required. The interest is focused 
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on norm estimates for the operators. Since it is hopeless to find a more regular 
symbol for the remainder when rough symbols are considered, it is fundamen- 
tal to understand when the localization operators and the Weyl remainder are 
bounded on suitable Banach spaces. Furthermore, for some applications (e.g., the 
characterization given by (24)), the Weyl term compactness is needed. 

This approach allows to measure how much a localization operator affects 
the time-frequency concentration of a signal. As usual, the spaces that give time- 
frequency measures are the modulation spaces. How do we translate the classical 
product formula [1, 7, 8] in this context? How much can we extend it to hold for 
rough symbols and windows? How can pointwise symbol multiplication be made 
when it comes to tempered distributions? 

The starting point is the product formula for localization operators contained 
in [8]. We translate the Shubin calculus into a corresponding one for symbols in 
modulation spaces. Let us sketch the main results obtained in [5]. 



Let N eN he fixed and cpi, i = 1, . . . ,4, be non-zero windows in <S(M^) (even 
rougher windows are allowed, with smoothness depending on the integer N). If 
we consider any rough symbol a G Us>o (^^^) — and we choose a 

symbol b smooth enough to make the pointwise multiplication ab G 
(e.g., b lives in some suitable Wiener amalgam space), then the composition of the 
two operators ^^d can be written as 



a b 



N-1 



E 



(- 1 ) 1^1 

a\ 



A^oc,^2 

^ad^b 






(23) 



Namely, the product is expressed in terms of a sum of localization operators having 
the first window made of the factor windows (^4 and depending on the 

derivative order (for the detailed expression we refer to [5, 8]); the remainder 
is a Weyl operator. Moreover, one has Formula (23) is well-defined on every 
modulation space i.e., the operators on the right hand- side are all linear 

and bounded on every 



Also operator norm estimates, involving the time- frequency distribution of 
symbols and windows, can be easily provided. Here we end up recalling an im- 
portant application of formula (23). Indeed, formula (23) enables us to get a nice 
characterization of the weighted modulation space M^’^(R^), where m is a u- 
moderate weight. Indeed, if we write the composition formula (23) in the case 
N = 1 and b = 1/a, where a G C^(M^^) is a positive weight function satisfying the 
following properties: 

(i) a{z) X m{z); 

(ii) for j = 1, . . . , 2d, we have 



{dja){z)v{z) 

m?{z) 



0 for 



oo. 
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then, the weighted modulations spaces can be defined as localization operator 
pre-images of the un- weighted M^’^. In details, in [5, Thm.7.3], we get the following 
characterization for weighted modulation spaces: 

(24) 

for any non-zero window g) € S{R^). Relation (24) represents a generalization of 
the classical result for Shubin-Sobolev spaces [28] , recaptured in the framework of 
modulation spaces by means of (9). 
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Abstract. Boundedness of localization operators on modulation spaces is stud- 
ied obtaining results for operators with symbol in 1 < p < oo. 

Compactness properties are then proved in the case p < oo and for bounded 
symbols vanishing at infinity. Finally the results obtained for localization op- 
erator are shown to extend to Weyl operators on Sobolev spaces in the case 
where the symbol belongs to the Shubin classes In this context the 

results presented here generalize well-known properties of boundedness and 
compactness. 

Mathematics Subject Classification (2000). Primary 46E35, 42B35; Secondary 
46B50. 

Keywords. Localization operators, Weyl operators, Sobolev spaces, modula- 
tion spaces. 



1. An Overview of the Subject 

Localization operators, in some cases known as Toeplitz operators or anti- Wick 
operators, arise in pure and applied mathematics in connection with quite different 
areas of research. On one hand if u{t) represents a signal, i.e. a function of the time 
t, then its Fourier transform u{u)) represents the distribution of the frequencies lu 
contained in the signal. However frequencies in real signals vary generally in time 
and each frequency occupies only a bounded interval of time, such as in a piece of 
music every note has a finite duration. The knowledge of the frequencies contained 
in the whole signal, without information about the time at which they are present, 
is therefore not very useful for the analysis of general time varying signals. In order 
to overcome this problem a very basic idea, originally due to Gabor, is to focus the 
Fourier transform on small intervals in time and analyze the frequencies present 
in these intervals. This can be done by multiplying the function u{t) by a cut-off, 
or window, function <^(t) before taking the Fourier transform. The analysis of the 
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frequencies concentrated in a surrounding of a fixed time x amounts then to the 
calculation of the integral 

V(f,u{x,uj) = [ — x)u{t)dt. 

The function F^w(x,a;), called short-time Fourier transform (briefly STFT) 
of u, expresses the joint time-frequency content of the signal. The variables x and 
^ are respectively time and frequency variables and the space x is called 
time-frequency plane. 

Due to the Heisenberg uncertainty principle however the size of the support of the 
window function can not shrink arbitrarily without a loss of significance in the 
information obtained about the frequencies, so that an ’’instantaneous frequency” 
analysis makes in reality no sense. 

The signal u{t) can be reconstructed {synthesis process) from its STFT by 
the inversion (or reconstruction) formula: 

= TTITi — f V(j)U{x,uj)e‘^'^'^^^(l){s - x)dxdiu (1.1) 

||0||l 2 jR2n 

The literature on this topic is considerable, we refer e.g. to [15], [21] for a more 
extended description of details and results. Before being reconstructed, the signal 
undergoes in general a processing or filtering that consists in a modification of its 
STFT V(f)U. This can be achieved through a multiplication by a function F{x, co) 
that acts as a filter and amplifies or annihilates different parts of the signal situated 
in different regions of the time-frequency plane. This procedure leads to consider 
operators of the type: 

L^u{s) = j F{x^(j)V^u{x,uj)e^'^'^^‘'^(j){s — x) dx diJ (1.2) 

that represent the synthetised signal. 

Operators of type (1.2) are called localization operators; a fundamental reference 
on this topics is [10]. A discrete version of localization operators in the context of 
signal analysis is studied in [14]. 

On the other hand, it is a remarkable fact that, independently of signal 
analysis, the same mathematical structures also underlie some of the basic con- 
structions of Quantum Mechanics. Namely a state of a physical system is repre- 
sented by a function u{t) G L‘^{W^) and in this context the reconstruction formula 
(1.1) gives a decomposition of the state u{t) into the (generalized) coherent states: 
e^'^i^^(j){s-x). 

These are realized as translations and modulations, i.e. multiplication by the char- 
acters of a fixed state function (j){t). 

Operators of type (1.2) correspond in this context to the so-called anti-Wick 
quantization rule, see Berezin [3]. The formalization of this quantization in the 
frame of a suitable pseudodifferential calculus is developed in Shubin [26]. Anti- 
Wick operators have revealed to be a very useful tool in many questions in the 
theory of pseudodifferential operators, for reference see e.g. [4], [7], [24]. 
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Translations and modulations, called time-frequency shifts from the language 
of signal analysis, are essentially the action of the Weyl-Heisenberg group on the 
Hilbert space so operators of type (1.2) could be said to be associated 

in a natural way with the Weyl-Heisenberg group. The important role played by 
group theory in the enlightening of the basic structures of localization operators 
is very well presented for instance in [2], [15], [20]. A general theory of localization 
operators associated with square integrable representations is developed in [18], 
[31]. 

For what concerns the spaces on which the operators act, they were tradi- 
tionally or some types of Sobolev spaces. 

A remarkable class of Banach spaces, originally defined to measure the time- 
frequency content of functions and temperate distributions, are the modulation 
spaces introduced by Feichtinger in [11] and generalized by Feichtinger and 
Grochenig in [12], [13]. Their connection to localization operators is analogous to 
that of the Besov spaces to the wavelet transform and they contain as particular 
cases most of the usual Sobolev spaces. Modulation spaces has revealed an ideal 
setting where a considerable amount of research in time-frequency analysis and 
Weyl operators in the last two decades has been developed, see for references [17], 
[19], [22], [23], [25], [27], [28]. 

As symbols for Weyl operators, modulation spaces have been considered in [16] and 
for localization operators in [6] and [9] , where various boundedness and Schatten- 
von Neumann properties are proved. 

The study of localization operators has concentrated principally on the action of 
the operators on whereas not many results about localization operators 

acting on other types of Banach spaces are known. Some results in this direction 
are contained in [8], where L^-boundedness and compactness are studied. 

Results for Weyl operators on modulation spaces with symbols in modulation 
spaces are presented in [29] and [30], including also results on localization opera- 
tors. 

As modulation spaces appear natural to ’’measure” the time- frequency content of 
signals, whereas most natural filters belongs spaces, we want to study in this 
paper localization operators with symbols acting on modulation spaces. 
Section 2 is a collection of basic properties that will be used later on. We study 
boundedness for localization operators in section 3 making use of time-frequency 
analysis techniques and interpolation theory. In section 4 compactness for local- 
ization operators is studied after we have proved some general compactness results 
of regularizing operators. Finally in section 5 we prove some consequences of the 
results of the previous two sections for Weyl operators on Sobolev spaces extend- 
ing known boundedness and compactness results. 

The author is thankful to J. Toft and K.-H. Grochenig for many helpful comments 
and suggestions. 
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2. Modulation Spaces and Localization Operators 

Let z G we use the constants convention by which we assume that in every 
inequality of the type f{z) < Cg{z) the positive constant C can be different, 

A weight function on R^ is a sub-multiplicative positive function v{z)^ i.e. 0 < 
v{zi + Z 2 ) < v{zi)v{z 2 ) for every zi,Z 2 G R^. A i;-moderate weight function m{z) 
is a function such that 0 < m{zi Z 2 ) < Cv{zi)m{z 2 )^ The standard example of 
weight function is (z) = 

We assume further that both v(z) and l/v{z) have tempered growth i,e. there exists 
k> 0 such that 

^(z) + l/i;(z) <C{zf, (2.1) 

We shall be concerned with the case d = 2n, z = (x,uj) G R^^. In this case time- 
frequency shifts of a function u(t) on R^ are defined as Uz{t) = MojTxu{t) with 
Txu{t) = u{t — x), M^^u{t) = e^‘^^^'^u{t). 

We summarize next some basic definitions and properties, cf.. [15], 

Definition 2.1. Let y be a fixed function {window function)^ then, whenever this 
makes sense, the short-time Fourier transform (STFT) of the function u is defined 
as Vgu{z) = {u,gz)L^ ^ e-^^^^^u(t)g(t - x)dt. 

Proposition 2.2. If u,v,g, f € then VgU and VfV are in and 

{VgU,Vfv)L2 = {u,v)L2{gJ)L2, ( 2 . 2 ) 

in particular Vg : L^(R^) — > L^(R^^^) is an isometry ||5f||L2 = 1 - 
Furthermore the application (^, u) — > VgU is a continuous map from S{W^) x S{W^) 
to 5(R^) extendible to a map from 5"(R’^) x to 5'(R^^). 

If m{x,uj) is a fixed weight function on R^^ and p,q G [l,+oo], let L^^(R^^^) 
denote the weighted mixed-norm space of the measurable functions (p on R^’^ such 
that = {j^{j^m{x,ujy\ip{x,uj)Y’dxY/'P(hjYI<i < +oo. 

Definition 2.3. Let m{x,uj) be a t;— moderate weight function, p,q G [l,+oo] and 
0 ^ ^ G S{W^). The modulation space M^’^(R^) is defined as 

M^’^(R^) = {uG 5'(R^) : VgU G L^^(R^^)} (2.3) 

The space M^’^(R^) is independent of 0 ^ g e 5(R^^) and even more gener- 
ally one can suppose g G M^{W^). 

The abbreviations M^’^(R^) = M^p = and Mf’^ = are com- 

monly used. 

If p G [1, -f- 00 ], we indicate with p' the conjugate of p, i.e. the real number defined 
by ^ ^ = 1; the same holds for q, a, /3. 

We summarize in the following proposition the properties of modulation 
spaces that we shall need. 

Proposition 2.4. Let g G M^{W^) and let m he a v— moderate weight function on 
R^^ . Then the following assertions hold: 
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(a) is a Banach space with respect to the norm 

and different functions Q ^ g £ give rise to equivalent norms. 

(b) '^) is a Hilbert space with respect to the inner product (.,.)^ 2,2 := 

(c) Ifp,q G [l,+oo] then, for u G v G (K”) we have 

\{VgU,Vgv)i, 2 \ < ' and fori <p,q<oo, the pairing 

1 /m 

{•’>•) (^(Oj ^(-))l2 gives a standard identification of the dual 
ofM^^iR^) withMff^iR^). 

(d) 7/pi < p 2 , qi < q 2 , with pi,p 2 ,qi,q 2 ^ [l,oo], and mi{z) > m 2 {z), we have 

the continuous embedding ^ 

(e) CiseR Kfs (M-) = S{R-); UseR = S\R^) 

(with { • ) = \/l -h I . Py). 

(g) We have, for p,q e [l,oo], continuous embeddings 5(R^) ^ M^^{R^) ^ 
5'(M^) (this is the essential reason of the requirement {2.1)). Furthermore, 
for 1 < p,q < oo, S{R'^) is dense in 

The modulation space is an algebra, called Feichtinger Algebra. 

The Feichtinger algebra and its dual space M^'^{R'^), contained in the spaces of 
tempered distributions, play in the context of modulation spaces a similar role as 
the Schwarz space S{R^) and its dual S"(1R’^) in the usual distribution theory. 

If g G with \\g\\L^ = 1 then, from (2.2), we see that the product in 

the spaces as well as the pairing in Proposition 2.4 (c) are just a restric- 
tion/extension of the product. With abuse of notation we shall write therefore 
(u,v) instead of {u,v)j ^^2 and (u,v)^p,, p/,,/. 

Modulation spaces include many Sobolev- types spaces, in particular let us 
consider the pseudodifferential operators. 

Psu(x) = /jj 2 „ {wYu{y) dy (Lj, 

Asu{x) = /^ 2 n dy dw. 

Then Bessel potential spaces and Shubin- Sobolev spaces (see [26], Ch. IV) are de- 
fined respectively as: 

WP{R^) = {ue 5'(M^) : PsU € Lp{R^)} 

Qs{R^) = {ue 5'(M^) : AsU G L^{R^)}. 

We have that the following identifications hold (cf.. [6]). 

Proposition 2.5. Mf^y{R^) = Wf{R^) and (R") = Qs(R"), for every s G R. 

Definition 2.6. Let G S'(R’^), F G 5'(R^). The linear continuous operator 
from S{R^) to 5'(R^) defined by 

(L^^,l,u,v) = (F,V^u\^), w,t;G5(M”), (2.4) 

is called localization operator with symbol F and window functions (j), tf. 

More generally the definition of can be extended to windows functions 
4>,ipe see [9]. 
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Naturally it is also convenient to rewrite (2.4) more explicitly and accordingly 
to (1.2) we have: 

= / F{z){u,(j)^)il}^{t)dz, ueS{W^), (2.5) 

whenever the integral exists or can be interpreted in a week sense. As can easily 
be verified, we also have the factorization 

= V;FV4,u ( 2 . 6 ) 

where is the adjoint of : L^(R’^) ^ L^(R^^). 

\i — (j) = g with g{z) L^(R’^)— normalized Gaussian, then the localization op- 
erator Lg g is also called anti- Wick operator. These operators have been widely 
used in pseudo-differential calculus independently from the theory of localization 
operators and signal analysis, see [26] Chp. IV.24 and [4] Chp. 1.6. 



3. Boundedness of Localization Operators 

Throughout this section let v{z) be a weight function with tempered growth and 
mi{z),m 2 {z) be t?— moderate weight functions. We further assume t/? G 
are window functions, F is a measurable function belonging to 5'(R^^) and we 
indicate with ^ the localization operator defined as in (2.4) (or equivalently 
(2.5),(2.6)). 

We begin with a technical lemma about mixed-norm spaces. 

Lemma 3.1. Let a,/3,7,5 G [1,-hoo] and F G L^^’^^(R^), G G L^'^’^'^(R^). Then 
FG G L^’^(R^) and 

\\FGh.,s^ur^^ < ||F|U. 7,^5(]^n) ||G||^a/^,/3/6(Kn) (3.1) 

Proof. It is just a straightforward computation based on the Holder inequality, 
generalized to mixed-norm spaces: /j^ 2 n \F{z)H{z)\dz < ||F||^^« wmir.'.' □ 

fm 

As the topology of modulation spaces is not given by a fixed standard norm 
but by a family of equivalent norms, we shall have boundedness results where 
operators norm estimates are modulo a multiplicative constant. 

Proposition 3.2. Let a^jS^p^q G [l,oo] and F, mi, m 2 satisfy the condition 

F{z)m2{z) ^ ^a'p,0'q^^2n^_ (3 2 ) 

mi{z) 

Then the localization operator '■ M^^’^^(]R”) — > M^|(R”) is bounded with 
norm estimate 

F{z)m2{z) 
mi{z) 






l^cx'p,(3'q 



(3.3) 
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Proof. Suppose that g{z) is a normalized Gaussian, then from ( 2 . 6 ) and 

the definition of the STFT, and using the fact that m 2 is 1 ;— moderate and 
\y'tp9z{'^)\ = \TzV^g{w)\, w G we can write 

m2(z) {VgL^,pu){z) =m2{z)\{L^^^u,g^)\ 

= m2 (-2) |(FV0U,'K^fif^)| 

< C y m 2 {w) \F{w)V^u{w)\ v{z-w) \V^gz{w)\dw 
= J m 2 {w) \F{w)V^u{w)\ v{z - w) \TzV^g{w)\dw 
= {rri 2 \FV^u\*v\V^g\){z) 

where we have denoted V^g{w) = Vg'ip{—w). Using this estimate, the mixed-norm 
convolution estimates ||F * G||lp ,9 < G||F||z,p,g ||G||x,i and Lemma 3.1 with 7 = 
p,S = q we have 

= \\m2VgL^^^u\\LP.<. 

< \\m2\FV^u\*v\V;pg\\\ 

< \\m2FV4,u\\LP.i\\vV^g\\L>- 

< —F \\miV<f,u\\Lcp,i3q\\vV.^g\\ii ( 3 . 4 ) 

^^1 J^ot' p,(3' q 

A simple computation shows that V^g{z) = for every z = (x,o;) G 

so that \V^g{z)\ = \Vg%f{z)\ and we have 

\\vV^g\W = hYg^L^ = II^IImi ( 3 . 5 ) 

On the other hand, supposing g is not orthogonal to <^, the pointwise estimate 
holds (see e.g. [ 15 ]), Lemma 11 . 3 . 3 ): 

\v^u{z)\ < * \v4>9m- 

Using this estimate, the mixed-norm convolution estimate 
||F * G\\lp^. < C\\Fhp^. IIGlUj and ( 3 . 5 ), we have 

||miF^w|| l^ap,l3q — 

<c||u,i/||^.p,..||u^^lUi' 

= c||u,^ll^.p,..||u,(^y^ 

— C'||tt||^«P,^g||<^||Mi ( 3 . 6 ) 



From (3.4), (3.5), (3.6) we obtain 
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< C\\u\\ 



mi 



l^cx'p,(3'q 



and therefore the thesis is proved. 



(3.7) 

□ 



If we let ap = pi, (3q = gi, a'p = po? = Qo^ P = P 2 , Q = ^ 2 ? in the previous 
proposition we get the following reformulation. 



Proposition 3.3. Assume that po,pi,p 2 ,qo,qi,q 2 ^ [I 5 O 0 ], and F, mi and m 2 
satisfy 



Po P2 Pi' Qo Q2 qi 



F{z)m2{z) 

mi{z) 



G LP0’«°(E2"). 



(3.8) 



Then the localization operator bounded with norm 

estimate ||L^,^|| < C\mMi\\i’\\Mi\\Frn 2 /mi\\LPo.io ■ 



Remark 3.4. We remark that necessarily we have p 2 < Pi and q 2 < qi (strictly 
for Po < 00 , qo < 00 ) and therefore ^ so that we observe a certain 

regularizing effect of the corresponding localization operators with respect to the 
p, q indices of modulation spaces. 



A corollary of proposition 3.3 is the following. 

Corollary 3.5. Assume that po,Pi,qo,qi, ^ [l?oo] satisfy the condition 



1 1 (^'^) 

Po Pi qo qi 

F G and m is v-moderate. Then the localization operator is 

hounded on with norm estimate < C||(/)||mi II^IImi II-^IIlpo-^o . 

Proof. Under condition (3.9) there exists p 2 G [l,oo], ^2 ^ [l?oo] satisfying (3.8) 
and therefore Proposition 3.3, in the case m\ = m 2 = m, shows that is 
bounded from to However, condition (3.8) implies p 2 < Pi and 

q 2 < ^ 1 ? so that the continuous inclusion M^^,g 2 c_^ shows that is 

bounded on . □ 

We shall see in Proposition 3.8 that condition (3.9) can be omitted at least 
in the case Po = qo. 

In view of an application of interpolation theory, we state now explicitly 
two particular cases of Proposition 3.3. Suppose m and a are i;— moderate weight 
functions and consider the case m\ = m, m 2 = ma. Proposition 3.3, for po = ^0 = 
00 , gives then the following result. 

Proposition 3.6. Let F G L^(M^’^). Then the operator is bounded from 
M^’^(R^) to for every 1 < p,q < +00 with norm estimate: ||L^^|| < 
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We observe that Proposition 3.6 contains Remark 2, sec. 3 of [6]. 

The other particular case is po = = 1 where, from Proposition 3.3 again with 

mi = m, m 2 = ma, follows the following stronger boundedness result. 



Proposition 3.7. Let F G Then, for every pi,qi,p 2 ,q 2 ^ [l,d-oo], the 

operator is hounded from to and 

\\LiJ<CU\\MmMi\\F\\H. 



Proof Proposition 3.3 yields in this case the boundedness from to 

Mh^(R^). Recalling the continuous immersions between modulation spaces (Pro- 
position 2.4, part (d)) we obtain the following bounded sequence of operators 






id 



Ml 



r) 



id 



V 



The norm estimate follows immediately from (3.3). 



□ 



Consider now the space ^ma) of bounded linear operators from 

to Prom Proposition 3.6 we have that the linear map F is bounded 

from Z/^(R^’^) to and from Proposition 3.7 with pi = p 2 = P? 

Qi = Q 2 = Q, the same map is also bounded from L^(R^’^) to B{M^"^,M^^). 
Then using interpolation (see e.g. Thm 2.10 of [31]) we have proved the following 
proposition. 



Proposition 3.8. Let F G L^(R^’^), r G [l,oo], and m, a he v-moderate weight 
functions. Then for every p,q,e [1,-hoo] we have a hounded localization operator 

with norm estimate \\L^^^\\ < C'||<?!'||mi IIV’IImi ll-Pllir • 

We mention also the following other result obtained by interpolation. 



Proposition 3.9. Under the same hypothesis of Proposition 3.8, L^^^ is a hounded 
localization operator between the following modulation spaces: 



a) Mlf 



(3.10) 



with consequent norm estimates. 



Proof. In case (a) we interpolate between B and B M^^). In 

case (b) we interpolate between B (M^^) and B M^^), (for interpolation 

between modulation spaces see e.g. [11], Thm. 6.1 (d)). □ 



4. Compact Localization Operators 

Let El and E 2 be Banach spaces. We denote with B (P' 1 , £* 2 ) the space of bounded 
linear operators from Pi to P 2 and with P(Pi,P 2 ) the subspace of compact 
operators (if Pi = P 2 we write simply P(Pi) and K{E{)). 
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Lemma 4.1. Let S be a dense subset in Ei and T G B(Ei, E 2 ). Then the following 
assertions are equivalent. 

i) For every sequence {uj} C S, weekly convergent in E\, the sequence Tuj is 
strongly convergent in E 2 . 

ii) For every sequence {uj} C Ei, weekly convergent in Ei, the sequence Tuj is 
strongly convergent in E 2 . 

Proof. We show that i) implies ii). Let Uj G Ei be weekly convergent to zero. For 
Every uj G Ei there exists a sequence G S such that \\uj ^ 

By Cantor diagonal method converges weekly to zero in Ei as j — > oc, then 
Tvj^"^ converge strongly to zero in E 2 . We have 

\\Tuj\\<\\Tuj-Tvf\\E, + ||Tt;j|U, <||TiU(E„^;,) + \\Tvf\\E,, 

which tends to zero. □ 

If El is reflexive then the compactness of T is equivalent to condition ii) of 
the previous proposition (cf.. [1]) and we have therefore: 

Proposition 4.2. In the same hypothesis of the previous lemma, if we assume fur- 
ther that El is reflexive, then i) is equivalent to T e K{Ei,E 2 )- 

With the following proposition we formalize a situation that occurs in many 
practical realizations of the Banach spaces Ei and E 2 . 

Proposition 4.3. Suppose that T is a linear sequentially continuous operator from 
to (i.e. it takes pointwise convergent sequences of tempered distri- 
butions into sequences converging in Let Ei be a reflexive Banach space 

and E 2 a Banach space satisfying the following conditions: 

i) 5(R2^) is dense in Ei; 5(R2n) C Ef . 

ii) 5(R^’^) ^ E 2 is a continuous embedding. 

hi) If a G Ef , u G Ei then a{u) = fj^ 2 n o;u whenever a G 5(M^’^) and u G 
iS'(R^’^) {note that this makes sense from i)). 

ThenT eK{Ei,E 2 ). 

Proof. Suppose Uj G 5(R^^^) converges weekly to zero in E*! as j ^ 00, according to 
proposition 4.2 we just need to show that Tuj converge strongly to zero in E 2 . For 
every functional a e Ef we have that a{uj) converges to zero. As 5(R^’^) C Ef, 
this is true in particular for every a G S{M?'^). If we now consider uj as tempered 
distributions applied to the Schwarz function a, then Uj{a) = f auj = o;(uj) 0, 
which means that uj converge to zero in 5'(R^^^). From the sequential continuity 
of T, then Tuj converge to zero in 5(R^^^) and from the continuous embedding 

5(R2n) ^ 

we have that Tuj converge strongly to zero in E 2 . □ 

We recall that every localization operator ^ can be written as Weyl opera- 
tor with symbols a — F^ Wig{(j), 'ip), (cf.. [6]), where Wig{(j), 'ip) is the Wigner 
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transform of the window functions (p and defined by: 

Wig{(p,'ip){x,uj) = f tl2)'ip{x — t/2) dt. 

Let us consider now localization operators with compact supported symbols 
and Schwarz window functions. 

Proposition 4.4. Let Ei and E 2 be Banach spaces satisfying the conditions of 
proposition 4.3. Suppose F G (the space of distributions with compact 

support) and (p.'ip G then G K{Ei,E 2 )> 

Proof We recall that a Weyl operator is regularizing i.e. sequentially contin- 
uous from to S{R‘^'^) if and only if its Weyl symbol a is in S{R‘^'^) (cf.. 

[4]). We have here with a = F ^Wig{(j),'ip), where Wig{(j),'ip) G S{R‘^'^) 

thanks to the mapping property Wig : x ^ of the Wigner 

transform. If cr G then the operator is regularizing and proposition 

4.3 implies that it is compact between Ei and E 2 . 

We have therefore only to show that the convolution between a compact supported 
distribution F G and a Schwarz function g G S{R^^) belongs to S{R^'^). 

Actually from the Paley-Wiener Theorem F is an entire function with at most poly- 
nomial growth so that Fg G S{R‘^^) and therefore F^g = T~^{Fg) G S{R‘^'^). □ 

Most of the boundedness results of the previous sections can now be improved 
to compactness results by approximation with operators with compact supported 
symbols and Schwarz window functions. We show this with the following two 
propositions. 

Let as usual m and a be moderate weights on R‘^'^. 

Proposition 4.5. Assume that (p^'ip G M^{R'^), po^Qo ^ Pi^Qi ^ 

P 2 ^Q 2 ^ [l?oo], and suppose that: 

1= — -—; F € (4.1) 

Po P2 Pi Qo Q 2 Qi 

ThenLl^ e 

Proof Suppose first F G (p.'ip G S{R‘^'^). As Pi,qi G (l,oo), the modula- 
tion space is refiexive and we easily see that all other conditions required 

by proposition 4.4 are satisfied with Ei = and E 2 = so the thesis 

holds in this case. 

Suppose now that Fa G and ^,'0 G is dense in 

M)^{R^). On the other hand, as po, qo G [1, 00 ), the space H -g 

dense in and, if Xj is the characteristic function of the ball Bq = {z E 

: \z\ < j}, then XjFa Fa in I/^0’^o(E^’^) as j 00 . Applying proposition 

3.3 with mi = m, m 2 = ma it follows then that the operator ^ is a limit of 

compact operators with symbols Fj = XjF G £^'(E^’^) and windows in 5(E^^) and 
is therefore compact. □ 
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In analogous way but relying on Proposition 3.8 instead of 3.3 we have the 
following proposition. 

Proposition 4.6. Suppose m and a, are v— moderate weight functions. 
For (j),'il) e p^q G (l,oo), if F e with r G [l,oo), then 

We have excluded the case r = oo because is not dense in 

^oo(|^ 2 n) however Fa can still be approximated by compact supported 

functions if it vanishes at infinity so that we have 

Proposition 4.7. For G M^{W^), p,q G (l,oo), if F e and 

hm (esssup|Fa(x)|) = 0 then e K{M^^ , 



5. Weyl Operators and Sobolev Spaces 

In this final section we point out how some of the boundedness and compactness 
results of the previous sections actually contain and generalize well-known prop- 
erties about boundedness and compactness of localization and Weyl operators on 
Sobolev spaces. 

We begin by recalling that modulations spaces for p = q = 2, coin- 

cide with widely used Sobolev spaces. Namely, according to proposition 2.5, for 
a{x,uj) = (cj G E’^), we have the Bessel potential spaces VFg^(E’^) (more usu- 
ally denoted by Hs{R'^)) whereas for a{z) = (z)^, (z = {x,oj) G E^’^), we obtain 
the Shubin-Sobolev spaces Qs(E’^). Proposition 3.3, 3.8 can therefore be viewed 
as natural extensions to modulation spaces of known boundedness results for lo- 
calization operators on these types of Sobolev spaces, as well as on L^(E^) (cf.. 
[31], [5]). 

We focus now our attention to the case where symbol classes of pseudo- 
diflPerential calculus are considered. We consider here the Shubin classes 
but the same could be stated for other classes of symbols. We briefiy recall from 
[26], Chp. IV, the definition. 

Definition 5.1. If A: G E, p G (0, 1] then r^(E^’^) indicates the class of functions 
on E^’^ such that for every multi-index 7 G there exists a positive constant 
for which 

\d2a{z)\<C-^{zf-p\'^\ (5.1) 

In this frame one main boundedness result is the following (cf.. Shubin [26], 
Chp. IV, Thm 25.2) 

Proposition 5.2. If F G P^(E^’^), A; G E, p G (0,1], then the anti-Wick operator 
Lg gj as well as the Weyl operator W^ , are bounded from Qs to Qs-k- 

For what concerns anti- Wick operators, as Lg^g^ is in particular a localiza- 
tion operator and the hypothesis F G F^(E^’^) implies F{z) G L^^_fc(E^’^), we see 
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that Proposition 3.6 contains Proposition 5.2 as particular case for m{z) = (z), 
(J{z) = {z)-^, p = q = 2. 

Furthermore it is clear that only the estimate on the symbol a{z) and not on 
its derivative is required for the boundedness. The much stronger requirement 
F G plays a key role in the connection with Weyl operators. 

Actually whenever we have a calculus that allows an ’’approximation” of Weyl 
operators with anti-Wick operators one can transfer results from the latter to the 
former operators. We show this in the following proposition that extends Propo- 
sition 5.2 also for what concerns Weyl operators. 

Proposition 5.3. Suppose F G p G (0,1] and A: G M, then the Weyl 

operator is bounded from to for every 1 < p,q < +oo, and in 

particular is bounded from Qs to Qs-k- 

Proof According to a basic result of the Weyl calculus for the Shubin symbol 
classes (see [26], Chp. IV, Thm. 24.2) we can write = L^g -h R where is 
an anti- Wick operator with symbol F belonging to the same symbol class P^(R^’^) 
as F, whereas F is a regularizing operator from S'{W^) to *S'(R’^). 

Prom Proposition 2.4 (g), for every pair of modulation spaces ^ 

long as the weights mi, m 2 have tempered growth, we have the sequence of con- 

tinuous operators ^ 5'(K") ^ that shows R is 

a bounded map between modulation spaces. F G P^ implies F G F^^_fc(R^’^) so 
again the thesis follows from Proposition 3.6. □ 

A part from the case of Shubin classes we remark that Proposition 3.3 extends 
obviously to Weyl operators whose symbol G{z) can be written in the form G = 
F * Wig{(j), for some functions F, 0, -0 and such that condition (3.8) is satisfied 
because in this case the Weyl operator actually coincides with the localization 
operator see [6]. 

We conclude by considering compact operators. One central result of com- 
pactness for pseudodifferential operators in the frame of Shubin-Sobolev spaces is 
the following. 

Proposition 5.4. If F e Pp(R^’^); A: G R, p G (0,1], then the anti- Wick operator 
Lgg, as well as the Weyl operator W^ , are compact from Qs to Qs-k-e for every 
e>0. 

This result is proved in [26] (Chp. IV, Prop. 25.4) by means of a global version 
of the Rellich Lemma on compact immersion between Shubin-Sobolev spaces. With 
the following proposition we show that it can also be deduced as particular case 
from the compactness results of section 4. 

Proposition 5.5. Suppose F G P^(R^’^), p G (0,1] and A; G R, then the Weyl 
operator W^ is compact from to for every e > 0 and p,q ^ 

(1, 00 ). In particular it is compact from ^^(R’^) to Qs-k-e{^^)^ 
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Proof. As in proposition 5.3 we can write = L^g + R where F e 

i? is a regularizing operator and g the normalized gaussian function. 

As F e we have that for every e > 0, F{z){z)~^-^ € L^(R2n) and 

vanishes at infinity. It follows from proposition 4.7 that Lg g is compact from 
Qs(R’^) to Qs-k-e{^^)’ According to Proposition 4.3 also R is compact so the 
thesis is proved. □ 
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Convolutions and Embeddings for 
Weighted Modulation Spaces 

Joachim Toft 



Abstract. Let be the modulation space with parameters p,q ^ [1, oo] and 
weight function lj. Also let = 1- We prove that for certain 

u, there is a canonical homeomorphism M^’^, and use this result 

to extend well-known embeddings for M^’^-spaces to embeddings between 
certain M^^^-spaces and Sobolev-Besov spaces. We also give a convenient 
definition for convolutions between elements in M^^J^^-spaces, and prove certain 
Holder- Young properties. 

Mathematics Subject Classification (2000). Primary 42B35, 46E35, 44A35; Sec- 
ondary 35S05, 47B37. 

Keywords. Modulation spaces, embeddings, convolutions, Besov spaces, So- 
bolev spaces. 



0. Introduction 

The aim of the paper is to extend certain continuity properties in [16] and [18] 
concerning standard modulation spaces to weighted modulation spaces. In par- 
ticular convolution and embedding properties between modulation spaces and 
Sobolev/Besov spaces are discussed. The investigations are based on a result which 
concerns relations between modulation spaces with different weights, which in 
many cases reduces the problems so that only standard modulation spaces occur. 

During the period 1980-1983, H. Feichtinger introduced in [5] and [7] modula- 
tion spaces, as appropriate families of Banach spaces of functions and distributions 
to have in background when discussing certain problems within time-frequency 
analysis. For an appropriate weight function a;, the modulation space is ob- 
tained by imposing a mixed I/^^^norm on the short time Fourier transform (or 
alternatively certain ambiguity functions), and when having such spaces in back- 
ground, certain decay and propagation properties at infinity as well as certain 
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localization properties for distributions may be considered. If a; = 1, then the 
standard modulation space is obtained. 

During the last ten years, modulation spaces have also been used in the 
theory of pseudo-differential operators and supply this field with new types of 
symbol classes as well as alternative continuity considerations for such operators. 
(For more information, see [16]-[18] and their references.) 

In order to describe the results in more details, the definition of modulation 
spaces is recalled. Let p, g G [l,C5o], x ^ \ 0 be fixed, ^ be a Fourier 

transform, and set TxX — x{' — x). Let also 0 < a; G be an appropriate 

function. For any measurable function / on R^"^, and a G set 

fa{x,0 = •^(aT'xX)(0> = ll/alli^'V 

with obvious modifications when p = oo and/or q = oo. (We use the same notations 
for the usual function and distribution spaces, e. g. in [11].) Then L^^^^(R^"^) and 
the modulation space M^^(R"^) consist of all measurable / on R^"^ and all a G 
^/(Rm) respectively such that ||/||lP’« and ||a||jvfP’9 are finite. An important case 

(w) (u>) 

appears when uj{x,^) = (1 + s G R, and then the notation MJq is used 

instead of Mf’?. 

(a;) 

In Section 3 a classification result for modulation spaces is presented, which 
in particular generalizes Theorem 6.1 in [7], which asserts that 

a€Mf ’o^ if and only if {l + \DfY^^a E (0.2) 

Here (fi{D) is the pseudo-differential operator which means a multiplication by the 
function (f on the Fourier transform side. 

Such properties are then used in Section 4 in order to generalize embedding 
results in [16] or [18]. For example, it is proved that if s G R and 

0i(p,q) = max( 0 , 5 “^ - min(p~\p'~^)), 

62{p,q) = min( 0 ,Q“^ - max(p~\p'~^)), p,q G [l,oo], 

then 

c c m > i- 

Here p' denotes the conjugate exponent of p, i. e. p and p' satisfy Ifp + ljp' = 1, 
and is the Sobolev space of distributions with s derivatives in L^. In Section 
4, a refinement of (0.4) is proved, where the Sobolev spaces are replaced by Besov 
spaces. In particular, an improvement of Theorem F.4 in [9], by P. Grobner is 
obtained. Results related to (0.4) may also be found in [12]. 

In Section 5, certain convolution properties for modulation spaces are consid- 
ered. Here a convenient definition of convolutions between elements in modulation 
spaces is presented, which also fit when y is not dense in some of the modulation 



(0.3) 

(0.4) 
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spaces. It is proved that if loi and uj 2 are appropriate weight functions and 
Gj e for j — 1, 2, then 

\\ctl *a2||Mf0’^0 ^ ll^2||Mf2-^2, (0.5) 

(uq) (u;i) {u>2) 

provided 1/pi + l/p 2 = 1 + 1/po and I/qq = 1/qi + 1 /^ 2 * 

The convolution results in Section 5 open up for using modulation space 
theory in different fields, for example when dealing with fundamental solutions for 
linear partial differential equations. They can also be used in other problem areas, 
for example when dealing with convolution operators. In forthcoming papers by 
the author, the convolution properties are used for analyzing Toeplitz operators 
(or localization operators) in terms of modulation spaces and pseudo-differential 
operators. (Cf. [2], [4] or [16]-[18].) 

1. Preliminaries 

In this section, some basic and well-known properties for modulation spaces are 
presented. A lot of the proofs are omitted since they are given in [7] or [10], where 
more complete overviews of the subject are presented. 

We start by discussing general properties for the weight function uj in (0.1). 
It is usually required that uj should be v -moderate for some appropriate function 

V G This means that for some constant C > 0, then 

Uj{xi -VX 2 ) < Cuj{xi)v{x2), Xi,X2 G (1.1) 

The function v is then said to moderate u. 

Definition 1.1. The cone consists of all 0 < a; G such that uj is 

t;-moderate, for some polynomial v on R"^. The set ^0 (R-) consists of all smooth 
UJ G ^(R"^) such that (d^uj)/uj is bounded for every a. 

Note that if a; G then u{x) -\-uj{x)~^ < v{x), x G R"^ for some polynomial 

V on R"^. 

If uji,uj 2 are positive functions, then UJ 2 ^ uJi means that uj 2 < CuJi for 
some constant (7 > 0, and they are equivalent, which is written uji ^ UJ 2 , when 

UJi UJ 2 ^ UJ \ . 

For any uj G ^(R’^), let v^^{x) = sup^(o;(x + y)/uj{y)). Then uj is v^- 
moderate. The following lemma shows that may be considered as a minimal 
element among the functions which moderate uj. 

Lemma 1.2. Assume that uj G ^(R"^). Then the following are true: 

( 1 ) UJ is -moderate; 

(2) if x,Xi,X 2 G R"^, thenv^ G ^(R"^) and satisfies v^^{xi~{-X 2 ) < Vuj{xi)vuj{x 2 ) 
and Vcj(x) > 1 with equality when x = 0; 

( 3 ) if V > 0 moderates uj, then -< v; 

(4) there is a function ujq G such that ujq ~ uj; 
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(5) if in addition uj € then G (7(R"^). 

Proof The assertion (4) follows by letting ujq = for some 0 < <^ G <5^(R’^)\0. 
The other assertions follow by straight-forward computations and are left for the 
reader. □ 

So far, the Fourier transform has not been specified. Prom now on it is as- 
sumed that the Fourier transform on has the form 

■^fiO = m = (27t)-’"/^ f dx, 

when / G <5^(R"^). In particular, ^ is normalized in the sense that it is unitary 
on L2(R’^). 

Next some notations are introduced. Assume that and ^2 are Banach 
spaces. Then ^ ^2 means that is continuously embedded in i*e. 

C ^2 and ||x ||^2 ^ for some constant C > 0 which is independent of 

X G ^1. 

The dual form between function or distribution spaces and their duals is 
denoted by (•, •). For admissible a and b in ^'(R"^), let (a, 6) = (n,6). Then (*, •) 
on is the usual scalar product. 

Assume next that v{xi,X2) = {vo^l){xi^X2)^ where (xi,X2) G V 10 V 2 = R"^, 
Vi±V 2 and vq G Then v{xi,X 2 ) is identified with ^;o(xi), and we set 

v{xi,X2) = v(xi). 

Definition 1.3. Assume that uj G and that p, ^ G [l,oo]. Then the space 

is called a modulation space. If in addition a; = 1 everywhere, then 
is called a standard modulation space, and is denoted by (R-) 
instead of M^‘^(R’^). In the case p = q, the notations and M^(R’^) 

are used instead of and M^’^(R"^) respectively. 

A reason not to index by the fixed function x ^ ^ \ 0 is given by 

Proposition 1.4 below. The convention of indexing weight functions with paren- 
thesis is used also in other situations. For example, if cj G then 

is the set of all measurable functions / on R"^ such that fuj G I/^(R’^), i. e. 
ll/llLf , = \\M\lp is finite. 

{u>) 

Some basic properties for modulation spaces are given in the following propo- 
sition. Here recall that p' denotes the conjugate exponent of p, i. e. 1/p + 1/p' = 1. 

Proposition 1.4. Assume that uj,uji,uj 2 G and p^q G [l,oo]. Then the 

following are true: 

(1) ) is a Banach space which is independent of the choice of x ^ 

^(R"^) \0 in (0.1). Moreover^ different choices of x 9^'^^ f^se to equivalent 
norms; 
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(2) if Pi^P 2 ,Qi,Q 2 ^ such that pi <P 2 , Qi < Q 2 and uj 2 -< ^ 1 , then 

(3) the scalar product ( • , • ) on extends to a continuous bilinear map from 

Mg,5(R”)xJu", (R™) to C. On the other hand, if ||a|| = sup |(a, b)\, where 
the supremum is taken over all b G such that ||6||^p',q' < 1, then 

II • II and II • II equivalent norms; 

(4) if p,q < 00 , then is dense in and the dual space for 

M^^^(R’^) is identified with through the form (•, •). Moreover, 

y(IV^) is weakly dense in 

Remark 1.5. Many other properties for modulation spaces are presented in [10], 

[5]-[7], [8], [13], [16] or [18]. For example, if p G [1, 00], = min(p,p') and ^2 = 

max(p,p'), then C C In particular, = L^. The space 

contains all smooth functions which are bounded together with all their derivatives. 
The space contains (7^, the set of all measures on R’^ with bounded mass, 

and if po < p, then c C(R"^) fl L^. 

Proposition 1.4(1) permits us to be rather vague according to the choice of 
X € y \ 0 in (0.1). For example, if C > 0 is a constant and fl is a subset of 
then ||a||jv^p 9 < (7 for every a e fl, means that the inequality holds for some choice 

of X G ^ \ 0 and every a E fl. Evidently, for any other choice of x ^ ^ \ O5 ^ 
similar inequality is true provided C has been replaced by a larger constant, if 
necessary. 

For not to be dense in it suffices that p = 00 and/or q = 00 . This 

possibility causes problems in uniqueness properties when one extends certain 
properties of ^ to modulation spaces. In these cases, we pay some attentions to 
find appropriate constructions and definitions. 

Remark 1.6. Assume that to G c0^(R^"^), a G (R™) and X € S^(R^). Then 
Parseval’s formula gives 

<^(aTxX)(0 = where Ha{x,^) = ^{aT^x){x)- 

Hence if uq{x,^) = uj{—x,^), then ||a|| = \\Ha\\LP’^ is a norm which is equivalent 

(‘^o) 

to ||a||7v^p.g, by Proposition 1.4(1). 

In some considerations, Minkowski’s inequality are used in somewhat general 
form. Recalling that for a dz/-measurable function / with values in the Banach 
space ^ with norm || • ||, Minkowski’s inequality asserts that || / f du\\ 

In our applications, ^ is equal to LP{dp), for some p G [l,oo], and Minkowski’s 
inequality takes the form 

(/I//.,. dv{y)^ \f{x,yWdn{x)'j dv{y). 
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Remark 1.7. Assume that w G and p,q € [l,oo], and let be 

the completions of J^(R"*) under the norms 1| • IIm"'’- Then it easily follows that 

(w) 

the most of the properties which are valid for also hold for . 

We finish this section by discussing weight functions which are of particular 
interests. For any s, t € R set 

at{x) = {x)\ 

vt{x) = (x)!*', VsA^^O = ^ R""- 

Here and in what follows, (x) = (H-|xp)^/^. Then at,vt G <^o(R’^) and (Js,t^'^s,t ^ 
c^o(R^”^) for every s,t G R, and at is t;t-moderate and ag^t is Us^t-moderate. 
Obviously, <Js(x,^) = (1 -f |xp + and ag^t ~ (Tt ^ o-g. Moreover, if a; G 

then co is v^-moderate provided t is chosen large enough. 

For convenience, the notations Lf(R’^), Mf’^(R’^) and Mf ’^^(R’^) are used 
instead of and respectively. 



2. The Narrow Convergence 



In this section, the narrow convergence is discussed. Proposition 1.4 does not 
guarantee that elements in ^ay be approximated by elements in y’ when 

p = oo and/or q = oo. The cases (p, q) = (1, oo) or (p, q) = (oo, 1) are critical since 
y is not dense neither in nor in which might cause problems when 

using weak* convergence as well. Here it is seen that some of these problems are 
avoided by modifying the definition of narrow convergence in [13], [15], [16] and 
[18] to weighted modulation spaces. 

We start by giving the definition of the narrow convergence. For any a G 
ij G ^(R2^), X ^ y{R^) and p G [l,oo], let 

Ha,uj,piO= ( J 

Definition 2.1. (Cf. [13], [15], [16] or [18].) Let a,aj G j = 1,2,... . 

Then aj is said to converge narrowly to a (with respect to p, g G [l,oo], x ^ 
\ 0 and uj G if the following conditions are satisfied: 

(1) Oj a in ^'(R"^) as j ^ oo; 

(2) ^ L^{R^) aS j OO. 

Remark 2.2. Assume that a,ai,a 2 ,-** G ^'(R’^) satisfies (1) in Definition 2.1, 
and assume that ^ G R”^. Then it follows from Fatou’s lemma that 



lim inf JTq, . p (^ ) ^ Ha uj,p 

j-^oo 




The following result generalizes Proposition 2.3 in [15]. 
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Proposition 2.3. Assume that p,q ^ [I 5 O 0 ] that q < 00 , and that uo G 

^(R 2 m)^ T/ien C^(R"^) is dense in with respect to the narrow con- 

vergence. 



Proof. By an application of Cantor’s diagonal principle, it suffices to prove that 
is narrowly dense in fl , and that fl is narrowly dense in M'^^y 

Therefore, assume that a G and choose a function (j) G C^(R"^) 

such that (j) and (j) are non-negative functions, and 0(0) = 1. Set aj = a(f){ej • ), 
where Sj \ 0 as j ^ 00 . It shall be proved that aj converges to a narrowly. 

Clearly, aj a in y' as j ^ 00 . We have to prove that Haj,uj,p Ha,uj,p 
in as j 00 . Let v = (Cf. Section 1.) Then v is bounded by polynomials, 

i;(0) = 1 and o;(xi-|-X 2 ,Ci+^ 2 ) ^ ^ 2 )- Hence, Minkowski’s inequality 

gives 

-??a,,u-,p(0 = (27r)“'"/^(y I j {^{Xxa){^-ejri)'${r))u){x,^)dr]^dx^ 

< J J \{^{xxa){^ - Sjri)uj{x,OfdxJ '^'${r))dri 

< ( 2 -k)-”^^^ J Ha,uj,p{^ - £jV){'<^{ 0 ,£jV)${v))drt = Uj{i). 

Since (27 t)“"^/^/ = 0(0) = 1, v is bounded by polynomials, v(0) = 1, and 

Ha,uj,p G L^, it follows that Uj Ha^u>,p in as j ^ 00 . Hence \\Uj — Uk\\L^ ^ 0 
as j,k 00 , and since Ha^^uj^p £ Uj, 

lixnsiip H(ij ^uj,p{^) ^ Ha,uj,p{^) f a. e. 

j—*oo 



It now follows that Haj^u^p Ha,u,p in as j ^ 00 from Remark 2.2 and a 
generalization of Lebesgue’s theorem which asserts that if fj ^ / a. e. as j — > 00 
and if there exists a sequence gj G such that \fj\ < gj and \\gj — gkWb^ — ^ 0 as 
j, k ^ 00 , then ||/ — fj\\L^ Q as j ^ 0. Hence fl is narrowly dense in 






Assume next that a G fl and let aj = Ej "^0( • /sj) * a, where 0 G 
is non-negative, f (j)dx = 1 and Sj \0 as j -^ 00 . We shall prove that aj G Cq^ 
converges to a narrowly as j ^ 00 . 

By a straight-forward computation it follows that 



\e^ (<2j[ Tx 




^{a Tx-e^yX) (0^ 0 ( 2 /) dy . 



( 2 . 1 ) 



Hence Minkowski’s inequality gives 



Ha„.A0 < /(/ \^{aT^-e^yX){CiA^A)? dx^ 



1/p 



<f>{y)dy<Uj{0, 
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where 

UjiO = /(/ |=F(ar^_£^.yX)(Ow(x - ejy,^)\Pdx^ v{ejy,Q)(j){y) dy 

= CjHa,u,,p(0 

and Cj = f v{£jy,0)(j){y) dy. Since Cj — > 1 as j ^ oo, the same arguments as in 
the first part of the proof now show that Haj^u>,p Ha^u,p in 8ds j oo. The 
proof is complete. □ 

Next, an appropriate extension of the form (•, •) to x is discussed. 

Assume that a,b,x ^ ^ such that ||xIIl 2 = 1, and lu G Then Parseval’s 

formula gives 

(a,b) = JJ {a T^x){0-^{bTxX){^)dxd^. (2.2) 

In the case a G and b G or a G and b G let (a, 6) 

be defined as the right-hand side of (2.2). This definition makes sense, since the 
integrand in (2.2) belongs to L^. The following lemma shows that this extension 
is unique when continuity with respect to the narrow convergence is required. 

Lemma 2.4. Assume that uj G a G and b G Af(\’J^^(R"^). 

Then the following are true: 

(1) \{a,b)\ < C||a||^c«,i ||6||^i^,oo 

(2) ifae^orbe 5^ , then (a, b) is the usual scalar product between a distribu- 
tion and a tempered function; 

(3) assume that aj G j = 1,2,..., converges narrowly to a as j ^ oo. 

Then (a^, b) (a, b) as j oo; 

(4) the form (•, •) on M^^j^(R"^) x does not depend on \ ^ 

provided ||x||l 2 = 1- 

Proof The assertions (1) and (2) follow immediately from (2.2) together with 
Holder’s inequality and Parseval’s formula respectively. 

(3) Let ao = a. Then the narrow convergence implies for every (x,^) G 
R^’^ that ^{aj Txx)iO ^{^o'^xX)iO ^ J — > oo. Moreover, if U{x,^) = 
\^{brxX){0/^i^^0l then 

l-^iajT.xm’^ibr^xmi < Ha„^,ooiOU{x,0 € L\R'^^). 

Since aj a narrowly as j ^ oo, it follows that 

II (-^aj ,a;,oo -^^a,u;,oo)f^||Li — ||-^aj,o;,oo -^a,c<;,oo ||l^ ||^|Im^’°° ^ 

as j oo. It follows now that 

'rxX){^^{bTxX){0 ^{a'T-xX){0^{brxX)i0 

in L^(R^^) as j oo, by a generalization of Lebesgue’s theorem. (Cf. the proof 
of Proposition 2.3.) This implies that (aj,b) {a,b) as j oo, and (3) follows. 
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(4) Assume that 'll; G ^{11^) such that ||V^||l 2 = 1- Then, by Proposition 2.3 
and its proof, there is a sequence aj G C'^(R"^) which converges narrowly to a 
with respect to x ^nd -0, as j oo. The result follows now from (2) and (3). The 
proof is complete. □ 

From now on, it is always assumed that the form (• , •), on x 

is given by (2.2). 



3. Relations between Modulation Spaces with Different Weights 



In this section it is proved that there is a canonical homeomorphism between 
modulation spaces with different weight functions. In particular, the spaces Mf 
and may be constructed in a quite natural way from the corresponding 

standard space 



Lemma 3.1. Assume that uj G ^o(R’^)? ^ ^ C®°(R"^) such that d^Kjuj G 
for every a, and that N > m Nq, where Nq > 0 is chosen such that uj is vnq- 
moderate. Let 



$(x,y) 



k{x) 



X, 2/ G R’" 



and let ^ 2 (^ 5 ^) partial Fourier transform of ^{x^y) with respect to the y- 

variable. Then for any a and j3, ^ continuous and hounded function 

on R^"^, and 



J < 00- 



(3.1) 



Proof. We start by proving that $2 ^ COL^. From the facts that hiju e L^, and 
oj is t^iVo-iiioderate, it follows that ^ is bounded. Hence it suffices to prove that 

= sup / ^{x,y)dy < 00 , (3.2) 

X J 

since ||^ 2 ||l°° CR^ for some constant C. 

For some s > 0 we have that W = m + Nq + s, and it follows from the 
inequalities n{x) < Cuj{x) < C'ou{y){x — 2 /)^°, for some constants C and C', that 

j $(x, y) dy<C fix- y)-^-^ dy = C' j (y)-™"* dy < oo. 

This gives (3.2). 

From the assumptions it follows that for any multi-indices a and /?, there is 
a constant such that \d^d^^{x,y)\ < Cq,,/ 5 ^(x, 2 ;). By applying the Fourier 
transform on the 2 /- variable and using (3.2), we get 

sup|5“^'^$2(a:,0l < C'sup||a“a^#(x, • )||z,i < 

X 

and it follows from similar arguments as those above that ^^^2(^,0 ^ 

bounded and continuous function for every a and /3. Since /? may be chosen arbi- 
trary, (3.1) follows. The proof is complete. □ 
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For any a G the pseudo-differential operator a{x,D) on is 

defined by 

a{x, D)f{x) = (27t)“" jj a(x, dyd^ . (3.3) 

The definition extends to any a G and then a{x,D) is continuous from 

to In the case a G then a{x,D) is continuous on 

and on y'(R^). (Cf. [11].) 

The following result generalizes Theorem 6.1 in [7]. 

Theorem 3.2. Assume thatp.q G [l,oo], uji G and uj 2 ^ such 

that (jj 2 {x,^) = uj 2 {x) or (jU 2 {x,^) = o;2(0* Then a i— > LU 2 {x,T>)a is a homeomor- 
phismfrom to 

Proof. Assume first that lj 2 {x,^) = a; 2 (x), and that Ni is chosen such that uji 
and UJ 2 are -moderate. Let ^ be as in Lemma 3.1 with k, = lj = lj 2 , and set 
Xo = ( • where 7V2 = -^i + m + 1. Then 

y{uj2aT^x){0 = uj2{x)y{aTj,xo^{^, • ))(0 

= (27T)— /2^2(x)(^(ar,xo) * ^x, ■ ))(0- 

Here the convolution of should be applied on the ^-variable only, consid- 

ering the x-variable as fix parameter. 

Now let o;(x,^) = (jUi{x,^)uj 2 {x), h{^) = sup^, |^2(a:, OL set H{^) = 
iO^^KO. Then \\H\\l^ < (X) by Lemma 3.1. Hence for some positive constants C 
and C', Minkowski’s inequality gives 

\\^2a\\MlJ<^^= {J {J \’^{i^2aT^x){0^i{x,0\^ dxf^^ d^J 

<C(^J(^J \{^{aT^xo)*^2{x, ■)){^)(x{x,Cj\^dxy'^ d^ 
<C'(y^(/(y \’^{aT^Xo){^ - Vp(x,^)\^ dx^ hiy) d-nf d$^ 

j \^{aT^Xo){^ - V)^{x,i - VW dx^ ^'^H{ri)dr^'^ d^ 

J \J^{aT^Xo)(0‘^{x,0\’^dxy^^ d^^ j H{r))dri 

where the last step follows from Proposition 1.4(1). 

On the other hand, from the first part of the proof together with the obvious 
fact that U 2 ^ G it follows that 

= \\x>2^{‘^2a)\\M^’1 < C'lk2a||Mf’’ , = C\\w2a\\MP’\ 

This proves the proposition in this case. 




Convolutions and Embeddings for Weighted Modulation Spaces 



175 



The case = ^2(0 follows by similar arguments. In fact, assume that 

^ is the same as the above, and let Xo = ( * Then 

\^{uj2{D)ar^x){^)\ = \^{uj2ar^x){-oc)\ 

= (27r)""^/^o;2(0 J - y)^ 2 {C, v) dy 

by Remark 1.6. Now let 

w(a;,0 = ■^ = Xo and H{y) = sup |$ 2 (?,y)|- 



Then Remark 1.6 and Minkowski’s inequality gives 

l|w2(-D)a||Mf'« 

<C'(/ W{aT:^+vH>){0^2{^,y)(^{x,^)\dyY 

<C'||i/|Ui( J ( J \^{aT,mM^,0\^dxy^'’ 

(u;) 

for some constants C and C . This gives the result and the proof is complete. □ 



Corollary 3.3. Assume that s, sq, o.'^d that p,q E [1, oo]. Then the follow- 

ing are true: 

(1) the map a\-^ {'Y^ a is a homeomorphism from to (R-); 

(2) the map a t— > {D)^^a is a homeomorphism from to (R-). 

Proof. The result follows immediately from Theorem 3.2 by letting wi(a:,^) = 
and u) 2 {x,^) = <Tt„(a;) or ^ 2 ( 0 ;,^) = (Tso(0- D 

The following result is now an immediate consequence of Corollary 3.3. 

Theorem 3.4. Assume that s,t € R and thatp,q € [l,oo]. Then 

Mf;«(R™) = { a e y'iBT) ; {x)\DYa € MP’9(R™) } 

= { a e ; {DY{xYa e MP’«(R™) }. 

Remark 3.5. It follows from Theorem 3.4 that Mf’‘> for s > 0 may be constructed 
from the space In fact, Theorem 3.4 gives 

M|’’«(R™) = Mf’o®(R™) n M^;«(R™) 

= { o G y'iBT ) ; {DYa, {xYa G MP’9(R™) }. 

Since it follows from the above that the well-known identities 

M^o = Hf and Mh = L? when s,t G R, and Mf = n Hf when s > 0 hold. 
(Cf. [7] or Proposition 11.3.1 in [10].) 
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Remark 3.6. Assume that ujq G u,cuijUJ 2 E such that 

~ ^o(^) and cj2(^,0 — ^o(0‘ Assume also that k E C^(R^) such that 
d^K/uj{i E for every a. Then it follows from the proof of Theorem 3.3 that 
a K- a and a ^ n{D)a are continuous from to and from to 

respectively. 



4. Embedding Properties for Modulation Spaces 

In this section, the results from the previous sections are used in order to generalize 
the embedding properties between modulation spaces and Sobolev/Besov spaces 
in [16] or [18]. 

We start by discussing Sobolev and Besov spaces of general types. For any 
p E [l,oo] and uj E ^q{RJ^), the Sobolev space is the Banach space 

which consists of all a G <S^'(R^) such that LP is finite. If in 

addition cu = as for some s G R, then the standard Sobolev space and the 
norm || • ||j/p are obtained. 

Some preparations are needed in order to define Besov spaces of general types. 
For every m > 1, assume that 

c = ^0 G Co°°(R”^), V''” = ^ G Oo~(R”^ \ 0), V’r = = V-( ■ /2") 

for A: > 1, are fixed, non- negative and satisfy = 1. 

For any integers m, AT > 1, let be the set of all A-tuples n = 

(ni, . . . , tim) of positive integers such that ni -h • • • + nv = m, and set T(m) = 
U^^iTA^(m). Assume next that m,N > 1 and n — (ni,...,nAr) G Ttv(^) are 
fixed. For any A; = (/ci, . . . , fcjv) E N^, set 

i- e- '0ife (0 = i’kl (^i) • • • V-fc" (?Jv) where 

eJeR”^ wheni = l,...,iV, and^ = (^i,...,^;v)GR"^. (4.1) 

Then = 1, and is considered as a generalized Calderon- 

Zygmund decomposition. In the case A = 1, then n = m E Ti(m) and usual 
Calderon- Zygmund decomposition appears. If instead N = then n = (1, . . . , 1) 

G and }fccN^ is a modified decomposition which has been considered in 
[3]. 

For any n G Tiv(m), p,q E [l,oo] and cj G ^o{R^), the Besov space 
^fjfn)(R^) i^ Banach space which consists of all a E y'{R^) such that 

^ ( E MDmD)a\\l,f" 

keisf^ 

is finite. It follows from the analysis in Chapter 6 in [1] that is independent 

of the choice of the ipQ and 'ip in the Calderon-Zygmund decomposition above, and 
that different choices of such functions give rise to equivalent norm. 
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In the case A/' = 1, i. e. n = m, the notations and || • are used 

instead of ^ and || • || dp.q . 

The following proposition shows that if uj satisfies appropriate extra condi- 
tions, then the corresponding Besov spaces can be formulated in alternative ways. 

Proposition 4.1. Assume that N > 1, 0 < 0 < 1, and n G Tiv(^) are fixed. Also 
assume that 

^{0 = ^o((6)j • • • 5 (Cn)), 

where ^ is given by (4.1) and ujq G such that the map 

X 9 {s,t) Wo{ti, . . . ,tN) /i^o{situ . . . , SNtN) 

is bounded. Then consists of all a G ^'{11^) such that 

is finite. Moreover, ||| • \\\b^’^ and || • H^p-^ are equivalent norms. 

(u;o,n) (cu>,n) 

Proof. Prom the assumptions it follows that 

C~^ < uJo{ti , . . . ,tN)/uo{siti, ’ • • j s^tN) ^ C (4.2) 

holds for some constant C which does not dependent on both s G [2~^,2]^ and 
t G R^. Since (4.2) is invariant under the transformation ujq i-> uJq^, it suffices to 
prove that 

MD)^UD)a\\LP < CoM^'^\...,2'^^)\m{D)a\\L. (4.3) 

for some constant Co independent of a and k. For any mo > 1, let 0 < G 
C^(R’^°) and G ^^(R’^® \ 0) be chosen such that = 1 and 0’^° = 1 
in the supports of -0^° and 'ip'^^ respectively, and set (p^f = (p'^^{ • /2^°) when 
A^o > 1. Let also = cp]^^ 0 • • • (8) cp'^^ when k and n are the same as the above, 
and set = o;o(2^^ , . . . , cp'^. Then = 1 in the support of '0^, and (3.3) 

and Fourier’s inversion formula gives, 

co{D)i;UD)a = uj{D)ct>l{D){',pi{D)a) 

= (27r)-™/2o,o(2fci , . . . , 2'=^') ^ * (V^^(D)a). 

From the assumptions, it follows that sup^ \\d^Tk\\L^ < ^ every a, 
which in combination with the support properties for cp'^ implies that {^}a: 6N^ 
is a bounded set in L^. Hence (4.3) follows from (4.4) and Young’s inequality. The 
proof is complete. □ 

The following result is an immediate consequence of Proposition 4.1. Here 
and in what follows, (R™) for p,q G [1, oo] and s G R is the standard Besov 
space which consists of all a G (R™) such that 

k=0 
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Corollary 4.2. Assume that s,sq € R and p^q E [l^oo]. Then the following are 
true: 

(1) and 

(2) the map is a homeomorphism from to and from to 



By straight-forward verifications, it follows that the analysis concerning the 
standard Sobolev/Besov spaces (cf. Chapter 5 and Chapter 6 in [1]) carry over to 
Sobolev and Besov spaces of the type and In particular, the usual 

embeddings between Sobolev and Besov spaces (cf. (2.3) in [16] or [18]) takes the 



form 



f > P,Qi 

^(o;,n) 



]DP,Q2 



oP,min(p,p') ^ ttP _ pp,max(p,p') 



B 



2,2 

{( jj , n ) 






qP,oo 

( ujae :, n ) 



Hf . 

(uj) 



(o;cr_e,n) ’ 



(4.5) 



when (jj G ^(R"^), £ > 0, p, q, qi,q 2 ^ [1, oo] such that qi < q 2 , and n G T(m). 



Next embeddings between modulation spaces and Besov spaces are discussed. 
The following result generalizes Proposition 1.6(3) and (4) in [16] or Proposition 
1.7(3) and (4) in [18]. 



Proposition 4.3. Assume that uJi,U 2 G such that = uJi{x) and 

^2(^:0 — ^ 2 ( 0 ? that p,q,r G [l,oo]. Then the following are true: 

(1) i'f q^P < q', then 

Mfj,«)(R-)^L[^^)(R-) and Mf’^)(R-) ^ (4.6) 



(2) if q' <r <p < q, then (4.6) holds with reversed inclusions. 

Proof. If a; = 1, then the result agrees with Proposition 1.6 (3) and (4) in [16] and 
Proposition 1.7 (3) and (4) in [18]. For general a;, the result is a consequence of 
Theorem 3.2. □ 



By using Besov spaces instead of Sobolev spaces. Proposition 4.3 is refined 
in the following result, which also generalizes Theorem 4.1 in [16] or [18]. 



Theorem 4.4. Assume that s G R, p^q^Pj^qj G [l,oo] for j — 1,2 satisfy that 
Pi ^ P ^ P 2 CLnd qi < q < q 2 , Cind assume that 0i and 62 are given by (0.3). Then 



^PiiQi 

s+m6>i(pi,qi) 



(R"*) 



Mf;o^(R-) 



^P2,<?2 

■^s+m02(P2,q2) 



(R"*), 



and for some constant Cm > 0, depending on m only, then 



a 



-ii 



a||j5P2-<?2 

s + m02(P2>92) 



< a 



<C„ 



s + m0i(pi,qi) 



In particular, (0.4) holds. 



aey\K^). 



Proof. If s = 0, then the statement coincides with Theorem 4.1 in [16] or [18]. For 
general s, the result now follows from Theorem 3.3, Corollary 4.2 and (4.5). □ 
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Remark 4.5. In [9], P. Grobner makes comparisons between Besov spaces and 
a-modulation spaces. Embeddings between Besov spaces and modulation spaces 
can then be obtained by choosing certain parameters in appropriate ways. In this 
context, Theorem 4.4 agrees with Grobner ’s result in the case mm{p,p') <q< 
max(p,p') while Theorem 4.4 strictly improves Grobner’s result in the remaining 
case min(g, q') <p < max(gf, q'). 



Remark 4.6. By similar arguments as in the proofs of Theorem 4.1 in [16] or [18] 
and Theorem 4.4, the following generalization is obtained. Assume that p, q^Pj^Qj G 
[1, oo], j = 1, 2, satisfy Pi <p<P 2 and qi < q < q 2 - Assume also that n G Tj(m) 
is fixed for some j > 1, and that lj G such that o;(x,^) = o;(^), and for 

A; = 1, 2 set 

IkiO ='ypk,q^,kiO 

where Sk = Ok(pk,qk), ^ and ^ G Here 6 i and 62 are 

given by (0.3). Then 









(72,n) V 



and 



(72, n) (u;) (71, n) 

for some constant Cm > 0, depending on m only. 



5. Convolution Properties for Modulation Spaces 



In this section, the convolution results in [16] or [18] for standard modulation 
spaces are generalized to weighted modulation spaces. It is proved that the con- 
volution on ^(R"^) extends to a continuous multiplication from x 

• • • X to provided Pj,qj G [1, oo] and coj G ^{R‘^^) for 

0 < j < N satisfy 



1 1 

1 h ' 

Pi P2 



■ + 



Pn 



N-l-j- 



Po 



1 1 

1 h • 

qi q 2 






qN 



qo' 



(5.1) 



and 



H \-Xn ,0 < • • •‘^iv(a:jv,0> 



(5.2) 



for some constant C independent ofxi,...,a: 7 v,^ G R"^. 

The first step deals with finding an appropriate definition of the convolution. 
Assume that 



Xo, Xi, . . . , Xiv e ^(R™), (xo, Xi • ■ • Xiv) = ( 27 t)(^-i)™/^ 



For every ai, . . . , a^v, p G it follows from Parseval’s formula that 



(ai * • • • * a^v. 




where ^ (a;) = ^{aj T^Xj ) (a;) 



* fN,(){x)g^{x) dxd^, 
and g^{x) = =^(^reXo)(a;). 



(5.3) 



(5.4) 
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Here and in what follows, the convolution of fj,^{x) should be taken only with 
respect to the x-variable, considering the ^-variable as parameter. 

Lemma 5.1. Assume that PjjQj € [l,oo] and Uj G for 0 < j < N, satisfy 

(5.1) and (5.2). Let aj E and fj^^ be as in (5.4) when 1 < j < N . 

Then G{x,^) = (|/i,^| * • • • * j/iv,^|)(a:) is measurable and for some constant C, 

N 

\\Gh^o.o <cl[\\aj\\^.,.y . (5.5) 

(<->0) {ojj) 

J = 1 

Proof Since (x,^) i-^ fj,^{x) is a continuous function, the result follows by using 

(5.2) on the left-hand side of (5.5), then by applying Young’s inequality with 

respect to the x-variable, and then Holder’s inequality with respect to the 
variable. □ 

Assume that the hypothesis in Lemma 5.1 is fulfilled. Then (5.4) is taken 
as the definition of ao = ai * • • • * aiv as an element in c^'(R^). It follows from 
Lemma 5.1 that this definition makes sense, and Proposition 1.4(3) shows that 
ao G M^^^^°(R"^). From (5.4) and the proof of Lemma 5.1 it also follows that 
tti * • • • * ttiv is independent of the order of a^ for j = 1, . . . , A/^. If in addition 
Pj^qj < oo for j = 1,...,^, then Proposition 1.4(4) shows that the convolu- 
tion is uniquely defined, independent of xo? • • • ? Xn above, and satisfies the usual 
associativity properties. 

In the following, similar invariance and associativity is proved for general 
Pj,qj G [1, oo] for j = 1, . . . , A". The first step is to prove that the definition of ao 
is independent of the choice of xo? • • • ? Xn in (5.3). 

Lemma 5.2. Assume that aj, l<j< N, are the same as in Lemma 5.1. Then 
ai * • • • * ajv is independent of the choice o/ xo? X 15 • • • ? Xn (5.3). 

Proof The result is proved in the case N = 2 and Xo = Xi = X 2 = X- The 
general case follows by similar arguments and is left to the reader. Assume that 
0 < V’ ^ ^(R"^) satisfies / = (27 t)’^/^, and set x^ = x(—^) and -0^ = 

Then the function {x,^,r]) <^{TX^'^'n){x) belongs to c5^(R^^), which implies 

that 



= JJj dxd^di) 

= jJJJ + v) dxdyd^dr] 



makes sense. Here we have used Lemma 5.1 and its proof in order to conclude that 
the integrand on the right-hand side belongs to L^(R^”^), which in particular im- 
plies that the orders of integration can be interchanged. Hence Parseval’s formula 
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applied to the x- variables gives 

I = JJJj dyd^d^idr] 

= Jjjj dyd^d^idrj 

= Jjjj -^{diXi)ix)^{d2Xii’r,)iy)-^ivXi'>P^){x + y) dxdyd^dy. 

By similar arguments it follows that 

I = Jjjj -^idiXi)ix)-^id2Xi)(y)-^i^X^i’^)(x + y) dxdyd^dri 

= JJJ ^{dix^){x)^{d2X^){y)’^{0xO(^ + y) dxdyd^. 

Here it has been used that / drj = (27t)’^/^. This gives 

I = ( 27 t )'”/2 JJ (J^(dix0 * ‘^(d2X())(x)^(0Xi)(x) dxdi 

which is equal to (27r)’^/^(ai * 02 , In the same way it follows that 

I = ( 27 r)"‘/^ JJ {^(fiiipn) * J^{d2ip,j))ix)^{<pi),,){x) dxdr], 

which proves the announced invariance. The proof is complete. 

Next it is proved that 

(27r)(^“^)“/^^(ai ■■■d.N t^{xi ■ ■ ■ Xn)){x) 

with equality in Here (27r)^^“^^’^/^ai • • -Siv on the left-hand side is 

the Fourier transform of the distribution ao above, while the right-hand side is a 
measurable function in view of Lemma 5.1. 

Lemma 5.3. Assume that aj, Xj fj,C’ 0 < j < AT, are the same as in Lemma 
5.1. Then (5.6) holds with equality in y'{R?^). 

Proof. We restrict to the case N = 2 and xo = Xi = X 2 = X- The general case 
follows by similar arguments and is again left for the reader. Let x^ = xi' “ 0? 
and set Fq{x, = {27r)'^^‘^^{di a 2 x|)(^)- If ^ then Parseval’s formula 

gives 



□ 



(5.6) 



(Fo,#) = (27r)™/^(aia2,^) = (ai *a2,ip), 
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where (p{^) = f x(^ — drj- Here is the inverse partial Fourier trans- 

form of $(x, Tj) with respect to the re- variable. This gives 

(Fo, $) = jjj ^{aiXi){x - y)<^(fi 2 Xi){v)’^{vx{)ix:) dxdyd^ 

= jjjj ’^{dix^){x-y)^{a2xd{y)-^{^i{- ,v)x^,Xi){x)dxdyd^drt. 

Note that the integrals make sense since their integrands belong to L^. Hence if 
= -0( • — 0 where = xx^, then the same arguments as in the proof of Lemma 
5.2 for moving the factors x^ and Xry, imply that the last integral is equal to 



//// “ y)’^ia 2 Xr,){y)’^{^i{ ■ ,ri)'4)^){x) dxdyd^dri 

= jjj <^{diXn){x - y)-^{d 2 Xv){y)Hx,'n) dxdydy. 

Here it has been used that 



(5.7) 



j • ,v)i^i){x)d^ = ( 27 t)-/ 2 .^($i( • ,y)){x) = (27t)-/2$(x,0, 



by Fourier’s inversion formula, and that J = (27t)"^/^. The result now follows 
since the right-hand side of (5.7) is equal to 



(27r)""/^ Jj {^{diXr,) * ■^{d 2 Xn)){x)^{x,v) dxdy, 



which completes the proof. 



□ 



The next lemma deals with associativity. Here and in other situations, the 
map (ai , . . . , ai * • • • *ajv is called associative if the corresponding operation 

* is associative. 



Lemma 5.4. Assume that Pj^Qj and ooj forj = 0, . . . , AT are the same as in Lemma 
5.1. Then (ai, . . . , a^v) ai * • • • * a^v is an associative map from x • • • x 






Proof. By induction, it suffices to prove the assertion in the case N = 3. The result 
then follows by verifying ai * a 2 * as = (ai * a 2 ) * as = ai * (a 2 * as). 

Let X ^ such that / x(0^ dx = 1, and set X^ = x( * ~ 0 ^ before. Then 
(5.4) and Lemma 5.2 give that 



(a^ * a2 * as, ^) 

= {,^idiXi)*^{d2Xi)*’^{d3Xi))ix:)’^{^X^)ix)dxd^. 

In the same way it follows that 

((ai * 02) * as, <fi) = ( 27 r)~""/^^ (=^(aia2x|) * ■^{dsXi)){x)-^{>fX^)ix) dxd^. 
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It now follows from Lemma 5.3 and its proof that .^(aia2x|) l^he last integral 
may be replaced by (27r)“"^/^^(aix^) * ^(a 2 X^)* This proves that ai * a 2 * as = 
(ai * tt 2 ) * as. By the same arguments it follows that ai * a 2 * as = ui * (02 * as). 
The proof is complete. □ 

Summing up, the following result is obtained. 

Theorem 5.5. Assume that pj^qj G [l,oo] when 0 < j < N satisfy (5.1), and 
that ujq,...,ujn e ^{'R?'^) satisfy (5.2) for some constant C, independent of 
xi, . . . , ^ € R"^. Then (ai, . . . , a^) i-> ai * • • • * a^v is a continuous, symmetric 

and associative map from x • • • x M^^^^(R"^) to M^^^^°(R’^), which 

is independent of the choice 0 / xo? • • • ? Xn (5.3). If aj G (R"^) for j = 

1,. . . ,N, then for some constant C > 0, 

N 

||ai * • • • *aAr||„^o,9o < C JT (5.8) 

(^o) (<^j) 

J = 1 

Moreover, ai * • • • * a^v agrees with the usual convolution product when at least 
N — 1 factors belong to 5^ . 

Remark 5.6. It follows from Theorem 5.5 and its proof that the same conclusion 
in Theorem 5.5 holds when is replaced by for every j = {),... ,N . 

(See Remark 1.7.) 

Remark 5.7. Cordero and Grochenig have proven independently of the author an 
estimate similar to (5.8). (See Proposition 2.4 in [4].) However, the arguments in 
[4] are the same as for (2.7) in [16] or [18], as well as for (5.8) here above. More- 
over, similar arguments were already used in [6] in order to establish convolution 
properties for Wiener-amalgam spaces. 

Remark 5.8. There are many different generalizations of Theorem 5.5. For exam- 
ple, when combining Remark 4.6 and Theorem 5.5, the following result is obtained, 
which also generalizes Theorem 2.6 in [16] or [18]. 

Assume that A^o > 0? and that Pj^Qj G [l,oo] when 0 < j < N satisfy (5.1), 
and that qj > max(pj,p' ) when Nq-^I < j < N, and let n^Vo+ij . . • , njv G T(m) be 
fixed. Assume also that ljq, . . . ,cun G c^(R^^^) satisfy (5.2), and that ujk{x,^) = 
uJk(0 when Nq 1 < k < N. Then (ai, . . . , ajsf) ai * • • • * is a continuous, 
symmetric and associative map from 

No N 

n"”’7(R")x n 

j=l k=No+l 

to M^^^^°(R"^). For some constant C, depending on m and N only, the estimate 

No N 

||ai * • • • ^ <^(n ( n J> 

j = l k=No-\-l 



(5.9) 
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holds for every aj € 1 < j < A^o, and o,k G A^o + 1 < 

k<N. 

Moreover, if no G T(m), and in addition < min(po 5 Po) and a;o(a:,0 = 
ct;o (05 same conclusion holds when is replaced by 

By choosing o;o, • . . ,o;iv in Remark 5.8 in appropriate ways, and using (4.5), 
the following is obtained. The verification is left for the reader. 



Corollary 5.9. Assume that Nq > 0, and that Pj,qj G [l,oo] when 0 < j < N 
satisfy (5.1), and that qj > max(p^,p') when iVo + 1 < j < A^. Assume also that 

Sj, 0 < j < N, are real numbers such that sq = si H hSiv- Then (ai, . . . , Ujv) 

ai * • • • * ttiv is a continuous map from 



(R™) X ••• X X x ••• x 

to MP7°(R-). 

If in addition qo < min(po)Po)> then the same conclusion holds when 
is replaced by 

The same conclusion holds when /c = ATq + 1, . . . , AT, are replaced by 

Sk 



Remark 5.10. Assume that p, ^ G [l,oo] and u G such that o;(a;,^) = 

cj(^). Then it follows from Remark 1.5 and Theorem 5.5 that the usual convolution 
on Cq extends to a continuous associative and commutative multiplication on 
^ 1,00 Moreover, it follows that is an M^’°^-module under convolution. (See 
also Corollary 2.12 in [8], Remark 2.11 in [16] or [18].) 



Remark 5.11. Assume that P is a polynomial of degree Nq on Pj,qj G [1, oo] 
and ujj G <0^(R^"^) for j = 0, ...,A such that (5.1) and (5.2) are fulfilled. Let 
ao = ai * • • • * ttiv and = 1 (8) cr^Vo • Then it follows from Remark 3.6, Theorem 5.5 
and (5.4) that P{D)ao = {P{D)ai) * a 2 * • • * * ^iv € 

It is obvious that Remark 3.6 and Remark 5.11 open up for using modulation 
space theory when dealing with fundamental solutions and parametrix construc- 
tions for linear partial differential equations. 
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Abstract. Pseudo-differential operators with symbols supported on sectors of 
dyadic annuli in the Fourier domain are used to perform microlocal analysis of 
tempered distributions. Microlocal analysis is recalled. The above symbols are 
made of smooth wavelet frames which are constructed in the Fourier domain 
by means of modulated smooth tapered functions. The method is used to 
localize a line of singularities in an image. 
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!• Introduction 

Pseudo-differential operators whose symbols are modulated smooth tapered func- 
tions with support on sectors of dyadic annuli in the Fourier domain are designed 
to perform microanalysis of tempered distribution on These tapered functions 
form a smooth tight frame with frame bound 1, called Parseval frame. 

Nonsmooth orthonormal multiwavelets have been constructed in [3] for per- 
forming microlocal analysis of tempered distributions in R’^. The multiwavelets, 
whose Fourier transforms consist of characteristic functions of cubes, have per- 
fect localization in the Fourier domain but poor localization in the x domain. To 
obtain good localization in both the x and Fourier domains in R^ , in [4] , the block- 
wavelets are smoothed by convolution and normalized to produce Parseval frames. 
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In [5], [8], nonorthogonal rectangular and polar smooth frame wavelets in are 
obtained from a multiresolution analysis. In [5], one also finds a general construc- 
tion of microlocal frame wavelets supported on a general ring of sets surrounding 
the origin and whose dyadic dilations cover R^ \ {0}. 

In [1], Aldroubi, Cabrelli, and Molter have constructed wavelets on irregular 
grids with arbitrary dilation matrices, and frame atoms for L^(R^). 

In the present paper, attention is restricted to microlocal analysis in the two- 
dimensional case with the goal of localizing the singularities of a function / in the 
time domain by analyzing the growth of its Fourier transform, /, in wedges in the 
Fourier domain. 

In view of numerical applications on domains with pixels at integer points, 
the continuous Fourier transform /(^) of a function f{x) defined over R^ and the 
inverse Fourier transform of /(^) will be 

m = / dx, fix) = I m (1) 

and Plancherel’s theorem will be 

{f,9) = {f,9}, (2) 

where 

if,9)=[ f{x)g{x)dx, {f,g)=f fi^)g{^)d4. 

7R2 J^2 

Since wedges in R^ are generalizations of the positive real axis in R, smooth 
frame wavelets are generalized to L^(R^) by properly tapering the Fourier trans- 
forms of the orthonormal multiwavelets given in [3], Thus, the dyadically scaled 
Fourier transforms of the frame wavelets {'^^(x)}, £ = 1, 2, . . . , L, satisfy the iden- 
tity 

GiO-= E = h (3) 

Our smooth frame wavelets can be derived from a frame multiresolution 
analysis by two-scale equations. However, they are not orthogonal to each other, 
nor to the spaces Vj spanned by the scaled and shifted scaling functions. 

The paper proceeds as follows. In Section 2, the concepts of microlocal anal- 
ysis are briefly reviewed. In Section 3, necessary and sufficient conditions are given 
to characterize tight frame wavelets. In Section 4, two-dimensional tapered charac- 
teristic functions are constructed. Section 5 introduces radial paving of the Fourier 
domain for microlocal analysis. In Section 6 an image restoration algorithm is de- 
scribed and the location of a line of singularities in an image is found by means of 
the frame coefficients. 

2, Microlocal Analysis 

Our smooth tight frame wavelets are designed for investigating the microanalytic 
content of distributions. Hyperfunctions, which were introduced by Sato [13] and 
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extensively developed by the Kyoto school of mathematics, can be considered intu- 
itively as sums of boundary values of holomorphic functions defined in infinitesimal 
wedges (see [12] and the references therein). 

We write and let P be a cone with vertex at the origin in 

If A is an open set in R^ which approaches P asymptotically near the origin 
from the interior of P, then the subset U = R^ -h^A of is called an infinitesimal 
wedge with opening P, and is denoted by R^ zPO (see Fig. 1). 




Let f{x) be a “generalized boundary value” of a holomorphic function in an 
infinitesimal wedge R^ + iPO; that is, 

f{x) = lim f{x + iy) := f{x -h iPO). 

y-*Oyer 

Definition 1. A distribution f{x) is said to be analytic with respect to a direction 
^0 if it can be represented as a finite sum of limits fj{x + iPjO) of slowly increasing 
holomorphic functions fj{z) in R^ + iTjO such that, for every j, we have 

Tjn{y ; y-io <0} 0 . 

To characterize the microanalyticity of a slowly increasing distribution / E 
<S'(R^) by its Fourier transform, /, we introduce the dual cone, P°, of the cone P 
defined by 

P° := {^ E R^ ; y • ^ > 0 for every y E P} 

(see Fig. 2); P° is a proper closed convex cone in R^. The complement of P° is 
denoted by (P®)^. 




190 R. Ashino, S.J. Desjardins, C. Heil, M. Nagase and R. Vaillancourt 




Figure 2. Open cone F, dual cone F®, and complement (F®)^ of 
dual cone. 



The following lemma is standard (see [12]). 

Lemma 1. Let F be an open convex cone. A slowly increasing distribution f{x) G 
can be represented as the limit f{x-\-iT0) of a slowly increasing holomorphic 
function f{z) in the convex hull of the infinitesimal wedge + zFO if and only if 
the Fourier transform, f, of f is exponentially decreasing in the open cone {T^Y, 
the complement of F® ; that is, f is exponentially decreasing on every closed proper 
subcone F' CC (F^)^. 

The larger the opening of F, the more regular a slowly increasing distribution 
/(x -f- zFO) will be. The cone F with largest opening is the whole space, in which 
case /(x+iFO) is analytic. For the next largest possible openings, F are half-spaces. 

It is desirable to localize the directional decay of /(O? because local nons- 
moothness of a function f{x) corresponds to slow decay of /(^) along some direc- 
tions at infinity. Each such direction corresponds to a point on the unit sphere 
in ^-space. Therefore, we shall use the coordinates (x,^) G x to represent a 
point X G together with a direction ^ G S^. 

Definition 2. A distribution f{x) G is said to be analytic at xq G if 

there exists an open neighborhood F C of xq such that the restriction /|y of 
/ on F is analytic in F. The set of all points x G where / is not analytic is 
called the singular support of /. 

Definition 3. A distribution /(x) is said to be microanalytic or microlocal analytic 
at (xo,^o) G X if there exists a distribution g{x) which is analytic with 
respect to the direction such that /(x) — g{x) is analytic in a neighborhood of 
Xq. The set of all points (x,^) G x where f is not microanalytic is called the 
singular spectrum of /. 

3. Necessary and Sufficient Conditions for Tight Frame Wavelets 

We refer to [7], [10] for detailed background on frames. 

Definition 4. Let I be an index set. A sequence of vectors {fi}iei in a Hilbert 
space H is called a frame for H if there exist constants A, B > 0 (called frame 
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hounds) such that 

ll/ll'- 

iei 

If A = B, the frame is said to be an A-tight frame. A 1-tight frame is called a 
Parseval frame. 

It can be shown that ||/z|P < B for each i e I. Further, {fi}iei is a tight 
frame with frame bound A if and only if 

iei 

A frame is redundant if it is possible to remove some element from the frame and 
still leave a complete set. For the case of tight frames, we can give the following 
easy characterization of redundancy. Redundancy of frames is explored in more 
detail in [6]. 

Lemma 2. Let {fi}iei be an A-tight frame for a Hilbert space H. If j e I is 
such that ll/jlP < A, then {fi}i^j is still a frame for H, with frame hounds A' = 
A — ll/jlP and B' = A. 

Proof. U f e H, then clearly 

i^j iel 

This establishes the upper frame bound. On the other hand, using the Cauchy- 
Schwarz inequality, we have 

i^j iel 

> ^ii/f-ii/ip ll/if = {^-ii/iin ii/f, 

which establishes the lower frame bound. □ 

Given / G let fj,k{x) denote the scaled and shifted function 

fj,k{x) = Vf{2^x-k), jez, fcez^, 
with Fourier transform 

LkiO = 

Let L be a finite index set. A system ^ L^(E^) is called an 

A-tight wavelet frame if 

= ^ E if’'>Pik)'>Pikix), V/eL^CK^). (4) 

ieh,jez,kez^ 

A system {'ipj ^ L^(M^) is called an orthonormal wavelet basis 

if it is an orthonormal basis for An extension of Lemma 2 shows that this 
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is equivalent to saying that the system is a Parseval wavelet 

frame and ||'0 ^||l2(e 2) = 1 for ^ G L. 

The following general theorem, which is stated and proved for in [9, 
Theorem 1], gives necessary and sufficient conditions to have a Parseval wavelet 
frame in M?. 

Theorem 1. If -0^, . . . , -0^} C then 

II/IIl2(r2) = ^2 \{f^'^j,k)\ (5) 

for all f G if and only if the functions . . . , satisfy the following 

two equalities: 

|^'(2^0f = l. a.e.^eR^ (6) 

Y ?(2^'0 W(C + 9)) = 0, a.e. ^eR^ ^q&l?\{21L)\ (7) 

^GL,jGZ-|_ 

where Z 4 . := N U {0} and q G Z^\(2Z)^ means that at least one component qj is 
odd. 

Corollary 1. Under the hypotheses of Theorem 1, any function f G admits 

the tight wavelet frame expansion 

f{x)= Y (8) 

^€L,jGZ,feGZ2 

By using the localization property of the frame wavelet in the Fourier domain, 
one can study the directions of growth of /(^) by looking at the size of the frame 
coefficients 

= (9) 

Moreover, by using the localization property of the frame wavelets in x-space, one 
can localize the singular support of f(x) by varying j and k in (9). 

An alternate formulation of the problem is by means of a pseudodifferential 
operator 

Y ) fio (10) 

j.k.e J 

= I ( 5 ^ ) /(O 

= I 

The problem is to find a symbol p such that Pf is strongly localized on the singular 
support of / and negligible where / is smooth. Pseudo-differential operators with 
smooth symbols do not extend the singular support of /; that is, the singular 
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support of Pf is contained in the singular support of /. In Section 6, the symbol 
will involve only the matrix Qj which will be a discretized version of = 

^^(2-J^), and the values of the shift parameter k in the summation in (8) will be 
determined indirectly by the singular support of / through the size of 

4. Two-Dimensional Tapered Characteristic Functions 

The localization property of frame wavelets in the Fourier domain by means of the 
frame coeffficients (9) depends upon the support of the wavelet functions -0^ ^ on 
appropriate rectangular or polar pavings of the plane. 

In this section, we construct rectangular paving as a steppping stone for polar 
paving in section 5. 

We first define bell functions of one variable. We partition the s axis with 
points {aj} (aj < into intervals, such that the jth interval is [aj,aj-^i] and 

has length Lj = a j^i —aj. Around each endpoint of an interval, say a^, we allow a 
transition region [oj —ej^aj-\-Sj\ of width 2ej\ in this region, the bell function hj{s) 
over the interval j rises smoothly from 0 to 1, and the bell function hj-i{s) over 
the interval j — 1 decreases smoothly from 1 to 0. The bell function hj{s) is nonzero 
for s in the region {oj — + £j+i) and it is 1 for s in [oj + Sj^aj^i — 

Bell functions over two adjacent intervals overlap in their transition region. 

A bell function, or window, hj{s) has the following properties: 

(i) 0 < hj{s) < 1 for all s and 

h \s) _ I ^ 

^ ] 0 ii s < Oj — 6j or s > 

where Sj > 0 and Sj -h < Lj; 

(ii) b‘^{aj + 5 ) + b‘j{aj - s) = 1 if \s\ < ej; 

(hi) bj{aj s) = bj-i{aj — s) if |s| < Sj. 

Condition (i) says that the windows are simply smoothed versions of the 
rectangular window and bj can be specified if it is known in the left transition 
region LTR = [aj — Sj^aj + ej] and the right transition region RTR = — 

6j-^i,aj^i -|- So we need only consider the window function in the transition 
regions; we refer to this as a taper function. We shall denote the restrictions of bj 
on LTR and RTR by 

ti{s; ej) = bj{s) for s e [aj - ej,aj + sj] (11) 

and 

tr{s;€j) = bj{s) for s e [a^+i -ej+i,aj+i +£j+i], (12) 

respectively. 

The left part of Fig. 3 shows three tapered characteristic functions: (a) of 
the interval [0, 1] with transition width 1/2 at both ends, (b) of the interval [1,2] 
with transition widths 1/2 at the left end and 1 at the right end, and (c) of the 
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interval [2, 4] with transition widths 1 at the left end and 2 at the right end. It is 
seen in the right part of Fig. 3 that the square root of the sum of the squares of 
these three functions is equal to 1 over the overlapping tapered parts. 




6-101 



Figure 3. Left: three overlapping tapered characteristic func- 
tions. Right: square root of sum of squares of the three functions. 

Bell functions of two variables are defined as the tensor product of two bell 
functions of one variable, 

^»(S1,S2) = ^1(51)62(52), 

where b\ and 62 have transition regions of appropriate lengths at their left and 
right ends. 

We illustrate two-dimensional paving of the Fourier domain by the following 
example. The tapered characteristic functions of the 12 squares of side 1/2 of the 
ring , shown in Fig. 4, have transition widths Ae on the outside edges and 2s 
on all the other edges. Similarly, the three squares of side 1 of the second ring 

































0 















Figure 4. Paving of the Fourier domain by rings of 12 dyadic squares. 

in the first quadrant, produced by dilation by 2, have transition widths Se on the 
four outside edges and As on the remaining edges. 

In general, the ring parametrized by j G Z, is the support of tapered 
characteristic functions 

^^(0 := ?( 2 ' 0 , 1 , 2 ,..., 12 , 
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where the Fourier transform is defined by (1). For fixed j, the only rings that 
intersect with are and Given one ring the other rings are 

simply obtained by dilation. 

To prove identity (3), one needs only check points where two, three and four 
tapered wavelet frame functions overlap. Let us check identity (3) at an arbitrary 
point ^ in the intersection of the four tapered parts of xpf and '02? ^ = 1, 2, 3. Since 
tapering is of the same width for all four transition regions, it is obtained by the 
same taper functions (11) and (12), ti{s,e) and t^(5,£), respectively. Proceeding 
counter-clockwise from the top right corner of the frame 0^, we have 

= e)^ + tlit e)^] + e)^ + e)^] 

= 1 . 

We generalize to two dimensions the treatment of smooth frames for iL^(M) 
given in [11, Section 8.4] and show that the functions 0^ ^ form a Parseval wavelet 
frame for L^(M^). 

Theorem 2. 7/0 < 6: < 1/4, the system {0j/.}? 7 ^ ^ CLfid k ^7?, is a Parseval 
wavelet frame for L^(M^). 

Proof Identity (3) has just been proved. For / G 7/^(E^), a similar argument to 
the proof of Theorem 2 implies 

fcez2 d 

and 

12 oo 12 oo « 

EE EK/>4fc)i' = EE / i/(on?(2-^'oP^ 

^=l j=-oo /cGZ2 £=1 j=-oo d 

= I l/(OP‘^^ = ll/lli^(E^)- 

A folding argument [11, p. 419], shows that 

II'^0,oIIl2(R2) = -• 

Thus we have a family of frames in L^(R^) that do not form an orthonormal 
basis. □ 



5. Radial Paving of the Fourier Domain for Microlocal Analysis 

To have arbitrarily fine angular resolutions in the Fourier domain it is convenient 
to consider polar pavings of the plane by dyadic sectors of annuli with appropriate 
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angular divisions. A few sectors of annuli of the first and second dyadic rings are 
shown in Fig. 5. 




Figure 5. Dyadic sectors of annuli with central disk in the 
Fourier domain. Unequal angular divisions offer directional free- 
dom. 

It is to be noticed that the radial interval is of the form [r, 2r] . Polar wavelets 
can be defined by the inverse Fourier transforms of nonoverlapping characteristic 
functions over sectors of annuli. If the Fourier domain is completely covered by L 
nonoverlapping wedges, the L family of wavelets with ^=1,...,L, j€Z, 

and /c G Z^, form an orthonormal basis of This basis can be generated by 

a frame multiresolution analysis with scaling functions. 

To have better localization in x-space, these functions are tapered with width 
2e on the inside arcs, width Ae on the outside arcs and width es, r < s < 2r, on 
the straight radial edges. Provided s is sufficiently small so that tapering overlaps 
are restricted to immediately adjacent regions, it will be shown below that identity 
(3) is satisfied. By taking a ring sufficiently close to the origin, by construction, 
dyadic polar rings form a Parseval frame. 

The description of polar frame wavelets is considerably simplified by using the 
polar coordinates (r, 0) in the Fourier domain instead of the Cartesian coordinates 
The inverse and direct coordinate transformations are 

= rcos27T^, ^2 = rsin27r0; r = ^ ^ ~ ^ arctan 5 

with the appropriate branches of arctan. In the (r, 0)-plane, the polar frame wave- 
lets are supported in the semi-infinite strip {0<r<oo, O<0<!}, and are 
1-periodic in 6. The strip, shown in Fig. 6, is divided into rectangles with vertical 
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sides at r = 2^ , j G Z and horizontal sides at 

0 = Oq < 6i < ’ • ‘ < 0£ < ’ ’ ’ < 6 l = 1. 



e 




Figure 6 . Strip in the (r, ^)-plane. 

The smooth functions ij;j{r,6) = are easily obtained by tapering 

the characteristic functions of each rectangle. Tapering is done along vertical sides 
with transition regions of width at r = and along horizontal sides with 

transition regions of width 2e£ with €l = ^o at 6 = 9l> 

It is then clear that identity (3) is satisfied. 

It is shown in [5] that our smooth frame wavelets can be obtained from a 
frame multiresolution analysis with scaling functions. 



6. A Numerical Implementation of the Localization Method 

In this section, we describe how to apply the above theory to the restoration 
of finite images represented by matrices. Since the Fourier transform of a finite 
region gives rise to oscillations of the cardinal sine type, care must be taken in the 
restoration process. 

The restoration process described in [5] involves the following steps. 

(a) A scarred image (A) is to be restored as its original image (F). 

(b) Image (A) is Fourier transformed and filtered by multiplication with tapered 
characteristic functions with support far from the origin and at right angles 
to the singularities to be localized. This produces image (B). 
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(c) The frame coefficients (9) in the Fourier domain, 

make image (C). 

(d) In view of the Plancherel theorem, image (C) is used in the x domain to 
obtain the wavelet frame expansion (8) of Corollary 1. This produces a thick 
image (D) of the singularities in image (A) 

(e) The extra width of (D), caused by the side lobes in the support of 

is narrowed to eliminate oscillations due to the cardinal sine effect when 
transforming functions with finite support. This is image (E). 

(f) A tuned multiple of (E) is subtracted from (A) to restore the original image 

(F). 

In the case of polar frames, two-dimensional bell functions were produced by 
the Mathematica Wavelet Explorer by tapering characteristic functions over the 
rectangles with left and right vertical edges at r = 1/2 and r = 1 with horizontal 
transition widths 1/8 and 1/4, respectively. The lower and upper transition widths 
of the rectangle with lower and upper horizontal edges at Oe and are — 
and (^^+i — ^^)/4, respectively. 

Tapering was done by iterating the sine function twice to get 

6(.)=sin(|sin2(|sin2(|5))) 

with the option Taper -> {Trig [2] , epsilon}. It is easy to see that 
b(sf + b{l - sf = 1, se[0,l], 

by noting that sin((7r/2)(l — s)) = cos((7t/ 2)5) and repeated use of the identity 
cos^ s = 1 — sin^ s. 

Six sets of longer rectangles were produced by horizontal dyadic scaling of 
the functions of the first set. The support of these functions is a strip with far 
right end at r = 287. 

These functions are evaluated in the form of tables by Mathematica in the 
(^1,^2) plane and exported to Matlab in the form of matrices: 

Qi, Qi^ Q7, Qj . 

By construction, the top right 87 x 87 matrix Qj {d for diagonal), with center 
line making an angle of 7 t/4 radians with respect to the axis, has lower left and 
upper right elements in positions (87,201) and (1,287). Therefore, in the sequel 
we shall work with matrices of dimension 287 x 287. 

A diagonal line is added to the Saturn image making (A) shown in the top 
left part of Fig. 7. 

Let / be the matrix representing image (A). The discrete Fourier transform 
F of / is filtered by means of the top right frame, Qj, of the fifth ring to recover 
the singularity and eliminate the smooth part of the image. We write k = (ki,k 2 ). 
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Let the (m, n)-th element of the matrix of exponentials Ek be 

Ek(m,n) = ( 13 ) 

Discretizing the scalar product (9), 



we obtain the matrix C = (ck) of frame coefficients 

287 

Cfc = {F.*Ek.*Qr)im,n), fci = A :2 = 1, . . . , 287, (14) 

m,n=l 

where .* denotes componentwise matrix multiplication. Note that Qj is a real 
matrix. The matrix C represents image (C). 

Discretizing the partial sum (8), 

287 

ki=k2 = l 

we obtain the matrix W = (wk) of the wavelet frame expansion of the discrete 
inverse Fourier transform of the filtered image (B). The entries of W are 



Wk = 



/ 287 

^ki=k2-- 




(15) 



where summation is over the diagonal segment S. 

Since the Fourier transform of the smooth component of the image is localized 
mainly near the origin and the Fourier transform of the singularity consists mainly 
of details with high frequency, the properly modulated matrix filter Qj picks up 
only the singularity. 

The frame kiO^ support in the top right corner in the Fourier domain, 
picks up the singularities across segments parallel to the main diagonal. 

In the top left part of Fig. 7, a diagonal line of height 100 has been added to 
the Saturn image making image (A). The Fourier transform of this image is filtered 
by a smooth polar frame supported on a sector of an annulus of aperture of 0.027T 
radians and inner and outer radii 220 and 287, along the secondary diagonal in 
the upper right corner of a 287 x 287 matrix in the Fourier domain and shown in 
the top right part of the figure (image (B)). The image of the frame coefficients of 
the filtered image is shown in the bottom left part of the figure (image (C)). This 
image clearly locates the diagonal line singularity added to the Saturn image. The 
bottom right part of the figure shows the frame expansion of the filtered image in 
the X domain (image (D)). It is seen that the smooth image has been filtered out. 
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Figure 7. Top left: framed negative image of diagonal line added 
to the Saturn image. Top right: framed negative image of the fil- 
tered image in the Fourier domain. Bottom left: framed negative 
image of the frame coefficients of the filtered image in the Fourier 
domain. Bottom right: framed negative image of the frame recon- 
struction of the filtered image in the x domain. 
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Abstract. A review of system identification based on distribution theory is 
given. By the Schwartz kernel theorem, to every continuous linear system, 
there corresponds a unique distribution, called kernel distribution. 

Formulae using wavelet transform to access time-frequency information 
of the kernel distribution are deduced. An application of the formula to system 
identification of a health monitoring system is given. 
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1. Introduction 

Many results on system identification based on distribution theory are already 
known, but, as far as we know, there is no reference that collects those results and 
states them in the system identification context. Therefore we give a brief system 
identification theory starting with the Schwartz kernel theorem in §2 based on 
[1]. In §3, the continuous wavelet transform on is introduced and time- 

frequency analysis using the continuous wavelet transform of continuous linear 
systems on is discussed. Formulae using the continuous wavelet transform 

to access time-frequency information of the kernel distributions are deduced. In 
§4, the stationary wavelet transform is introduced as a discrete version of the con- 
tinuous wavelet transform having translation-invariant property, which is called 

This research was partially supported by the Japanese Ministry of Education, Culture, Sports, 
Science and Technology, Grant-in- Aid for Scientific Research (C), 15540170 (2003-2004), and 
by the Japan Society for the Promotion of Science, Japan-U.S. Cooperative Science Program 
(2003-2004). 
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time-invariant for the one dimensional case, n = 1. In §5 and §6, using a dis~ 
Crete version of the formula to access time-frequency information of the kernel 
distribution corresponding to translation-invariant systems, a wavelet method of 
system identification is proposed. In §7, as an application of our wavelet based 
system identification method for a health monitoring system for structures, we 
give a numerical experiment to identify the structural parameters. By using the 
de-noising property of wavelets, our wavelet based system identification method 
performs much better than the conventional method when white noise is added to 
input and output. 



2. System Identification 

Let us review what is system identification based on [8]. A system L illustrated 
in Figure 1 is an object in which variables of different kinds interact and produce 
observable signals. The observable signals g that are of interest to us are called 
outputs. The system is also affected by external stimuli. External signals / that can 
be manipulated by the observer are called inputs. Others are called disturbances 
and can be divided into those, denoted by w, that are directly measured and those, 
denoted by v, that are only observed through their influence on the output. 



Measured 
disturbance VV 



Input f 



Unmeasured 
disturbance v 



System L 



Output g 



Figure 1. System L. 

When we interact with a system, we need some concept on how its vari- 
ables relate to each other. With a broad definition, we shall call such an assumed 
relationship among observed signals a model of the system. A model is called 
a mathematical model or analytic model if the model describes the relationships 
among the system variables in terms of mathematical expressions like difference or 
differential equations. The construction of a model from data involves three basic 
entities: 

1. The data. The input-output data are sometimes recorded during a specifically 
designed identification experiment, where we may determine which signals to 
measure and when to measure them and may also choose the input signals. 
In other cases, we may not have the possibility to affect the experiment, but 
must use data from the normal operation of the system. 
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2. A set of candidate models. A set of candidate models must be specified by con- 
sidering various factors, such as formal properties of models, a priori knowl- 
edge, engineering intuition and insight. 

3. A rule by which candidate models can he assessed using the data. Determining 
the ‘‘best” model in the set is guided by the data. This is the identification 
method. 

The assessment of model quality is typically based on how the models perform 
when they attempt to reproduce the measured data. Hence, the system identifica- 
tion procedure are the followings: 

1. Collect data. 

2. Choose a model set. 

3. Pick the “best” model in the model set. 

4. Validate the “best” model. 

Schwartz Kernel Theorem 

Mathematically, a system can be regarded as a mapping which relates inputs to 
outputs. Hereafter, we will use the terminology “system” rather than “mapping” . 
A system L is said to be linear if 

L[aifi + « 2 / 2 ] = OiiL[fi] + a2L[f2], 

for arbitrary constants ai, 0:2 and arbitrary inputs /i, / 2 . To choose a model set 
for linear systems, the most general setting should be given by using the Schwartz 
kernel theorem [16] based on the Schwartz distribution theory [13]. 

Let us denote by the space of compactly supported functions 

with the canonical LF-topology [16]. The space is also called the space 

of test functions. A distribution T in R’^ is a continuous linear form on ^(R’^). 
The set of all the distributions in R’^ is denoted by ^'(R’^) and the duality of 
distributions is denoted by (•,•), that is, the duality between T G and 0 G ^ 
is written as 

T(<f>) = {T,<f>f = {T{x),<j>{x)S,. 

The space of functions in R’^ with the canonical Frechet-topology is denoted 
by and its topological dual space is denoted by (^'(R’^), which is the space of 

compactly supported distributions in R’^. On the other hand, as the inner product 
of is denoted by (•,*), we have 

{f,gS = {f,9), 

The space of functions in R’^ rapidly decreasing at infinity is called the 
Schwartz space and denoted by ^(R’^). The topological dual space of 
is denoted by ^'(R’^) and an element of ^^'(R’^) is called a tempered distribution. 

Theorem 1 (The Schwartz kernel theorem). Let L : ^(R’^) ^ ^'(R^) be a 
continuous linear system. Then, there is a unique distribution k G ^'(R^’^) such 
that 



{L[f], (f>f = {k{x, y), (t){x)f{y))l^y 
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for every f , (j) ^ that is, 

Hf]{x) = {k{x, y), f{y))*y, f e 

The distribution k is called the kernel distribution of L. 

IfL : y{R^) then k G 

Let us compare it to those of a more “classical” nature, such as, for instance, 
the one occurring in the theory. It is trivially false that every bounded operator 
from L^(M2) to can be represented by a kernel k{x,y) G that is, 

can be written as 

/h^ j k{x,y)f(y)dy, 

because the kernel for the identity system must be a Dirac kernel S{x — y). 

Translation-Invariant Systems 

Let us define three fundamental operators for time- frequency analysis. They are 
unitary operators when they act on L^(R^). Define the translation operator Ta by 

Taf{x) = f{x -a), ae R^, 

the modulation operator by 

and the dilation operator Dp by 

Dpf{x) = pgR+:={o:gR; x>0}. 

For simplicity, we consider Dp only for p > 0 although we can consider Dp for 
p G R\{0}. 

A continuous linear system L : ^(R’^) ^ ^'(R’^) is said to be translation- 
invariant if 

(L[/],T_.(/))* = {L[Taflct>)\ 
for every f , (j) ^ ^(R’^) and every a G R’^, or simply, 

TaL[f] = L[TJ], 

for every / G ^(R’^) and every a G R’^. Proposition 1 stated below follows from 
the argument given in [13], Chapter 6, §7 (see the part before Theorem 24). 

Proposition 1. Let L : ^(R’^) — > ^'(R’^) be a continuous linear system and 
k{x, y) be its kernel distribution. The system L is translation-invariant if and only 
if there exists a unique h G ^'(R’^) such that k{x, y) — h{x—y), that is, L[f] = h*/. 
As a result, we have L(^(R’^)) C ^(R^). 

If L is continuous from ^(R’^) to y'{W^), then h G ^'(R’^), and hence 
we have L[y{W^)) C where 'Is the space of slowly increasing 

functions ([13]). 
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Causality 

Causality is natural for a physical system in which the variable is time. It means 
that the response at time t depends only on what has happened before and at t. 
In particular, a system does not respond before there is an input. Thus causality 
is a necessary condition for a system to be physically realizable. 

Let L be a continuous linear system and k G be 

its kernel distribution. A continuous linear system L is said to be causal if 

supp L[f] c supp / + 

for every / G Here, A B := {a b ; a e A, b e B} and M+ := [0, oo). 

We simply write a + H for {a} + B. Then, we can show that the following three 
conditions are equivalent. 

(a) L is causal. 

(b) For every a G if / G ^(R”) and supp/ C a + then suppL[/] C 
a R_|_ . 

(c) suppfc C A+ := {(a:,y) € ; Xj > yj, j = l,...,n}. 

Let us define the causality of distributions. A distribution / G is 

said to be causal if supp / C R+ . When L is translation-invariant, there exists 
h G ^'(R^) such that L[f] = * / for / G ^(R’^). Then the following three 

conditions are equivalent. 

(a) L is causal. 

(6') If / is causal then L[f] is causal. 

(c') h is causal. 



3. Continuous Wavelet Transforms 

Assume that G L^(R^) satisfy 



0 < := f ds < oo, (3.1) 

Jo ^ 

where is independent of Note that this condition is satisfied if is a con- 
tinuous function with compact support, ^ 0, is radially symmetric, and 

/ dx = 0. For simplicity we further assume that ||V^||l 2 (m^) = L 

Jr'^ 

The continuous wavelet transform of / G L^(R’^) with respect to -0 is defined 
by 



W^f{b,a) : = |a| [ f{x)ip(- — -) dx = {f,TbDaip)i^2(^n), 

jRji \ a / 

(6, u) G IHItt, R^ X R_|_. 

It is well-known that W^f G := L‘^(M.n;dbda/a'^^^) and 
{w^f, = C'v’(/>5)i2(Rn) for every f,g e 



(3.2) 



(3.3) 




208 



R. Ashino, T. Mandai and A. Morimoto 



(See, for example, [4].) 

Wavelet Analysis of Kernel Distributions 

For (6, a), (it, s) G set 

K^{b,a;u,s) := C^~'^{L[TuDs'tp],TbDaip)L^{Rn). (3.4) 

Then, we have the following result, whose proof can be found in [1]. 



Theorem 2. Assume that the system L is a Hilhert-Schmidt operator^ that is, 
the kernel distribution k belongs to Then, we have 

K^(b,a,u,s^ — C'lj) (^k^TfyDd'ip ^ ]^2 , (3.5) 

where {f^g){x,y) := f{x)g{y), 

\\^i>\\^2 = ll^l|i2(R2n), 

and 

f ds 

^V'(-^'[/])(^“) = / K^{b,a-,u,s)W^J{u,s)du-^, (3.6) 

dUrr, ^ 

for every f G L‘^(W^). 

We also have an inversion formula for k: 

k{x, y) = c:^^ K^b, a; u, s)nDai>{x) TJD^W) db-^du^, (3.7) 

where the integral is, for example, in the weak sense: 

{k,h)i^ 2 ^ 2 n^ —Cl I K^(^b, a] u, s) 

X {TbDa'ip 0 h) db-^du^, 

for every h G L^(M^’^). Note that {TbDa'ip <S> TuDg'ip, h) G J^, just like K^. 



The wavelet transforms W^f and W^{L[f]) are computable from the ob- 
served input / and output L[f]. The formula (3.6) enables us to access to informa- 
tion of K^. Then, we can access to time-frequency information oi k by a similar 
way to the ordinary wavelet analysis, because (3.5) means that is a kind of 
wavelet transform of k and (3.7) is a kind of inverse wavelet transform. 

When the system L is translation-invariant (of non-Hilbert-Schmidt type), 
we have the following result, whose discrete version will appear in §6. The proof 
can be found in [1]. 



Theorem 3. Let L be a continuous translation-invariant linear system from 
L‘^{W^) to L‘^{W^). Then, we have 

{W^{L[f])){;a)=iL[W^f{;a)\ (3.9) 

for every f G and a G M+ . 
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Remark 1. The short-time Fourier transform^ denoted by of / G 

with respect to a window function w is defined by 

:= {f,M^nw)L2^un), i^,b) e 

which is the most familiar time- frequency analysis, is an operator from L^(E^) 

into As for Theorem 2, we have very similar results for instead of W^. 

As for Theorem 3, since the modulation does not commute with translation 
Tb, the short-time Fourier transform does not commute generally with translation- 
invariant systems for fixed ^ G E. If we modify the definition of the short-time 
Fourier transform as 

^wf{b,0 ■■= if,nM^w)L2(^r.), {b,0 G E"”, 

then we have the same result as Theorem 3. 

Wavelet Transforms and Causality 

A function 'll; is called a 'wavelet function for causality if W^f{h, a) is causal with 
respect to b for every causal function /. If we define the involution X by 

I[g{x)\ := g{-x), 

then the wavelet transform W,i,f{b,a) cstn be represented as 

W^fib, a) = {f* Dal^rn. (3.10) 

When (2 > 0, the following two conditions are equivalent. 

(i) / is causal => W^/(6, a) is causal with respect to b. 

(ii) X[ip] is causal. 

We will use a discretized version of the wavelet function for causality con- 
structed as follows. Take a continuous orthonormal wavelet function ^ with com- 
pact support such as Daubechies’ orthonormal wavelet functions. Then, there ex- 
ists 6 G E such that snpp T^X'ip C E^_. Since Tbl'i/; = XT-b'^P, the function XT-t'^ 
is causal, which means that is a wavelet function for causality. 

4. Stationary Wavelet Transforms 

Until now, we have dealt with analog systems and the continuous wavelet trans- 
form. For numerical experiments, we will deal with discrete systems whose inputs 
and outputs are sequences. Discrete systems are linear transforms on sequences, 
especially, any translation-invariant discrete system, which is called a digital filter, 
can be represented as a convolution of the input {xn} with the impulse response 
{o!n}* 

Vn ~ ^ ^ 

e 

There are several discretized versions of the continuous wavelet transform. 
Discrete wavelet transforms can be classified as either redundant or nonredundant. 
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The nonredundant transforms such as orthogonal or biorthogonal decompositions 
perform better in the compression ability because only components relevant to re- 
construction are added. But such nonredundant discrete wavelet transforms cannot 
have the translation-invariance, which is important in statistical signal processing. 
Translation-invariant redundant discrete wavelet transforms studied in [2], [11], 
and [12] work well for de-noising. In [11], such a translation-invariant redundant 
discrete wavelet transform was called stationary wavelet transform, and we follow 
their terminology. 

Let us explain celebrated nonredundant discrete wavelet transform produced 
by Mallat [9], called fast wavelet transform. We deal with fast wavelet transform 
only for an orthonormal wavelet basis. Denote by ho,n and ^o,n? the reconstruction 
filter coefficients appearing in the dilation equation and the wavelet equation, 
respectively. 

Let j = 0 be the finest level and j = 1, 2, • • • be coarse levels increasingly. 
The sequences called the approximation coefficients of level j-\-l and 

called the detail coefficients of level j + 1 are given by the sequence sj^n of level j 
as 

~ ^ ^ ho,n—2k ~ ^ ^ 1^0, n 

^ n n 

dj-\-l^k — ^ ^ 90,n—2k ^j,n — ^ ^ 90,n ^j,n-{-2k' 

< n n 

By looking carefully at the computation, we may keep only one point out of two, 
say the even or the odd indices, in each of Ylm ^o,n-fc and Yin 9o,n-k Sj,n 
to get the complete information. Hence, in (4.1), we keep only the even indices 
2k out of Yin ^o,n-kSj^n and Yin 9o,n-k Sj^n, respectively. This is what we call 
downsampling. 

Applying the fast wavelet transform iteratively, we have the following decom- 
position: 

^ 0 ,n ' ^ • • • 5 ^j,n \ ? 

which is called a multilevel or multistep fast wavelet transform of level j. By Par- 
seval’s identity, we have 



E = E E + E (4'2) 

n r=l n n 



Roughly speaking, the stationary wavelet transform is a kind of fast wavelet 
transform without downsampling. The sequences Sj+i, k and Dj^i^k of level j + 1 
are given by the sequence Sj^n of level j as 



^j-\-l,k 

Dj-\-i^k 



^ ^ hj^n—k ^j,n — ^ ^ ^j-,n ^j^n-^-kt 
n n 

^ ^ 9j,n—k ^j,n ~ ^ ^ 9j,n 



(4.3) 
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Here the initial filter coefficients ho,n and are the decomposition filter coeffi- 
cients corresponding to an orthonormal wavelet basis. It must be remarked that 
filter coefficients depend on their levels and the filter coefficients and Qj+i^n 

of level j + 1 can be given as upsamplings of the filter coefficients hj^n and of 
level j, respectively. That is, 



hj^k — 



^0,nj 

0 , 



k = 2 -^n, 
otherwise. 



Substitute k — in (4.3), then (4.4) implies 



(4.4) 



^ ^ ^j,n—2o+^m ^j,n — ^ ^ ^j^2H—2o + ^m ^j,2H — ^ ^ ^0,^— 2m ^j,2^£’ 
n e i 

Hence, is the approximation coefficients of the fast wavelet transform 

decomposition of Sj^2U‘ By the same argument, Dj_^i^2o+^m is the detail coefficients 
of the fast wavelet transform decomposition of Sj^2U- Thus, we can show that the 
following subsequences of the stationary wavelet transform of 5o,n- 

{Di ,2nj T>2,22ri5 • • • 5 Dj 23n'i ^j,2jn }, (4.5) 

is the multistep fast wavelet transform of level j. Namely, -Dr, 2 ^n = dr^n and 
Sr, 2 ^n = 5r,n- Substituting (4.5) into (4.2), we have 

1*^0, np == X/ + X^ \Sj^2jn\‘^- (4-6) 

n r=l n n 



5. System Identification of Discrete Systems 

The most commonly used model structure in system identification is a convolution 
equation which relates the current output {y„} to a finite number of past outputs 
{Vn-k} and inputs {xn-k} as 

p Q 

Vn 4” E ^m 2 /n— mj P j <5 G N, (5.1) 

£=0 m=l 

where {a^ ; £ = 0, 1, . . . , P} and {bm ; rn = 1,2, ... ,Q} are filter coefficients. We 

will denote 

A = [ao,ai,...,ap]'^, B = [ 61 , 62 , ••• ,5q]^. 

The structure is thus entirely defined by the two integers P and Q. The simplest 

model with a disturbance {cn}, which is called an error, is 

P Q 

Vn ^ ^ 4“ ^ ^ ^myn—m 4” ^n* (^*^) 

£=0 m=l 

Model (5.2) is often called an equation error model or an autoregressive model with 
exogenous input, which is simply called an ARX model. 
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The discrete versions of some linear differential equations are expressed by 
ARX models. One such example is the following health monitoring system. 

Health Monitoring Systems 

Structures under dynamic load, such as buildings, bridges, and so on, store cumula- 
tive damages on their structural members. The main concern of health monitoring 
systems is to have an efficient identification method of the structural parameters 
and to find when those parameters have been changed. Although these damages 
are generally estimated by continuous observation of several measurements, such 
as acceleration, velocity and displacement at several observing points, health mon- 
itoring systems based on these measurements could be expensive. Therefore, ap- 
proaches to health monitoring systems utilizing only one measurement are growing 
in importance. Such health monitoring systems have only one input-output pair 
of long length. In this case, we subdivide the input-output pair into an enough 
number of input-output pairs of short length. 



6. Identification Method 



We use the same identification method for our wavelet method as for the conven- 
tional method. The difference is that the wavelet method preprocesses observed 
input-output pairs and uses the preprocessed input-output pairs to identify, while 
the conventional method uses observed input-output pairs themselves. 

Denote by Y the column vector whose elements are yn, and by Z the matrix 
whose elements are 



Z{n,j) 



2/n-j+P+l? P T2<j<P -fQ+l. 



Then, equation (5.1) can be represented in matrix form as 




( 6 . 1 ) 



Equation (6.1) can be solved for the filter coefficients A and B in several ways. 
We will solve equation (6.1) by the least square method. Our problem is to find 
filter coefficients A and B which minimize 



E = Y,\enf 

n 




Q 

E ^771 2/n — m 

771=1 



Un 



2 



when enough input-output pairs (xn^Vn) are given. 



( 6 . 2 ) 



Conventional Method 

First, let us explain the conventional method of system identification. Put M = 
max{P, Q}. Let A: be a starting index. Take N successive elements starting with 
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the index k from the output {yn} and denote the A^-dimensional column vector 

by 

y = [yk,yk-\-i,yk~\-2r " ^yk+N-i]^- 

Construct the N x (P+Q+l) matrix Z in equation (6.1) by using the input-output 
pairs 

{xn, yn), n = k-M,k-M-\-l,...,k + N-l. 

Then solve the equation (6.1) by the least square method. 

Wavelet Method 

Next, we propose our wavelet method of system identification. We use a wavelet 
function for causality. Then, the stationary wavelet transform (4.3) is represented 
as 

k k 

^j-\-l,k ~ ^ ^ ~ ^ ^ 9j,n—k^j,n^ (b-3) 

n=—oo n=—oo 

Let a pair of input {xn} and output {yn} be given. Put 

cin _ oout _ 

*^0,n — ^0,n — yn- 

Applying the stationary wavelet transform (6.3) for causal systems, calculate in- 
ductively the approximation 5)^^ and the detail of level j for the input and 
the approximation Sj)j^ and the detail of level j for the output. Then, as a 
discrete version of Theorem 3, we have the following Theorem 4, whose proof is 
omitted. 

Theorem 4. Let a pair of input {xn} and output [yn] be given. Assume that the 
system to be identified has the form (5.1). Then, 



^=0 m=l 

p Q 

i=0 m=l 

Choosing enough approximation pairs 

{{ji, ^i)}i^Ia^ — {1? 2, . . . , ATq}, 

and detail pairs 

{{ji, ^i)}i£ld^ — {1 J 2, . . . , iVc^}, 

we have the following system to solve for A and B: 
r P Q 






|OUt 

ji,ki—m') 



i^h- 
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The wavelet method solves (6.4) by the least square method. 



7. Numerical Experiment 

We will deal with a mathematical model of simplified health monitoring systems. 
The model changes its structural parameters at a moment, that is, the filter coeffi- 
cients of the system are not constants but step functions. The system is translation- 
invariant both before and after the critical moment, but the filter coefficients are 
different between before and after. 

Model for Identification 

Let us consider a damped forced linear oscillation model, which is a simple model 
of vehicle suspension systems, illustrated in Figure 2. The equation of motion of 
this model is 

my -\-Cy-\- Ky = -mx, (7.1) 

where m is the mass, C is the damping constant, and K is the spring constant. The 
output y is called the response. Let us discretize the above model. The difference 
equation corresponding to (7.1) can be represented as an ARX model. Since the 
order of this difference equation is two, it implies that P = Q = 2. 



x-^y 
m 
K 



Figure 2. Damped forced linear oscillation model. 




Let the step size of time be 0.05 seconds. Assume that the structural param- 
eters for the first half of the input, which consists of 512 points corresponding to 
t < 25.6, are 

m = 1, C = 50, K = 500, 

and those for the second half of the input, which consists of 512 points correspond- 
ing to t > 25.6, are 

m = 1, C = 35, K = 350. 

Then, the ARX model to be identified, whose parameters are listed in Table 7, is 
given by replacing derivatives with differences in the equation of motion. 
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Parameters 


Time 


t < 25.6 


t > 25.6 


Filter uq 


-0.22222 


-0.26667 


Filter a\ 


0.44444 


0.53333 


Filter U2 


-0.22222 


-0.26667 


Filter bi 


0.33333 


0.60000 


Filter 62 


0.11111 


-0.06667 



Table 1 . The parameters of the ARX model. 



Input- Output Pair 



Let the ideal input x be 




We add white noise with values in [—2.5, 2.5] on the input x and denote the noised 
input by 






+ Whit eNoise(— 2.5, 2.5), 



where WhiteNoise(— 2.5, 2.5) means a white noise with values in [—2.5, 2.5]. Then 
the output y is given by solving the equation of motion with the noised input x. 
We add white noise with values in [—0.15,0.15] on the output y and denote the 
noised output by 

y = y + WhiteNoise(— 0.15, 0.15). 

These input x and output y are illustrated in Figure 3. 

The aim of the following numerical experiment is to compare the conventional 
method with the wavelet method. The outline and our conclusion of the numerical 
experiment are as follows. 



Outline of the Numerical Experiment 

Assume that P = Q = 2. Then, the lengths of the filter coefficients A and B are 
P + 1 = 3 and Q = 2, respectively. Identify the filter coefficients A and B at three 
positions: before, around, and after the critical moment, for input-output pairs 
with white noise. 



Conclusion of the Numerical Experiment 

Both the conventional and the wavelet methods can identify the filter coefficients 
A at two positions: before and after the critical moment, for input-output pairs. 
Only the wavelet method can identify the filter coefficients B at two positions: 
before and after the critical moment, for input-output pairs. 

We will use Matlab’s colon operator. The expression J : K is the same as 
the row vector [J, J + 1, . . . , A], where J, K eZ and J < K. For a real number X, 
fix(X) rounds X to the nearest integer towards zero. The expression J : D : K is 
the same as [J, J + P, . . . , J + MP], where M = fix((A — J)/D). For a row vector 
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5 
0 
-5 
-10 

( 

4 
2 
0 
-2 
-4 

( 

Figure 3. The input x and the output y of the ARX model. 

or a sequence Xn, the expression Xn{J : K) is the same as [xj, xj+i, . . . , xk], the 
expression Xn{J : D : K) is the same as [xj, xj^d, • • • , Xj-^md], and so on. 

Conventional method. For the input-output pairs (xn, Vn) with white noise, denote 
by 

=xn{k-2:k + 255), k = 54, 384, 704, 
the subsequences of x^ with length 258 starting with indices k = 54, 384, 704 and 
by 

=yn(fc-2:fc + 255), fc = 54,384,704, 
the subsequences of yn with length 258 starting with indices k = 54, 384, 704. 
Apply the identification method explained before to input-output pairs ) 

for k = 54, 384, 704. Under the assumption that P = Q = 2, solve equation (6.1) 
with respect to A and B. As the result is given in Table 7, A can be identified but 
B cannot. 

Wavelet method. We take stationary wavelet transforms of the input and output, 
up to 3 levels, by using Daubechies’ N = 3 orthonormal wavelet function for 
causality constructed in §3. 

The detail pairs and the approximation pairs in the left-hand side of equation 
(6.4) are chosen as 



P)OUt 

^2,n5 


n = k : 2 : k 255, 


128 points. 


7 ~)Out 

^3,n? 


n = k : A: k A 255, 


64 points. 


QOUt 

*^3,n5 


n = k : A : k A 255, 


64 points. 



ARX input 




_j ^ I 1 I I 

200 400 600 800 1000 1200 

ARX output 




200 400 600 800 1000 1200 
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Conventional method 


Starting index 


II 


fc = 384 


k = 704 


Filter uq 


-0.224 


-0.246 


-0.270 


Filter ai 


0.426 


0.408 


0.488 


Filter U 2 


- 0.202 


-0.156 


-0.214 


Filter bi 


0.254 


0.176 


0.437 


Filter 62 


0.088 


-0.032 


-0.079 


norm of the error of A 


0.040 




0.101 


norm of the error of B 


0.102 




0.175 



Table 2. Identification by the conventional method. 



where k is the starting index. It must be noticed that the level 1 detail coefficients 
are not used. 

Equation (6.4) is solved by the least square method, for three starting indices 
k = 54, k = 384, k = 704. As the result is given in Table 7, the filters A and B 
can be identified. 





Wavelet method 


Starting index 


fc = 54 


A: = 384 


A: = 704 


Filter ao 


- 0.220 


-0.218 


-0.262 


Filter ai 


0.444 


0.428 


0.514 


Filter 02 


-0.224 


-0.204 


-0.252 


Filter bi 


0.338 


0.429 


0.568 


Filter 62 


0.116 


-0.063 


-0.107 


norm of the error of A 


0.004 




0.039 


norm of the error of B 


0.010 




0.072 



Table 3. Identification by the wavelet method. 
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Two-Dimensional Wavelet Bases 
for Partial Differential Operators 
and Applications 

M.A. Hajji and S. Melkonian and Remi Vaillancourt 



Abstract. Partial differential operators are represented in non-standard form 
in separable two-dimensional orthonormal wavelet bases. A formal pseudodif- 
ferential approach is suggested for numerical applications. Applications are to 
the fifth-order quasilinear thin-film equation on an inclined plane. 

Mathematics Subject Classification (2000). Primary 65T60; Secondary 35Q51. 

Keywords. Periodic wavelet, differential operator, wavelet basis, non-standard 
representation, thin film equation. 



1. Introduction 

Wavelets have found applications in the representation of differential operators. 
The representation of operators in compactly supported, one-dimensional wavelet 
bases, as well as the construction of their corresponding matrices, has been consid- 
ered by Beylkin [3] and Beylkin, Coifman and Rokhlin [4]. The foregoing results 
have been employed by Beylkin and Keiser [5] in the numerical solution of evolu- 
tion equations in time and one space dimension. 

In this paper, we give the non-standard representation of linear partial differ- 
ential operators in two-dimensional compactly supported wavelet bases. Periodized 
Daubechies’ wavelets [6, 7] of period 1 are used in the construction of the matrices 
representing linear differential operators of the form L = g{dx^dy)^ where ^ is a 
real- valued function coming from partial differential equations of interest [5, 8, 9]. 
A formal pseudo-differential approach is suggested for numerical applications. 



This work was partially supported by the Natural Sciences and Engineering Research Council of 
Canada. 
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Applications include the numerical realization of horseshoe-shaped solitons 
in the solution of a fifth-order partial diflFerential equation governing the flow of a 
viscous fluid film on an inclined plane [10, 8]. 



2. Separable Two-Dimensional Multiresolution Analysis 

Consider an orthogonal one-dimensional multiresolution analysis (MRA), 

-•CVjC Vj+i C • • • , j G Z, 

with scaling function (f{x) and wavelet function 'ip{x) supported on [0, L — 1] and 
satisfying the two-scale equations: 



L-l 



L-1 



if{x) = ^ hk(f{2x - k), 



k=0 



The scaled and shifted (p and ^ are 

(fj,k{x) = 2^^‘^(f{2^x - k), 
The spaces 



V>(x) = \/2 ^ - k). 

k=0 

'4’j,k{x) = 2^^‘^'iIj{ 2^ X — k). 



CVj = Vj<S> Vj C Vj^i C • • • , j G Z, 

form a separable two-dimensional MRA with scaling function $(x,y) = (f{x)(p{y). 
The orthogonal complement of V j in is 

Wj = w^ew]e wj, 

where 

W) = Vj®Wj, W) = Wj®Vj, Wj = Wj®Wj, 

and Wq is defined by the horizontal, vertical and diagonal wavelet functions: 

= <f{x)i>{y), ^'’{x,y) = ip{x)(p{y), ^'^{x,y) = ip{x)ip{y). 

The scaled and shifted version of and are 

In the following, the superscript A will take values in the index set {h,v,d}. For 
each j bases for Vj and W j are: 

ki,k 2 e Z}, ki,k 2 € Z, A = h,v,d}. 

A separable wavelet basis of L^(R^) is ki,k 2 E Z, X = h,v,d}. 

Let (•,•) denote the inner product in A function / G L^(E^) is 

approximated by its orthogonal projection on the space Vn' 

fn = Pnf = ^ where = (/, ^^ 1 ,^ 2 )’ 

ki ,/C2 
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and represented in the wavelet basis by the series 



E E E 

jE'L X=h,v,d ki,k2EZ 






where 



^l’l,/C2 






Choosing Vn and Vn-j as the finest and coarsest subspaces, respectively, and 
using Vj = 0 W j -I , we have 



Vn = Vn-J 0 Wn-J 0 Wn-J+1 0 • * ' 0 



Then fn € Vn can be expanded as 

n— 1 

fn = Pn-jf+ E where Qjf = '^ ^ 

j=n—J ki,k 2 X=h,v,d 

Here, Pn-jf is the coarsest approximation on Vn-j and the projections Qj = 
Qj -{-Q'j + Qj on W j = Wj 0 Wj 0 Wj give the detail functions Qjf on W j 
which build up the finest approximation, /^, of / on Vn- Compression is achieved 
by setting ^ below a threshold. 

The two-dimensional fast wavelet transform (FWT) decomposition is ob- 
tained by lowpass and highpass filterings with downsampling: 

J _ o- j+i 

kiM ~ ^’^i.’^2*mi+2/ci,m2+2A:2’ 

mi ,m2 

nX j+1 

^ki,k2 / J '^mi ,m2 ^mi+2/ci ,m2+2/c2 ’ 
mi ,m2 

respectively, with real lowpass filter 



Hmi,m2 — ^m\hnri2 



and real highpass filters 



C^mi ,m2 



hmi9rri2 t 



C^mi ,m2 



9m\ h 



m 2 J 



C^mi ,m2 



Qm\9m2 • 



The two-dimensional inverse fast wavelet transform (IFWT) reconstruction 
of from and is obtained by upsampling and filtering: 



*2fci,2fc2 



H2mi 



2m2^ki—mi,k2—m2 



mi ,m2 



+ 



X=h,v,d mi, m2 



E GL,,2mAf. 



-mi,fc2— m2 ’ 



c7 + l _ 

^2/ci+1,2/c2+1 “ 



-f^2mi + l,2m2 + l^ii- 



-mi ,k2—m2 



mi ,m2 



+ E 



E« 



A 

2mi + l,2m2 + l 



d 



ki —mi ,/c2— m2 ’ 



X=h,v,d mi, m2 



( 1 ) 



( 2 ) 
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J+i 

,2^2 + 1 



J+1 

^2/ci+l,2/e2 



mi, m 2 

y V y "y ^2mi ,2m2+l^fci — mi ,A:2— m 2 ’ 
X=h,v,d mi, m 2 

y^ ^2mi + l,2m2^fci-mi,fc2-m2 

mi ,m2 

y "y y V ^2mi-\-l,2m2^ki—mi,k2—m2’ 

X=h,v,d mi, m 2 



( 3 ) 

( 4 ) 



For periodic wavelets, the matrices and are (2-^, 2-^) -periodic. The [0,1]- 
periodic scaling function and wavelets are defined by the formulae 

and 

E E X = h,v,d, 

£i GZ £2 

respectively. 



3. Nonstandard Representation of Differential Operators 

Given an operator T, we approximate T by = PnTPn and with Vn and Vn-j 
as above, we expand = PnTPn in the telescoping sum 



j-i 

Tn = PnTPn = ^ [Pfi-jTPn-j ~ Pn-j-lTPn-j-l] + Pn-jTPn-J, 

j=0 

and use Pj-\-i = Pj + Qj to obtain the NS-representation of T, 

n— 1 

Tn = [Aj + Bj + Cj] + Tn - J , 

j=n-J 

where Tn—j — Pn—jTPn — j • ^ n—j ^ ^ n—j and 



E 

X,X'=h,v,d 

Bl= E S? 

X=h,v,d 

E 



E Q^TQf :Wf 

X,X'=h,v,d 

Q^TPj : V, - 

X=h,v,d 

PjTQ^ ■■ Wj - Vj. 

X=h,v,d 



The NS-representation decouples the scales by acting on Vj and Wj at each level. 
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Then for / G we have the approximation 



n— 1 



j=n—J 



y = h 7 ) d \ = h d 



+ Tn-jf- 



The steps in the application of an operator T on periodic functions / G 
L^([0, 1]^) of period 1 are as follows. 

• Approximate / in Vn by Pnf to get the 2'^ x 2'^ coordinate matrix s'^. 

• Decompose s'^ down the MRA spaces using two-dimensional FWT to get 

^j,v^ ^j,d for j = n — 1, n — 2, . . . , n — J. 

• For n — J < j < n — 1, construct the matrices representing 

the operators Aj , Bj, Cj, respectively. 

• The approximation Tf '^Tnf is then given by 



E [ E ( E + E 

j=n—J ^ X=h,v,d ^/c3,/c4=0 ^ /c3,/c4=0 



where 



X=h,v,d 

<F> = Y Q + B^<^ Q , 

X=h,v,d 

d^A = Y A^’'^'^ Q d^'^ + B^'-^ Q s\ 

X=h,v,d 

P = ^ for n — J 4- 1 < i < n — 1, 

X—h,v,d 

gn-J^ ^ QgU-J_ 

X=h,v,d 

The operation © is defined as follows. 

If P is a A; X block matrix with k x k block matrices P*’^ and D is a A; x A; 
matrix, then 

{PQD)ij=YP^,nDm,n. 



The function f = Tnf can be reconstructed to the finest space Vn as 

/ = E E 

ki=0 k2=0 

The coefficients s'^ can be reconstructed from the coefficients d-f’^ and P of the 
NS-representation of / for n — J < j < n — 1 by the following pseudo-inverse fast 
wavelet transform. 
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For j = n — J, n — J + — J + 2, — 2, is constructed from P and 

by means of (l)-(4) and 

gj + l _ ji+l 5 -^ + ^. 

Finally, for j = n — 1, 5 ^ is constructed from and again by (l)-(4). 



4. Matrix Construction of the NS-Representation 

The operator acting on a function / € L^([0, 1]^), 

T„/ := P„TP„/ = 

ka,k4 '' '' ''' 



T,,fc3 ,fe4 



^fci,fc 2 



■"fc 3 ,fc 4 

is represented by the 4-dimensional structure: 

For each /ca, /C 4 , the 2’^ x 2^ matrix 

^ 0 < fci,fc2 < 2" - 1, 

is a block in the structure representation of : Vn Vn, 

2^n,0,0 2^n,0,l . . . 2^71,0,2’^ — ! 

2 ^n,l,0 , 2^71,1,2’^ — 1 



rpn 



2^71,2’^ — 1,0 2^71,2^ — 1,1 



j- 7 i, 2 "^- 1 , 2^-1 
A, A' 



Due to the structure of the MRA, the operators A-' , Bj, Cj and Tj are repre- 
sented by the structures and TE respectively, 

^i.A,fc3,/=4 ^ 

The entries of the lower-scale structures are obtained recursively from T'^ by the 
formulae: 

L-l 



Aj,x,x' MM _ 

^kiM ~ 



G 



X' 



.G 



rpj + 1 ,7713 +2^3 ,7774 +2A:4 
10 7.- ^-J^07._ 1 



7771 ^7773,7774 -*-7771 +2/Ci ,7772+2^2 



tdJ^XMM 

^kiM 



'^1 ,7772,7773,7774=0 
L-l 

H„ 



nj 4" 1 ,7773 -f"2A;3 ,7774 -|-2fc4 



^ V -^^7771, 7772 '-^7773 ,7774 -^7771 +2^1,7772+2^2 

7771 ,7772,7773,7774=0 
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^j,A,fc 3 ,/C 4 



L-1 



E 



^mi ,7712 ^'^3 



AT-i j + 1 , 7713 + 2 /C3 , m4 + 2 /C4 
■^77li+2fci ,7712 +2^2 ’ 



TTli ,7712 ,7713 ,7714 =0 



L-1 

\ TT TT /T-iJ + 1,7713 4-2^3 ,7714 +2/C4 

-^fci,fc2 — ^’^i.'^2-“m3,77i4-^rni+2/ci,m2+2fc2 

TTli ,7712 ,7713 ,7714=0 

For periodic wavelets, these matrices are considered as (2^ , 2^ ) -per iodic. 



5. The Operator T = 

The operator T = dx has the following representation: 



rpTL^k^ ,/C4 

^/Ci,fc2 






n 

ks,k4 



) = 2^^fc3-fci<5/c2,A;4 7 



where 



n 




(j){x — l)(j)\x) dx, 



lez. 



(5) 



Thus, T’^ is completely determined by r/. A similar representation holds for T = dy. 
The following proposition is proved in [3]. 



Proposition 1. If the integrals (5) exist, then the coefficients ri satisfy the following 
system of linear equations: 



with 



and 



L/2 

n = 2r2i + y^a2fc-i(r-2i-2fc+i + r2i+2k-i) 

k=l 



' L-2 

^ In = -1, 

, i=-(L-2) 

r-i = -n, 

^ rj 3= 0 for [-L + 2, L - 2], 

L — 1— 77 

On — 2 ^ ^ n — 1,2 , ...T 1 . 

1=0 



( 6 ) 



(7) 



Moreover, if the number of vanishing moments of the wavelet ip{x) is at least two, 
then ( 6 ) and (7) have a unique solution with 7 ^ 0 for — L + 2</<L — 2 and 
n = -ri. 
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With a minor change in notation, the block matrix (= T'^ for T = dx) 
becomes 



rpn 





\ Xl-2 • • 






X2>1 


X2,2 . . 


. X2d"-1 


X2,2" 




1 J)^2”-1,2 




j^2"-l,2’ 


J^2M 


X2">2 






•^/c3,A;4 rjiTl,k^,k4 

ki,k2 ki,k2 


— 2 rk2 — ki^k2,k4 





with 



Each contains only one nonzero column, the column. The nonzero 

column of is given by 

c = 2” [o, r_i , r_ 2 , . . . , r_(i_ 2 ) , 0, . . . , 0, ri- 2 , • • • , n] , 

The matrices are obtained by means of the ‘Forward Shift Rows Wrap 

aRound’ and ‘Forward Shift Columns Wrap aRound’ formulas 

XkzM+i = FSRWR(X^3’^"), = FSCWR(X^^’^"), 



where, for A = (ci C 2 • • • Cn-i Cn), 

FSRWR(A) = [c^ Cl • • • Cn-i], 

and for 



1 

> 1- . . . 
I 


, FSCWR(2l) = 


I 

... 

I 


L ^ - 




. 4-1 J 



We note that only the top-left matrix, is calculated and stored as the other 

blocks, X^’*^ , can be dynamically generated. 

To solve for ri we write the system for r/ as a matrix- vector equation 

Af=f, r = [ri,r2,...,rx,_2]^, 



where we use r_/ = — n and ro = 0. Then r is the normalized eigenvector of A 
corresponding to the eigenvalue A = 1. The normalization is 

L-2 

In = - 1 . 

i=-(L-2) 
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6. The Operator T = g{dx,dy) 

To construct the NS- forms of analytic functions of the differential operator {dx, dy) 
one can introduce two approaches for computing the NS- forms of operator func- 
tions [5]: 

• Compute the function of the projection of the operator on Vn by 

T„ = g{PndxPn, PndyPn)- (8) 

• Compute the projection of the operator function on Vn by 

Tn = Pn9(dx, dy)Pn. (9) 

The difference between these two approaches depends on how well the absolute 
value square of the Fourier transform of the scaling function, acts as 

a cutoff function and the choice may depend on the applications in hand. In this 
paper, representation (8) is used for the numerical application. In Subsection 6.2, 
representation (9) will give rise to a formal pseudodifferential formulation. 



6.1. Function of Projected Operator 

The matrix Tg of g{dx’,dy) on Vn is obtained by applying the function g to the 
matrices and Ty representing dx and dy, respectively. 

We use this representation to calculate With Tn = g{T^,Ty), we 

rearrange the matrices and Ty as the 2^^ x 2‘^'^ matrices X and T, so that 

T^Qs^r^Xs, T^Qs^ r^Ys. 

where s is a 2^^-long column vector rearrangement of the matrix s'^. Because of 
the structure of and Ty, X and Y are block circulant with circulant blocks 
(bccb). Therefore, 

X = (F*n ^ F*n)A^(F 2 n ^ F2^) , T - (F*n (g) F;r.)Ay{F2^ O F 2 n ) , 

where F 2 n and F^n are the Fourier matrix and its adjoint and Ay are 2‘^'^ x 2‘^'^ 
diagonal matrices containing the eigenvalues of X and Y. Then the matrix Tg (in 
bccb form) is 



r; = g{X,Y) = {F^r. 0 F^^)g{Ax,Ay){F 2 r^ 0 F 2 ^). 

A long manipulation gives the explicit formula for the top left block 
of Tg in terms of the top left blocks and of and Ty\ 

T >n,l,l ^ TP I?* rpn.lA ip^ ryn rp* nnn.I.l jp* \ jp 

By construction, Tg'^^^ is real. If gidx^dy) = dx, i.e., T = dx, then 

T n,l,l ^ TP ( r%n JP* rjrnA.l jp* \ jp r / 7 m, 1,1 r rpn.1,1 

= — ^2^ I ^ ^ 2^ j ~ x ^n-J-x 

Similarly, if g{dx,dy) — dy, i.e., T = dy, then 
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6.2. A Formal Pseudo-Differential Operator Approach to T = g{dx,dy) 
Projecting g{dx,dy) on we have 

Tn = Png{dx,dy)Pn- 

Thus 

7 ^"= / 1 n,,kMd^,dy)^l^,^{x,y)dxdy. 

Using the Fourier transform, we have the formal pseudo-differential representation 
of the operator g{dx,dy): 

Now, using y) ~ 2’^(/?(2’^x — k^)(p{2^y — k^), and after making the change 

of variables 

X -> 2~^{x + fe), y 2~'^{y + ^ 4 ), 

we obtain 
Therefore, 

= '^h,h > h=ks~k^, h = k,-k2. 

To evaluate this expression, we write 

p2TT ^27T 

= Till, = / / Hi, V) d^ dy, 

Jo Jo 

where 

Hi,v) = EE g{—i2'^{^ + 27t/), —i2^(j] + 27rm))|^(^ + 27 t/)P|<^( 77 + 27rm)p. 

l m 

Now, for a given accuracy 6, as a cutoff function in the Fourier domain, 

i.e., |^(^)P < € for 1^1 > ^cutoff- Then we approximate h(^, rj) by the following sum: 

h{^,T]) ^ h(^^v) 

L M 

= E E [H-iT'ii + 2nl), -i 2"(?7 + 27rm))|i^(^ + 27rl)f\if{y + 2nm)\'^] , 

l=—L m=—M 

from which TJ^ is finally approximated by the integral 

p2'K p2TT 

Tr,,i,^ / HHv)e-^‘^^e-^'^^d^drj. 

Jo Jo 

This integral can be further approximated using the two-dimensional FFT. 

It is noted in [5] that this approach can be used for functions g{u) that have 
rapidly converging Taylor series expansions. In this case, for a given accuracy, the 
remainder term of sufficiently high order will be small. If / is a polynomial of 
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degree p, the remainder term of order larger than p will be zero. For detail on 
the use of the dynamic range of the variable u, the reader is referred to [5]. An 
interesting case would be to consider smooth wavelets or smooth frame wavelets 
with compact support in the Fourier domain and which are also well localized in 
the {x,y) domain [1, 2]. 

More theoretical questions, like admissible classes of symbols, are left for 
future research. 

7. Application to PDEs 

We consider the initial-value problem: 

Ut = Cu+JVf(u), u{to,x,y) =Uo(x,y), x.y € [0, 1]^, 
with the periodic boundary conditions: 

=u{t,l,y), u{t,x,0) 1). 

Here C and Af are constant-coefficient differential operators (independent of t) and 
/ is typically nonlinear. For example, for Ut = Uxx + we have C = 8“^, J\f = dy 
and f{u) = 

The PDF is transformed into the integral equation 

u{t) = f{u) dr, where — . 

Jto t'o 

For example, for Ut = Uxx + uuy, we obtain 

pt 

u{t) = + / e^^~'^^^^u{r)uy{T) dr. 

Jto 

A quadrature reduces the integral to an implicit difference equation. 

In the case AT f{u) = u{t)v{t) with time step size At == h, ti = to + h, we 
have the 0{h?) approximation /, 

1 \ 

^ ^ I "1” 0(h ) 

\= /(ti) H- 0(h?)^ 

where Ui — u{ti), Vi = v{ti) and Cij are coefficients to be determined by comparing 
I with, say, the approximation 

- ^ 

where fi,j= e^^^~'^^^Li{T)Lj{T) dr. 

i,j=0 ■'*0 

Here Lo{r) = 1 — r and Li{r) = r are the Lagrange linear interpolation basis at 
0 and 1. Finally, the coefficients Cij are determined such that |/ — /| = 0{h^). 
The application algorithm is as follows. 



/ 



' f^u{T)v{r) dr = — I)C ^ 



p(ti-r)C 




230 



M.A. Hajji and S. Melkonian and R. Vaillancourt 



• Discretize the PDE to arrive at an implicit difference equation with operator 
coefficients 



u{t + At) = E{u{t)) + N{u{t),u{t + At)). 

• Construct the matrices of the various operators appearing in the difference 
equation. 

• Project uq onto the finest space Vn to get the coefficients 

• Project s'^ down on Vj to get and , for j = n — 1, n — 2, . . . , n — J. 

• Solve the implicit difference equation by applying the operator to get the 

solution at the next time step given by — J<j<n — 1. 

• Use the pseudo-inverse FWT to reconstruct s'^. 

This algorithm is applied to the fifth-order thin film equation: 

Ut = —4:euux + Cu^ 



where the operator C is 

c = -dl + Bdl - Cdl - Dd,dl - E{dl + dlf - Fdl - Gdldl - Hd,d, 

with coefficients 



A = fji 



R 



cot o 



2 o 

E=-f,^W, 

401 

G = —n'^RW CSC a, 
oio 



-ficota, 



^ 40 „ 

2 - — Root a 
63 



B = -- 

D = n'^ 

F= ^/Wcsca, 
63 

H =^^l^RWcsca. 

63^ 



Here R is a measure of viscosity (small R ^ large viscosity), W is the surface 
tension, a is the plane inclination, and fji is the ratio of film thickness to streamwise 
lengthscale. 

We have experimented with several values of the parameters of the problem 
with the radially symmetric initial disturbance: 

uo{x,y) = 



shown in the top part of Fig. 1. 

In the interesting case: R — W = 100 and a = tt/ 4, we observed the 
formation of horseshoe- type waves downstream at t = 2.5 shown in the bottom 
part of Fig. 1 and at t = 3.5 and t = 5.5 shown in Fig. 2. 
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Figure 2. Disturbance at t 



3.5 (top) and at t = 5.5 (bottom). 
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8. Conclusion and Future Work 

In this paper, partial differential operators were represented in non-standard form 
in periodic two-dimensional separable orthonormal wavelet bases. Applications 
were to the thin film equation on an inclined plane. Future work can be pursued 
in representing partial differential operators and pseudo-differential operators in 
nonseparable and nonperiodic wavelet bases. 

Acknowledgement. The authors thank the referee for many suggestions and cor- 
rections which greatly improved this work. 
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